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OPTIMAL  NONLINEAR  POLYNOMIAL  CONTROL  FOR 
SEISMIC-EXCITED  NONLINEAR  OR  HYSTERETIC  STRUCTURES 


J.  N.  Yang,  A.  K.  Agrawal 
University  of  California 
Irvine,  CA  92715 

and 

S.  Chen 

The  World  College  of  Journalism  and  Communication 
Taipei,  TAIWAN 


Abstract 

Under  strong  earthquakes,  the  peak  response  quantities  of  civil  engineering  structures  should  be 
limited  to  an  acceptable  level  in  order  to  avoid  excessive  damages.  For  this  purpose,  hybrid  protective 
systems,  consisting  of  active  control  devices  and  passive  base  isolation  system,  have  been  shown  to  be  quite 
effective.  However,  base  isolation  systems,  such  as  lead-core  rubber  bearings  and  frictional-type  sliding 
bearings,  are  either  nonlinear  or  hysteretic  in  nature.  In  this  paper,  we  present  an  optimal  nonlinear 
polynomial  controller  for  reducing  the  peak  response  quantities  of  seismic-excited  nonlinear  or  hysteretic 
building  systems.  A  performance  index,  that  is  quadratic  in  control  and  polynomial  of  any  order  in  nonlinear 
states,  is  considered.  The  performance  index  is  minimized  based  on  the  Hamilton- Jacobi-Bellman  equation 
using  a  polynomial  function  of  nonlinear  states,  which  satisfies  all  the  properties  of  a  Lyapunov  function. 
The  resulting  optimal  controller  is  a  summation  of  polynomials  in  nonlinear  states,  i.e.,  linear,  cubic,  quintic, 
etc.  Gain  matrices  for  different  parts  of  the  controller  are  determined  from  Riccati  and  Lyapunov  matrix 
equations.  Numerical  simulation  results  demonstrate  that  the  performance  of  the  proposed  controller  is 
remarkable  and  the  percentage  of  reduction  for  the  selected  peak  response  quantity  increases  with  the 
increase  of  the  earthquake  intensity.  Such  load  adaptive  properties  are  very  desirable,  since  the  intensity  of 
the  earthquake  ground  acceleration  is  stochastic  in  nature. 

1.  Introduction 

Aseismic  hybrid  protective  systems,  consisting  of  a  combination  of  active  control  devices  and  passive 
base  isolation  systems,  have  been  shown  to  be  quite  effective.  Since  the  dynamic  behavior  of  most  base 
isolation  systems,  such  as  lead-core  rubber  bearings  or  frictional-type  sliding  bearings,  is  highly  nonlinear  or 
inelastic,  hybrid  protective  systems  involve  control  of  nonlinear  or  hysteretic  structural  systems.  Likewise, 
under  strong  earthquakes,  yielding  may  occur  even  if  the  fixed-base  building  is  equipped  with  active  control 
systems.  As  a  result,  control  of  nonlinear  or  hysteretic  civil  engineering  structures  has  attracted  considerable 
attraction  recently.  Various  control  methods  have  been  investigated,  including  pulse  control  [e.g.,  Reinhom 
et  al  1987],  polynomial  control  [Spencer  et  al  1992],  acceleration  control  [Nagarajaiah  et  al  1993,  Reinhom 
et  al  1993,  Riley  et  al  1993],  instantaneous  optimal  control  [Yang  et  al  1992b],  dynamic  linearization  [Yang 
et  al  1994b,  Reinhom  et  al  1993],  nonlinear  control  [Yang  et  al  1992a,  1994a],  sliding  mode  control  [Yang  et 
al  1994c,  1995a],  etc. 

Under  strong  earthquakes,  the  main  objective  of  active/hybrid  control  is  to  reduce  the  peak 
(maximum)  response  quantities  of  the  stmcture,  such  as  peak  interstory  drifts,  in  order  to  minimize  the 
damage.  Unfortunately,  it  is  extremely  difficult  to  obtain  a  controller  that  minimizes  the  peak  (maximum) 
response  quantities  of  either  linear  or  nonlinear  stmctures.  For  linear  stmctures,  it  has  been  shown  by  Wu, 
Gattuli,  Lin  and  Soong  (1994),  Tomasula,  Spencer  and  Sain  (1994)  and  Agrawal  and  Yang  (1995)  that  the 
polynomial  controller  is  more  effective  than  the  classical  linear  controller  in  suppressing  the  peak  response, 
because  of  its  ability  to  apply  bigger  control  force  under  strong  earthquakes.  For  nonlinear  or  hysteretic 
structures,  it  has  been  shown  by  Yang  et  al  (1992a,  1994a)  that  a  controller,  having  the  same  nonlinear 
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characteristics  as  that  of  the  structure,  performs  better  than  a  linear  controller.  In  fact,  the  sliding  mode 
controller  [e.g.,  Yang  et  al  1994c,  1995a]  also  has  such  characteristics. 

In  this  paper,  we  present  an  optimal  nonlinear  polynomial  controller  for  the  peak  response  reduction 
of  seismic-excited  nonlinear  or  hysteretic  structures.  The  performance  index  to  be  minimized  is  quadratic  in 
control  and  polynomial  of  any  order  in  nonlinear  states.  Based  on  the  Hamilton-Jacobi-Bellman  equation  and 
the  optimality  conditions  derived  by  Bernstein  (1993)  for  nonlinear  optimal  control  problem,  the  performance 
index  is  minimized.  The  resulting  optimal  control  law  is  a  summation  of  polynomials  of  different  orders  in 
nonlinear  states,  i.e.,  linear,  cubic,  quintic,  etc.  Gain  matrices  for  different  parts  of  the  controller  are 
computed  easily  from  Riccati  and  Lyapunov  matrix  equations. 

Numerical  simulations  have  been  conducted  for  control  of  a  base-isolated  building  using  lead-core 
rubber  bearings  to  investigate  the  performance  of  the  optimal  nonlinear  controller  with  respect  to  various 
control  objectives,  including  the  peak  (maximum)  response  quantities,  peak  control  force  and  required 
control  effort.  The  advantages  of  the  proposed  optimal  nonlinear  controller  are  demonstrated  by  numerical 
simulation  results. 

2.  Problem  Formulation  and  Main  Results 

Consider  an  n  degree-of-freedom  nonlinear  building  structure  subjected  to  a  one-dimensional 
earthquake  ground  acceleration  xq  (t) .  The  vector  equation  of  motion  is  given  by 

MX(t)  +  CX(t) +Fs  [X(t)]  =  HU(t)  +  Tixo  (t)  (1) 

in  which  X(t)  =  [xi,  X2 . x^]^  is  an  n  vector  with  Xi(t)  being  the  drift  of  a  designated  ith  story  unit; 

U(t)=  [uj,  U2,...,  Uj.(t)]^  is  a  r- vector  consisting  of  r  control  forces;  superscript  T  denotes  the  transpose  of  a 
vector  or  a  matrix;  and  ii  is  an  n-vector  denoting  the  influence  of  the  earthquake  excitation.  In  Eq.(l),  M 
and  C  are  (nxn)  mass  and  damping  matrices,  respectively,  where  linear  viscous  damping  is  assumed  for  the 
structure;  H  is  a  (nxr)  matrix  denoting  the  location  of  r  controllers;  and  Fs[X(t)]  is  an  n-vector  denoting  the 

nonlinear  stiffness  that  is  assumed  to  be  a  function  of  X(t).  In  the  state  space,  Eq.(l)  becomes 

Z(t)  =  q(Z(t))  +  BU(t)  +  E(t)  (2) 

where  Z(t)  =  [X(t),  X(t)]^  is  a  2n  state  vector;  q(Z(t))  is  a  2n  nonlinear  vector;  B  is  (2nxr)  controller 
location  matrix;  and  E(t)  is  a  2n  excitation  vector,  respectively,  given  by, 

x(t)  1  r  0  1  r  ® 

1  ;  ;  E(t)= 

-M“^Fs[X(t)]-M"^CX(t)J  [M  ^HJ  [M  Tixo(t) 

A  general  class  of  nonlinear  performance  index  J  is  expressed  as  follows 

T 

J  =  J(Zo,U(t),to)  =  S(ZT,T)+  J  L(Z(t),U(t),t)dt  (4) 

‘0 

where  Zq  =Z(0)  is  the  initial  state,  Zj  =Z(T)  is  the  terminal  state,  S(Zt,T)  is  the  terminal  cost,  and 
L(Z(t),U(t),t)  is  a  general  nonquadratic  non-negative  cost  function.  The  minimization  of  the  general 
performance  index  in  Eq.(4)  is  not  amenable  to  analytical  solutions.  In  the  present  study,  we  present  the 
minimization  of  a  nonquadratic  performance  index,  which  is  a  subclass  of  the  general  performance  index  in 
Eq.(4),  for  the  infinite  time  regulator  problem  given  by 

J  =  7  q^Qq  +  xJq^X,  +  U’^RU  +  +h(q)  dt  (5) 

0  L  i=2  J 

where  the  implicit  dependence  of  U(t)  and  q(Z(t))  on  t  has  been  dropped  and  q=q(Z)  has  been  used  for 
simplicity.  In  Eq.(5),  Q  is  a  (2nx2n)  positive  semi-definite  weighting  matrix  for  nonlinear  states  q  of  the 
system;  Xa(^)  vector  consisting  of  absolute  accelerations  for  all  floors;  Qa  is  a  diagonal  positive 

semi-definite  weighting  matrix;  R  is  a  (rxr)  positive-definite  control  weighting  matrix;  ,  i=2,3,...,k  are 


q(Z(t))  = 
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(2nx2n)  positive  semi-definite  weighting  matrices,  Mj ,  i=2,  3  k  are  (2nx2n)  appropriate  positive-definite 


matrices;  and  h(q)  is  defined  such  that  simple  analytical  solution  can  be  obtained, 


h(q)  =  hi(q)  = 


2(q'^Miq)i-lq’^MiA 

i(qTMiq)i-lA'rMiq 

>2 

(6) 


In  Eq.(6),  R  will  be  defined  later,  and  A  =  A(Z)  is  the  gradient  matrix  of  q(Z)  defined  as, 

A(Z)  =  9q(Z)/aZ  (7) 

The  first  three  terms  in  the  performance  index  of  Eq.(5)  are  quadratic  performance  indices  in  terms  of  the 
nonlinear  states  q(Z),  absolute  acceleration  control  vector  U(t).  An  optimal  nonlinear  control 

law,  based  on  such  a  quadratic  performance  index  of  nonlinear  states  q(Z),  was  presented  by  Yang  et  al 
(1992a,  1994a).  In  this  paper,  we  generalize  the  performance  index  to  include  the  fourth  term  which  is  the 
summation  of  polynomial  of  nonlinear  states  q(Z)  of  different  orders  higher  than  the  quadratic  term. 
Weighting  matrices  Q,  R,  QaSnd  Qj ,  i=2,3,...,k,  can  be  chosen  in  an  arbitrary  manner  to  penalize  certain 


desirable  quantities.  However,  matrices  M^ ,  i=2,3,...,  k,  are  implicit  functions  of  the  weighting  matrices 
Qi  ,i=2,3,...,  k.  The  relation  between  Mj  and  Qj  will  be  defined  later. 

The  penalty  on  X^  has  been  included  in  the  performance  index,  Eq.(5),  in  order  to  reduce  the 
absolute  acceleration  of  each  floor  to  an  acceptable  level.  From  the  equation  of  motion,  Eq.(l),  the  absolute 
acceleration  vector  X^Ct)  can  be  expressed  as. 


Xa(t)  =  -LM~^[CX(t)+Fs(X)]  +  LM"^HU(t)  (8) 

in  which  L  is  a  (nxn)  transformation  matrix.  For  a  shear-beam  type  building,  L(i,j)  =  1  for  j  <  i  and  L(i,j)  = 
0  for  j  >  i .  Substituting  Eq.(8)  into  Eq.(5),  one  obtains  a  transformed  performance  index  as  follows  [Yang  et 


al  1992a] 


J=  J 
0 


q"^  Q  q  U  "^R  U  I(q’^Miq)‘-lq’^Qiq  + 
i=2 


h(q) 


dt 


where  R ,  Q  and  U  are 

R  =  R  +  B'^TaB;  Q  =  Q  +  Ta-  TaBR-%'^Ta 

U  =  U  +  R“^B'^Taq(Z) 

Substituting  Eq.(ll)  into  Eq.(2),  one  obtains  the  transformed  state  equation  as, 

Z  =  Aq  +  BUH-E(t) 


0  0 
0  L’^QaL 


(9) 

(10) 
(11) 
(12) 


where, 

A  =  [I-BR"^B’^Ta]  (13) 

The  minimization  of  the  performance  index  in  Eq.(9)  by  classical  conditions  of  optimality  is  very  difficult 
and  hence  an  alternative  approach  has  been  developed.  This  approach  is  based  on  the  solution  of  the 
Hamilton-Jacobi-Bellman  (H-J-B)  equation  using  a  function  which  is  polynomial  in  terms  of  nonlinear  states 
q(Z)  of  the  system.  This  function  is  required  to  satisfy  all  the  properties  of  a  Lyapunov  function.  Following 
the  derivation  presented  in  the  next  section,  an  optimal  nonlinear  controller,  U(t),  is  obtained, 

U(t)  =  -R~^B’^(Ta  -t-  A’^P)q  -  R“^b'^  X(q^Miq)‘ "  ^ A'^Mjq  (14) 

i  =  2 

in  which  positive  definite  matrices  P  and  Mj  are  obtained  by  solving  algebraic  Riccati  and  Lyapunov  matrix 
equations,  respectively. 
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MiAo(A-BR"VAoTp)  +  (A-BR”%^Ao''^P)^Ao^Mi  +  Qj  =0  (16) 

where  Aq  =  A(Z)|2_q  denotes  the  linearized  form  of  A(Z)  at  the  initial  equilibrium  point  Z=0,  that  is 

stable  for  civil  engineering  structures.  Note  that  the  second  part  of  the  controller  in  Eq.(14)  is  the  sum  of 
polynomials  of  various  orders  in  terms  of  nonlinear  states  q  of  the  system,  i.e.,  cubic,  quintic,  etc.  Matrices  P 
and  Mj  in  Eq.(15)  and  (16),  respectively,  can  be  solved  easily  on  MATLAB. 

Further,  if  matrices  ’s  in  Eq.(14)  are  determined  from  the  solution  of  matrix  Riccati  equations 
instead  of  Lyapunov  equations,  i.e., 

MiAo(A-BR“%'^Ao^P)+(A-BR"%^Ao^P)^Ao'^Mi  -MiAoBR'^B^Ao'^Mj  +Qi  =0  (17) 

then,  the  performance  index  J  used  to  be  minimized  is  given  by  Eq.(5)  where 

h(q)  =  h2(q)  =  hl(q)  "  X  (q^Miq)'"^(q^MiABR-^B^A^Miq)  (18) 

i=2 

in  which  hi(q)  is  given  by  Eq.(6). 


3,  Derivation  of  Nonlinear  Optimal  Control 

Let  us  consider  a  general  time-dependent  system, 

Z(t)  =  f(Z,U,t);  Z(to)  =  Zo  (19) 

and  a  general  performance  index  J(Zo,U,to)  defined  in  Eq.(4)  in  which  U  is  replaced  by  U .  The 
minimization  of  J(Zo,U,to)  in  Eq.(4)  for  the  system  in  Eq.(19)  results  in  the  well  known  Hamilton- Jacobi- 
Bellman  (H-J-B)  equation 

=  -  niin[H(Z,U,  V'(Z),t)]  (20) 

where  a  prime  indicates  the  differentiation  with  respect  to  Z,  V(Z)  is  the  optimal  cost  function,  and 

H(Z,U,V',t)  =  L(Z,U,t)  +  [V'(Z)]’^f(Z,U,t)  (21) 

is  the  Hamiltonian  function.  The  necessary  condition  for  the  minimization  of  the  right  hand  side  of  Eq.(20) 
is  _ 

aH(4Uv;^^  9L(z^u,t)  ^  af(z^,t)„  ^  ^  .22) 

du  au  au 

The  solution  of  Eq.(22)  will  yield  the  minimum  control  U  (t)  =  <t)(Z)  if  a^H(Z,U,V',t)/au^  >  0 .  For  the 
optimal  control,  U  =  (j)(Z),  obtained  from  Eq.(22),  the  H-J-B  equation  in  Eq.(20)  can  be  expressed  as. 


+  H(Z,(t)(Z),  V'(Z),t)  =  0  (23) 

ot 

Then,  for  an  optimal  cost  function  V(Z)  which  satisfies  all  the  properties  of  a  Lyapunov  function,  if  there 
exists  an  optimal  control  U  =<KZ),  which  satisfies  Eqs.(22)  and  (23),  the  closed-loop  system  is  asymptotically 
stable  and  the  minimum  value  of  the  performance  index  in  Eq.(4)  is  obtained  as  J(Zo,<t>(Z),to)  =  V(Zo) . 

Furthermore,  the  feedback  control  U  =(t)(Z)  minimizes  J(Zo,U,to)  in  the  sense  that 


J(Zo,<t)(Z),to)  =  jnin[j(Zo,U,to)l.  The  asymptotic  stability  of  the  closed-loop  system  is  guaranteed 
UeD*-  ■' 


through  the  Lyapunov  theorem  of  stability,  i.e.,  V(Z)  <  0 . 

A  comparison  of  the  state  equation  in  Eq.(12)  with  the  general  state  equation  in  Eq.(19)  leads  to 
f(Z,U,t)  =  Aq(Z)  +  BU(t)  (24) 

Now,  we  consider  a  cost  function  L(Z,  U)  and  a  Lyapunov  function  V(Z)  as  follows 


L(Z,U)  =  q'’^Qq-^u’^RU-t-  h(q) 


(25) 
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V(Z)  =  q’rpq  +  g(q)  (26) 

where  g(q)  is  some  positive  definite  multinomial  of  q.  Our  aim  is  to  determine  the  nonquadratic  cost 
function,  h(q),  such  that  simple  analytical  solution  for  the  control  law  U  can  be  derived.  Substituting 
Eq.(24)  -  (26)  into  Eq.(21),  one  obtains  the  Hamiltonian  function 

H(q,U,V',t)  =  q'^Qq  +  u'^RU  +  h(q)  +  [2q'‘’PA  +  g'(q)’^]  (Aq(Z)  +  BU)  (27) 

in  which  A  is  given  by  Eq.(7).  Substituting  Eqs.(25)-(27)  into  the  necessary  condition  in  Eq.(22),  one 
obtains 

2RU  +  2B^A^Pq  +  B’^g'(q)^  =  0  (28) 

From  Eq.(28),  the  optimal  nonlinear  controller,  U(t) ,  is  obtained  as 

U(t)  =  -R~^B'^A'^Pq(Z)  -  •iR~%’^g'(q)  (29) 

It  can  be  verified  easily  that  3^H(Z,U,V',t)/3U^  =2R>0,  since  R  is  a  positive-definite  matrix. 
Substituting  Eqs.(24)-(26)  and  Eq.(29)  into  the  H-J-B  equation  in  Eq.(23)  and  separating  quadratic  terms  in 
q  and  terms  containing  g'(q) ,  one  obtains, 

-P  =  PAA  +  a'^a’^P-PABR"^b’’^a’^P+-Q  (30) 

=  h(q)-4g'(q)’^BR“lB'^g'(q)  +  g'’^(A-BR-lB’^A’^P)q  (31) 

dt  4 

in  which  the  scalar  identity  2q^PAAq  =  q^PAAq  -i-  q^A^ A^Pq  has  been  used  to  obtain  Eq.(30).  Equation 
(30)  is  the  well-known  Riccati  matrix  equation. 

Since  A(Z)  is  dependent  on  the  states  Z  of  the  system,  the  matrix  P  cannot  be  calculated  off-line 
without  the  knowledge  of  the  earthquake  ground  acceleration,  xo(t) .  Hence  A(Z)  in  Eq.(7)  is  linearized  at 
the  initial  equilibrium  point  Z=0  that  is  stable  for  civil  engineering  structures,  i.e.,  Aq  =  A(Z)|2^q  .  Then, 

for  any  time-invariant  system  with  constant  Aq  and  B  matrices,  P  ->  0  as  t  -»  » .  Hence,  Eq.(30)  becomes 
an  algebraic  Riccati  matrix  equation, 

PAqA  -t-  a'^^a'^P  -  PAqBR’^B^A^P  +  Q  =  0  (32) 

To  express  the  controller  in  Eq.(29)  as  an  explicit  functionale  of  multinomials  in  q(Z),  we  choose 
g(q)  in  the  following  form, 

g(q)  =  S  T(q^Miq)^  (33) 

i=2  1 

such  that 

g'(q)  =  21  (q%iq)'-U^Miq  (34) 

i=2 

where  k  is  any  integer  greater  than  2  indicating  the  order  of  the  multinomials  g(q),  and  Mj ’s  are  positive- 
definite  matrices.  Substitution  of  g'(q)in  Eq.(34)  into  Eq.(29)  leads  to  the  optimal  nonlinear  controller  U 
as, 

k 

U  =  -R“^B’’^A’^Pq(Z)  -  R'^b”^  I  (q^Miq)*~^A’^Miq(Z)  (35) 

i=2 

We  note  that  for  any  value  of  k  greater  than  2,  the  maximum  order  of  the  controller  in  terms  of  nonlinear 
states  q(Z)  is  (2k+l). 

Now,  let  us  choose  h(q)  as  follows 

h(q)  =  hi(q)  +  i  (qTMiq)‘-^qTQiq  (36) 

i=2 
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in  which  hj(q)  is  given  by  Eq.(6).  Substituting  Eqs.(34)  and  (36)  into  Eq.(31),  one  obtains  Mjfor  i=2, 3..k, 
as  follows, 

-Mj  =MiA(A-BR'^B’^A’^P)  +  (A-BR"^B’^A’^P)'^A’^Mi  +Qi  (37) 

Again  the  matrix  A  will  be  linearized  at  the  initial  equilibrium  point  Z=0,  i.e.,  A  =  Aq  .  Hence,  for  any 

time-invariant  system  with  constant  Aq  ,  B  and  P  matrices,  Mj  0  as  t  ,  and  Eq,(37)  becomes  an 
algebraic  Lyapunov  equation, 

MiAo(A-BR"^B'^Ao'’^P)  +  (A-BR”%’^Ao'^P)'^Ao'^Mi  +  Qi  =0  (38) 

In  a  similar  manner,  if  h(q)  in  Eq.(36)  is  chosen  to  be, 

h(q)  =  h2(q)  +  E  (q^Miq)*"^q'^Qiq  (39) 

i=2 

where  h2(q)  is  given  by  Eq.(18),  then  it  follows  from  Eq.(31)  that  ’s  are  determined,  for  the  steady- 
State  solution,  from  the  following  algebraic  Riccati  equation, 

MjAo(A-BR"%'’^AoTp)+(A-BR-%%'rp)'^Ao’^Mi  -MiAoBR"^B%TMi  +Qi  =0  (40) 

Finally,  substituting  Eq.(35)  into  Eq.(ll),  one  obtains  U(t)  given  by  Eq.(14).  It  is  observed  from 
Eqs.(26),  (32),  (33)  and  (38)  that  the  function  V(Z)  satisfies  all  the  properties  of  the  Lyapunov  function. 


4.  Response  of  Hysteretic  Structures 


In  order  to  evaluate  the  effectiveness  and  performance  of  the  proposed  optimal  nonlinear  polynomial 
controller,  simulations  for  the  response  of  the  controlled  structure  will  be  conducted.  The  nonlinearity  for 
both  the  structure  and  passive  protective  systems  is  reflected  by  the  stiffness  restoring  force  F5[X(t)]  in 


Eq.(l).  The  ith  element,  Fsi(xi) ,  of  the  vector  Fs[X(t)]  is  modelled  as 

Fsi[xi(t)]  =  aikiXi  +(l-ai)kiDyiVi  (41) 

in  which  kj=  elastic  stiffness  of  the  ith  story  unit,  ai=  ratio  of  the  post  yielding  to  pre-yielding  stiffness, 
Dyj  =  yield  deformation  =  constant,  and  v  j  is  the  nondimensional  hysteretic  component  of  the  deformation. 


with  vj  ^  1 ,  where 


V;  =D 


„  .  II  n;  — 1  .  n; 

AiXi-PiXi|vi  Vi-YjXiVi 


=  fi(Xi,Vi) 


(42) 


In  Eq.(42),  Aj ,  Pi,Yi  and  njare  parameters  characterizing  the  hysteresis  loop  of  the  inelastic  behavior. 
Substituting  Eq.(41)  into  Eq.(l),  one  obtains  the  vector  equation  of  motion  as  follows 

MX  +  CX  +  KeX(t)  +  Kj  V(t)  =  HU(t)  +  tiXq  (0  (43) 

where  and  Kj  are  the  elastic  and  inelastic  stiffness  matrices,  assembled  for  each  story  unit  according  to 


Eq.(41);  V(t)  =  [vi,V2,...,v„]^  is  an  n  vector  denoting  the  hysteretic  component  of  each  story  unit  given  by 
Eq.(42).  Derivative  matrices,  A(Z)  and  Aq  ,  appearing  in  the  control  law,  Eqs.(14)-(16),  are  given  by 


A(Z)  = 


0. 


im 


Ir 


-M-^[Ke+Ki||]  -M-^C 


:  Aq  = 


^nn 


^nn 

-M“^C 


(44) 


in  which  0^^  and  are  (nxn)  null  and  identity  matrices,  respectively,  and  3V/3X  is  a  diagonal  matrix 
with  the  ith  diagonal  element  Dvj/Bxj  given  by. 


Ai  -piSgn(Xi)  |viP*"^Vj  -Yi|vip 


(45) 


3xj  3xi  ^ 

For  numerical  simulations,  the  hysteretic  vector  V  can  be  augmented  in  Eqs.(42)  and  (43).  A  detailed 
description  of  the  procedures  for  numerical  simulations  can  be  found  in  Yang  et  al  (1992a). 
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5.  Other  Controllers  for  Nonlinear  or  Hysteretic  Structures 

The  performance  of  the  optimal  nonlinear  polynomial  controller  presented  in  this  paper  will  be 
compared  with  other  controllers  available  in  the  literature.  These  control  methods  include  the  LQR  method 
based  on  linearized  structures,  the  nonlinear  controller  presented  by  Yang  et  al  (1992a,  1994a)  and  the 
continuous  sliding  mode  controller  ( Yang  et  al  1994c,  1995a)  to  be  described  briefly  in  the  following. 

5.1  Nonlinear  Controller;  If  we  choose  the  weighting  matrices  Qj  =0  for  i=  2,  3  ,...,  k  in  the  performance 
index  given  by  Eq.(5),  then  the  controller  in  Eq.(14)  becomes  U(t)  =  -R'’^B^(Ta  +  A^P)q.  This  special 
nonlinear  controller,  consisting  of  only  the  first  term  of  our  polynomial  controller,  was  proposed  by  Yang  et 
al  (1992a,  1994a). 


5.2  LQR  with  Acceleration  Penalty:  If  the  nonlinear  or  hysteretic  structure  is  linearized  first  at  the 
equilibrium  point  Z=0,  the  linearized  state  equation  becomes  Z  =  AQZ(t)  +  BU(t)-(-E(t).  Then,  for  the 
quadratic  performance  index 


J 


=  \ 


0 


z’^QZ  +  xjQaXa  +U'^RU 


dt 


the  linear  optimal  control  law  is  obtained  as 

U(t)  =  -R"^B'^(fa  +P)Z(t) 

where  P  is  an  appropriate  Riccati  matrix  [see  Yang  et  al  1992a  for  details]. 


(46) 

(47) 


5.3  Sliding  Mode  Control:  The  method  of  sliding  mode  control  was  developed  for  control  of  uncertain 
nonlinear  systems.  Applications  of  continuous  sliding  mode  control,  that  has  no  undesirable  chattering 
effect,  to  civil  engineering  structures  was  presented  by  Yang  et  al  (1994c,  1995a).  In  this  approach,  a  sliding 
surface 

S  =  PZ(t)  =  0  (48) 

is  designed  such  that  the  motion  on  the  sliding  surface  is  stable.  In  Eq,(48),  S  =  [Si,S2,-..,Sj.]  is  a  r-vector 
consisting  of  sliding  variables  Sj ,  where  r  is  the  total  number  of  controller,  and  P  is  a  (rx2n)  matrix  to  be 

determined  either  by  the  method  of  pole  assignment  or  the  classical  LQR  method.  Design  of  various 
controllers  were  given  in  Yang  et  al  (1994c). 

6.  Numerical  Simulations 

To  demonstrate  the  performance  of  the  optimal  nonlinear  polynomial  controller,  numerical 
simulations  have  been  conducted  for  an  elasto-plastic  eight-story  building  equipped  with  a  hybrid  control 
system  consisting  of  rubber-bearing  isolators  and  actuators.  Fig.  1.  The  performance  of  the  proposed 
controller  will  be  compared  with  that  of  various  controllers  described  previously. 

An  eight-story  building  that  exhibits  bilinear  elasto-plastic  behavior  is  considered.  The  properties  of 
the  building  are  as  follows:  (i)  the  mass  of  each  floor  is  identical  with  m  j  =345.6  metric  tons;  (ii)  preyielding 
stiffnesses  kj  (i=l,2..8)  of  eight-story  units  are  340400,  325700,  284900,  268600,  243000,  207300,  168700 
and  136600  kN/m,  respectively,  and  postyielding  stiffnesses  are  0.1  k^  for  i=l,2,...,8,  i.e.,  =0.1  in  Eq.(41); 

and  (iii)  the  viscous  damping  coefficients  for  each  story  unit  are  Cj  =490,  467,  410,  386,  348,  298,  243  and 
196  kN.sec/m,  respectively.  The  damping  coefficients  given  above  results  in  a  damping  ratio  of  0.38  %  for 
the  first  vibrational  mode.  The  fundamental  frequency  of  the  unyielded  building  is  5.24  rad/sec.  The 
yielding  level  for  each  story  unit  varies  with  respect  to  the  stiffness;  with  the  results,  Dyj  =  2.4,  2.3,  2.2,  2.1, 

2.0,  1.9,  1.7  and  1.5  cm,  Eq.(41).  The  bilinear  elasto-plastic  behavior  can  be  described  by  the  hysteretic 
model,  Eq.  (42),  with  Aj=1.0,  Pj=1.0,  nj=95  and  y^=1.0  for  i=l,2..8.  The  El  Centro  NS  (1940) 
earthquake  with  a  maximum  ground  acceleration  of  0.3g,  as  shown  in  Fig.  2,  is  used  for  the  input  excitation. 
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Without  any  control  system,  it  has  been  observed  that  the  deformation  of  the  unprotected  building  is 
excessive  and  that  yielding  takes  place  in  the  upper  five  stories  [Yang  et  al,  1992a,  1994a].  Hence,  a  lead- 
core  rubber  bearing  isolation  system  is  used  to  reduce  the  response  of  the  building.  The  stiffness  of  the  lead- 
core  rubber-bearing  is  modelled  by  Eq.(41)  with  =abkt,x^,  -(-(1- ai,)k^,Dy^V|j  in  which  subscript  b 

stands  for  the  base-isolation  system.  The  hysteretic  component,  V], ,  is  modelled  by  Eq.(42).  Properties  of 
the  base-isolation  system  are:  m^=450  metric  tons,  stiffness  k^,  =18050  kN/m,  damping  cj,  =26.17 
kN.sec/m,  ab=  0.6,  Dyb=4  cm,  Ai,=1.0,  Pb=0-5>  nb=3  and  Yb=0-5,  Eq.(42).  The  hysteresis  loop  of 
such  a  base-isolation  system,  i.e.,  x^,  versus  vj, ,  is  shown  in  Fig.  3. 

For  the  building  with  the  base-isolation  system,  the  first  natural  frequency  of  the  preyielded  structure 
is  2.21  rad/sec  and  the  damping  ratio  for  the  first  vibrational  mode  is  0.16  %.  Within  30  seconds  of  the 
earthquake  episode,  the  peak  interstory  drifts,  x  j ,  and  peak  absolute  accelerations,  Xj^j ,  of  different  floors  of 

the  base-isolated  building  are  shown  in  columns  (3)  and  (4)  of  Table  1,  designated  as  “With  BIS”.  The 
results  of  x^  and  x^  for  rubber  bearings  are  shown  in  the  row  denoted  by  B.  It  is  observed  from  Table  1 

that  the  interstory  drifts  are  within  the  elastic  range.  However,  the  peak  drift  of  the  base-isolation  system  is 
excessive  and  should  be  protected  during  strong  earthquakes. 

In  order  to  reduce  the  drift  of  the  base-isolation  system,  actuators  are  attached  to  the  base  isolation 
system,  referred  to  as  the  hybrid  control  system,  as  shown  in  Fig.  1.  We  first  consider  the  use  of  sliding  mode 
control  presented  by  Yang  et  al  (1994c,  1995a).  The  sliding  surface  P  in  Eq.(48)  is  a  row  vector  with 
P  =  [P;^ ,  P2  ]  and  it  is  designed  as  follows 

Pi  =  [0.0707  -90.533  -49.462  2.919  10.396  1596  3.053  3.340  1.796] 

P2=  [0.795  -0.205  -3.054  -3.198  -2.518  -1.859  -1.423  -0.974  -0.474] 

The  controller  in  Eq.(6.19)  of  Yang  et  al  (1994c)  with  61  =  5  x  10^  kN.ton.cm/s  is  used.  The  peak  interstory 
drifts  and  absolute  floor  accelerations  are  shown  in  Columns  (13)  and  (14)  of  Table  1,  designated  as  “Sliding 
Mode”.  Also  shown  in  Table  1  are  the  peak  control  force  U  and  the  required  control  effort  (energy) 

that  is  the  integral  of  the  square  of  the  control  force  U(t)  over  the  duration  of  30  seconds  of  the 
earthquake.  We  observe  that  sliding  mode  control  is  very  effective  in  reducing  the  response  quantities  of  the 
entire  system.  In  particular,  the  drift  of  rubber  bearings  has  been  reduced  by  49%. 

Next,  we  consider  the  LQR  control  law,  Eq.(47),  in  which  the  structural  system  is  linearized  first  at 
Z=0.  Two  cases  of  weighting  matrices  for  this  controller  have  been  considered.  In  the  first  case,  we  choose 

the  scalar  control  weighting  matrix  R  =  7.3  x  10~^® ,  and  all  elements  of  Q  and  are  zero  except 
Q^(l,l)  =  200  and  Q(l,l)=78.  The  peak  response  quantities  are  shown  in  Columns  (5)  and  (6)  of  Table  1, 

designated  as  “Linear  1”.  These  weighting  matrices  have  been  chosen  such  that  the  peak  response  quantities 
and  the  peak  control  force  are  as  close  as  possible  to  those  associated  with  the  sliding  mode  controller.  It  is 

observed  that  the  drift  of  the  rubber  bearing  and  the  required  control  effort  srs  larger  than  that  based  on 
the  sliding  mode  controller.  To  emphasize  more  on  the  reduction  of  the  drift  of  the  rubber  bearing,  nonzero 
elements  of  the  weighting  matrices  are  chosen  to  be  Q^(l,l)  =  10  and  Q(l,l)=130  for  the  second  case.  With 

R  =  7.3  X 10”^^ ,  the  peak  response  quantities  are  presented  in  Columns  (7)  and  (8),  respectively,  of  Table  1, 
designated  as  “Linear  2”.  It  is  observed  that,  although  the  drift  of  the  rubber  bearing  and  the  peak  control 
force  are  reduced,  the  building  response  quantities  increase. 

For  optimal  nonlinear  controllers  presented  in  this  study,  we  first  consider  the  special  case  in  which 
Q-  =0,  i=2,  3,...,  k.  Such  a  special  controller  was  proposed  by  Yang  et  al  (1992a,  1994a).  In  this  case,  we 

choose  R=  1.0x10“^  ,  andQ^  and  Q  are  diagonal  matrices  with:  Qa(i,i)  =[10,  15,  15,  20,  20,  30,  50,  50, 

50],  Q(l,l)=100,  Q(i,i)=10  for  i=2,  3,..,  9,  and  Q(i,i)=0  for  i=10,  11,  ...,  18.  The  peak  response  quantities 
based  on  this  controller  are  shown  in  Columns  (9)  and  (10)  of  Table  1,  designated  as  “Nonlinear  1”.  We 
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observe  that  the  overall  performance  of  this  controller  is  better  than  that  of  linear  controllers.  Next,  we 
consider  a  general  case  where  Q2  0  and  Qi  =  0  for  i=3,  4,...,  k.  Diagonal  weighting  matrices  are  chosen 

as  foUows:  R=  1.0  x  10"^ ,  Qa  (i,i)  =[4,  6,  6,  8,  8,  12,  35,  35,  35]xl0^,  Q(l,l)=2,  Q(i,i)=l  for  i=2,  3,  ..,  9, 
Q(i,i)=0  for  i=10,  11,...,  18,  Q2(l,l)=8,  02(14)=!  for  i=2,  3,..,  9,  andQ2(i,i)  =0  for  i=10,  11,...,  18.  The 
peak  response  quantities  based  on  this  controller  are  shown  in  Columns  (11)  and  (12),  respectively,  of  Table 
1,  designated  as  “Nonlinear  2”.  It  is  observed  that,  while  the  overall  performance  is  similar  to  that  of 
“Nonlinear  1”,  the  peak  control  force  has  been  decreased  by  5%.  In  particular,  the  overall  performance  of 
“Nonlinear  Controller  2”  is  comparable  with  that  of  the  sliding  mode  controller. 

With  hybrid  control,  the  building  response  quantities  are  well  within  the  elastic  range  except  the 
drift  of  rubber  bearings.  Hence,  the  reduction  for  the  drift  of  rubber  bearings  will  be  compared  for  different 
controllers.  The  results  presented  in  Table  1  are  based  on  the  El  Centro  earthquake  with  a  peak  ground 
acceleration  (PGA)  of  0.3g.  Since  the  PGA  is  stochastic  in  nature,  numerical  simulations  have  been 
conducted  for  the  same  earthquake  with  different  peak  ground  accelerations.  Based  on  the  same  design  of 
various  controllers  presented  in  Table  1,  simulation  results  for  the  percentages  of  reduction  for  the  peak  drift 
of  rubber  bearings  as  a  function  of  PGA  are  shown  in  Fig.  4.  It  is  observed  from  Fig.  4  that  the  peak  drift 
reduction  in  percentage  (%)  for  linear  controllers  decreases  with  the  increase  of  PGA.  However,  the 
percentages  of  the  peak  drift  reduction  for  both  Nonlinear  1  and  sliding  mode  controllers  remain  almost 
constant  with  the  increase  of  PGA.  On  the  other  hand,  the  percentage  of  the  response  reduction  for  rubber 
bearings  for  Nonlinear  2  increases  as  the  PGA  increases.  Because  of  such  a  load  adaptive  property. 
Nonlinear  2  controller  is  more  effective  in  limiting  the  peak  response  of  rubber  bearings  under  strong 
earthquakes.  It  should  be  mentioned  that  the  trend  for  the  percentage  of  the  response  reduction  for  the 
superstructure  is  quite  different  from  that  for  rubber  bearings.  In  fact,  as  PGA  increases,  the  percentage  of 
the  response  reduction  for  the  superstructure  decreases  for  Nonlinear  2  controller,  whereas  it  increases  for 
Linear  1  controller.  However,  since  these  response  quantities  are  well  within  the  elastic  range,  they  are  not 
presented. 

The  corresponding  peak  control  force,  U,  and  the  required  control  energy,  .  are  presented  in  Fig. 
5  and  6,  respectively.  These  quantities  have  been  normalized,  respectively,  by  the  corresponding  results  for 
Linear  1  controller  subjected  to  a  700  gal  of  PGA  input.  As  observed  from  Figs.  5  and  6,  the  peak  control 
force  and  the  control  energy  required  by  all  the  controllers  in  Table  1  are  almost  the  same  except  the  Linear  1 
controller.  These  quantities  are  significantly  higher  for  the  case  of  the  Linear  1  controller.  The  advantages 
of  the  nonlinear  optimal  controller  proposed  in  this  study  in  terms  of  the  peak  response  reduction  for  rubber 
bearings,  peak  control  force  and  required  control  energy  are  demonstrated  in  Figs.  4-6. 

7.  Conclusions 

An  optimal  nonlinear  polynomial  controller  is  presented  for  peak  response  control  of  seismic-excited 
nonlinear  or  hysteretic  structures.  A  performance  index,  that  is  quadratic  in  control  and  polynomial  in  any 
order  of  nonlinear  states,  is  minimized  based  on  the  solution  of  the  Hamilton- Jacobi-Bellman  equation  using 
a  polynomial  function  of  nonlinear  states,  which  satisfies  all  the  properties  of  a  Lyapunov  function.  The 
resulting  optimal  controller  is  polynomial  in  nonlinear  states  of  the  system.  Gain  matrices  for  different  parts 
of  the  controller  are  computed  easily  by  solving  Riccati  and  Lyapunov  matrix  equations.  Numerical 
simulations  have  been  conducted  for  an  elasto-plastic  eight-story  building  equipped  with  a  hybrid  control 
system  consisting  of  actuators  and  lead-core  rubber  bearings.  Simulation  results  indicate  that  the 
performance  of  the  optimal  nonlinear  polynomial  controller  presented  is  quite  remarkable.  The  main 
advantage  of  such  an  optimal  controller  is  its  ability  to  increase  the  percentage  of  reduction  for  the  peak 
response  of  rubber  bearings  with  the  increase  of  the  earthquake  intensity.  Such  a  load  adaptive  capability  is 
very  desirable  in  protecting  seismic-excited  buildings,  in  particular  when  the  magnitude  of  earthquakes 
exceeds  the  design  one. 
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Table  1:  Maximum  Response  Quantities  of  an  Eight  Story  Building  Equippe  with  Hybrid  Control  System. 
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Fig.  3:  Hysteresis  Loop  of  Lead-Core 
Rubber  Bearings. 
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Fig.  4;  Peak  Drift  Reduction  vs. 

Peak  Ground  Acceleration. 
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Fig.  5:  Normalized  Peak  Control  Force 
vs.  Peak  Ground  Acceleration. 


Fig.  6:  Normalized  Peak  Control  Energy 
vs.  Peak  Ground  Acceleration. 
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ABASTRACT 

To  prevent  structural  damages,  it  is  safer  to  bound  the  vibration  amplitude  at  any  instant  rather  than 
to  minimize  the  total  vibration  energy  over  a  time  period.  In  this  paper,  we  consider  a  nonlinear 
optimization  method  for  the  design  of  bounded-state  controllers  which  minimize  the  bound  of  the  vibration 
amplitude  at  any  instant  This  method  is  based  on  calculation  of  the  exact  maximum  worst-case  bound  of 
system  output  The  effectiveness  of  the  method  is  demonstrated  for  a  two  mass-spring  system  example.  The 
nonlinear  optimization  method  is  then  applied  to  an  active  tendon  control  of  a  five-story  building  with  two 
actuators.  The  effect  of  the  actuator  dynamics  on  the  system  performance  is  investigated  by  using  a 
simplified  hydraulic  actuator  model. 

1.  Introduction 

The  stability  and  performance  requirements  are  important  for  a  conventional  control  system  design. 
For  vibration  control,  the  performance  requirement  is  usually  expressed  in  terms  of  the  total  vibration  energy 
over  a  time  period.  However,  if  active  vibration  control  is  to  prevent  structures  from  damage  due  to  large 
external  excitation,  reduction  of  the  maximum  oscillation  amplitude  at  some  instant  may  be  more  critical 
than  reduction  of  the  sum  of  the  squares  of  the  amplitude  over  a  period  of  time.  For  example,  small  and 
prolonged  oscillations  may  not  damage  the  structure  as  long  as  the  oscillation  amplitude  is  inside  a  prescribed 
limit  determined  mainly  by  structure  property. 

Several  main  bounded-state  control  methods  in  the  literature  are:  the  pulse  control  method  (Masri,  et 
al,  1981;  Udwadia  and  Tabaie,  1981;  Prucz,  et  ai,  1985;  Reinhom  et  al,  1987;  Soong,  1990),  the  set-theoretic 
method  (Schweppe,  1973;  Uroso  et  al,  1982;  Parlos  et  al,  1988),  the  linear  quadratic  stabilization  method 

(Chen,  1986),  the  -optimal  control  method  (Vidyasagar,  1986;  Dahleh  and  Pearson,  1987, 1988;  McDonald 
and  Pearson,  1991),  the  two-stage  LQR  control  scheme  (Chuang  and  Wang,  1990).  Among  these  methods, 

only  the  set-theoretic  method  and  the  -optimal  control  method  employ  linear  feedback  control  and  consider 
the  constraints  on  control  force  magnitude.  The  set-theoretic  method  is  in  fact  a  method  based  on  Lyapunov 

funtion  which  tends  to  be  conservative.  The  -optimal  control  method  addresses  the  problem  of  minimizing 
the  magnitude  of  the  regulated  output  of  a  linear  time-invariant  system  subject  to  magnitude  bounded 
disturbances  in  a  fairly  general  formulation.  It  determines  an  optimal  disturbance  rejection  controller  among 
all  possible  stabilizing  controllers  for  the  system.  The  controller  design  problem  is  formulated  as  a  linear 
programming  problem  which  gives  a  global  minimum  solution  to  the  disturbance  rejection  problem. 
However,  the  order  of  the  optimal  controller  may  be  very  high  and  the  initial  condition  is  assumed  to  be  zero. 

Recently,  a  nonlinear  optimization  method  (Chuang  and  Wu,  1994)  has  been  proposed  for  design  of 
a  fixed-order  controller  for  bounded-state  control.  Both  constraints  on  control  force  magnitude  and  uncertainty 
in  initial  condition  are  considered  in  this  method.  The  nonlinear  optimization  procedure  is  based  on 
calculation  of  the  worst-case  maximum  magnitude  of  oscillation.  This  method  numerically  minimizes  the 
worst-case  maximum  magnitude  of  the  oscillation.  Although  a  global  minimum  solution  is  not  guaranteed, 
local  minimum  solutions  have  been  determined. 

Since  large  control  force  is  needed  in  the  active  control  of  a  building  structure,  electro-hydraulic 
actuators  are  usually  used  in  the  control  system.  In  previous  research  work  on  active  control  of  civil 
structures,  actuator  dynamics  is  not  often  considered  in  the  design.  However,  the  actuator  dynamics  may 
significantly  affect  the  system  performance  under  some  conditions.  In  this  paper,  the  nonlinear  optimization 
method  is  applied  to  active  tendon  control  of  a  five-story  building  while  actuator  dynamics  is  included. 
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The  nonlinear  optimization  method  is  also  compared  to  the  -optimal  control  method  by  studying 
their  effectiveness  to  a  two  mass-spring  example.  It  is  shown  that  the  bound  on  the  system  output  achieved 
by  the  state  feedback  control  via  the  nonlinear  optimization  method  is  close  to  that  achieved  by  a  139th  ordCT 

controller  via  the  -optimal  control  method.  The  controller  order  for  the  -optimal  control  method  is  quite 
high  for  this  example. 

The  paper  is  organized  as  follows.  Problem  formulation  and  the  nonlinear  optimization  method  are 
presented  in  Section  2.  A  two  mass-spring  system  is  considered  for  the  application  oTthe  nonlinear 

optimization  method  and  the  -optimal  control  method  in  Section  3.  In  Section  4,  a  simplified  model  of 
hydraulic  systems  is  included.  An  application  of  the  active  tendon  control  to  a  five-story  building  structure  is 
studied  in  Section  5.  Finally,  conclusions  are  given  in  Section  6. 

2.  Problem  Statement  and  the  Nonlinear  Optimization  Method  for  Structural  Control 

Consider  the  following  linear  system  which  has  inputs  from  an  active  controller  and  an  external 
excitaticMi: 

x(t)  =  Ax(t)  +  Bu(t)+B,^w(t)  (1) 

y(t)  =  Cx(t)  (2) 

where  t  e  R  is  time,  x  e  R“  denotes  the  state  vector,  u  €  R™  the  control  vector,  w  €  R^  a  vector  representing 
the  external  disturbance,  and  ye  R^  the  output  vector.  Matrices  A,  B,  B,,,  and  C  are  system  matrices  of 
appropriate  dimensions. 

Note  that  the  equation  of  motion  of  a  general  linear  structure  system  can  always  be  converted  to  the 
first-order  ordinary  differential  equation  system  described  by  Eq.(l)  and  Eq.(2). 

Assumption  1:  The  pair  (A,B)  is  assumed  to  be  completely  controllable. 

Assumption  2:  The  disturbance  signal  is  assumed  to  be  norm  bounded  by 

|w|<W  (3) 

where  W  £  R'’  is  a  constant  vector.  Eq.(3)  implies  that  the  absolute  value  of  each  component  of  w  is  less 
than  the  corresponding  component  of  W . 

In  order  to  simplify  the  use  of  active  controllers  in  practice,  the  control  is  selected  to  be  a  linear  state 

feedback: 

u(t)=Kx(t)  (4) 

The  objective  of  this  controller  is  to  reduce  the  output  response  to  satisfy 

bl^Y  (5) 

where  Y  £  R^  is  a  constant  vector,  subject  to  control  constraints 

|u|<U  (6) 

where  U  £  R™  is  a  constant  vector.  Note  that  it  is  important  to  impose  the  bound  on  the  control  magnitude 
since  a  controller  with  unreasonable  size  is  useless  in  practice.  This  is  particularly  true  for  building 
structures  since  the  massive  structures  of  a  building  require  high  power  actuators.  For  different  actuators,  the 
elements  in  U  can  be  selected  differently  to  bound  the  control.  For  simplicity,  the  control  variables  are 

scaled  to  make  all  the  elements  in  U  equal.  The  same  procedure  can  be  applied  to  W  and  Y  also. 
Therefore,  without  loss  of  generality,  the  bounds  on  w,  y,  and  u  are  written  as: 

ML^W,  jyL^Y,  lu|L<U  (7) 

where  JxL  denotes  the  infinity  norm  of  vector  x  and  where  W  £  R ,  Y  €  R ,  and  U  £  R . 

After  applying  the  feedback  control  in  Eq.(4)  to  the  system  in  Eq.(l),  the  closed-loop  system 
becomes: 

x(t)  =  Ax(t)  -I-  B„w(t)  (8) 

where  A  =  A+BK. 

Define 

f^(t)  =  ||Qe^(‘-'‘)s|L,  gi(t)  =  J‘'‘‘|Cie^^B,,|Ldx  (9) 
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where  |(•)||„  is  the  infinity-norm,  Cj  is  the  ith  row  of  matrix  C,  S  is  a  weighting  matrix  used  to  introduce 

different  weights  on  different  state  variables.  In  damage  control,  the  displacement  is  more  critical  than  the 
velocity  since  the  relative  displacement  between  different  parts  of  the  structure  is  more  likely  to  damage  the 
structure.  Therefore,  the  ou^ut  y  usually  consists  of  the  displacement  only.  Usually  S  can  be  chosen  to 
scale  down  the  velocity  by  a  factor. 

Uncertainty  in  the  initial  states  is  an  important  factor  in  active  structure  control.  Suppose  the  initial 
states  are  arbitrary  but  lie  inside  the  set 

i^=Hl|xL^Xi}  (10) 

where  Xj  e  R  is  a  constant  and  ||x(ti)|^  =  |jS”^x(ti)|  .  We  have  the  following  result. 

Theorem  1  (Chuang  and  Wu,  1994).  Suppose  the  disturbance  is  bounded  by  W  and  the  initial  point  is 
arbitrary  but  bounded  by  Q .  Then  the  worst-case  magnitude  of  the  system  output  response  is 

^  sup  ly(t)L  =  mffis^[fri(t)Xi+gi(t)W]  (11) 

|wL^w 

Similarly,  the  worst-case  control  magnitude  is 

(12) 


(13) 


whae 


>  sup  =  m^sup[f,^(t)Xi  -t-  gui(t)W] 

IwLsw 


f^(t)  =  ||Kie^(‘-‘‘)s|L,  g^(t)  =  J‘“'‘||KieAX||  dr 


and  K;  is  the  ith  row  of  the  feedback  gain  matrix  K. 

An  optimization  design  problem  based  on  the  above  results  can  be  formulated  as: 

(OPTF)  J=X 

1)  sup[f,i(t)Xi-hgi(t)W]<X,  i=l,  ...,  t 

2)  sup[f^(t)Xi  +  g,^(t)W]<U,  i=l,  ...,  m 

3)  Re^i(A  +  BK)<0,  i=l,  ...,  n 

If  the  optimal  J  obtained  is  less  than  the  desired  bound  Y,  the  design  objective  is  achieved.  If  J  is 
greater  than  Y,  then  it  is  impossible  to  reduce  the  magnitude  of  the  output  to  be  within  the  given  bound 
using  the  given  control  effort.  Either  the  power  of  the  actuator  or  the  desired  bound  Y  must  be  increased. 

Y 

There  are  also  other  alternatives.  For  example,  the  bound  of  the  excitation  can  be  reduced  to  y  W  or  the 

Y 

bound  of  the  initial  point  uncertainty  can  be  reduced  to  y  Xj .  It  should  be  noted  that  Theorem  1  can  also  be 

extended  to  output  feedback  control  by  simply  replacing  A  with  =  A+BKC  in  OPTF.  Then  the  same 
optimization  procedure  follows. 

In  active  building  structure  control,  for  some  cases,  it  is  important  to  control  the  modes  of  the 
structure.  Therefore,  it  is  straightforward  to  use  eigenvalues  and  eigenvectors  of  the  system  as  the 
optimization  parameters  instead  of  using  the  feedback  gain  matrix.  However,  the  assignment  of  eigenvectors 
of  the  closed-loop  system  is  not  independent  IBrom  the  assignment  of  the  eigenvalues  of  the  closed-loop 
system.  Moreover,  the  computation  of  gi(t)  does  not  have  to  cover  the  infinite  time-interval.  Since  the 
closed-loop  system  is  stable,  an  IBnite  time-interval  will  be  suffice  to  get  the  value  of  gi(t)  within  a  given 
accuracy. 

The  fact  that  the  objective  function  involves  the  evaluation  of  the  sumpremum  of 
fjji(t)Xi  +gi(t)W  over  all  times  t^  <  t <«>  may  cause  some  difficulties  in  numerical  computation.  But 
since  the  closed-loop  system  subject  to  an  active  controller  must  be  stable,  in  practical  applications,  it  is  not 
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necessary  to  consider  infinite  time  interval  in  evaluating  the  worst-case  magnitude  in  Eq.(3.11).  For  a  given 
e  >  0,  we  can  always  find  a  T>0  such  that  the  difference  between  the  supremums  of  fs;0)Xi  -i-  gi(t)W  over 

[ti  T]  and  the  supremums  of  fsj(t)Xi  +  gi(t)W  over  [tj  <»]  is  less  than  £ . 

One  may  notice  that  the  constraints  in  (OPTF)  may  not  be  differentiable  since  they  involve 
supremum  operation.  Therefore,  nondifferentiable  optimization  methods  will  have  to  be  used  in  general. 
Differentiable  optimization  algorithms  may  be  used  directly,  but  those  minimums  occur  on  the  comer  points 
might  not  be  obtainable.  Local  minimums  that  do  not  occur  at  comer  points  can  be  obudned  using  the 
differentiable  optimization  algorithms  if  initial  guess  is  appropriate.  Since  most  available  numerical 
algorithms  of  nonlinear  constrained  optimization  assume  the  differentiability  of  the  objective  function  and 
that  non-differentiable  optimization  algorithms  are  usually  less  efficient  than  the  differentiable  optimization 
algorithms,  we  will  use  differentiable  optimization  algorithm. 

3.  A  Two  Mass-spring  System 

In  this  section,  a  mass-spring  system  is  used  to  compare  the  design  results  of  the  -optimal  control 
method  and  the  nonlinear  optimization  method.  It  is  shown  that  the  bound  on  system  output  achieved  by  the 
state  feedback  control  obtained  via  the  nonlinear  optimization  method  is  close  to  that  achieved  by  a  139th 

order  controller  via  the  -optimal  control  method. 

The  -optimal  control  is  considered  for  a  discrete  linear  time-invariant  system  as  shown  in  Figure 
1,  in  which  w  is  an  n,„ -dimensional  vector  of  external  disturbance  inputs,  z  is  an  n^ -dimensional  vector  of 
ou^uts  which  are  to  be  regulated,  y  is  an  n^ -dimensional  vector  of  outputs  which  are  measurable,  and  u  is 
an  n^  -dimensional  vector  of  control  inputs. 


Figure  1.  Control  system  configuration 
The  system  is  described  in  the  transfer  function  matrix  form  by 


- 1 

N 

_ 

Gll  Gi2l 

1 - 

1 _ 

LyJ 

- 1 

0 

r4 

0 

_ » 

- 1 

=1 

_ 1 

u=Cy 


(14) 

(15) 


where  Gn,  G12,  ®21»  G22 ,  C  are  all  transfer  function  matrices  of  appropriate  dimensions. 

Using  the  Q-parametrization  for  all  stabilizing  controllers,  the  closed-loop  transfer  function  from  w 
to  z  is  described  by 

<b  =  H-UQV  (16) 

where  H,  U,  and  V  are  transfer  function  matrices  which  can  be  determined  from  the  system  in  Eq.(14),  Q  is  an 
arbitrarily  stable  transfer  matrix.  Then  the  minimization  of  maximum  magnitude  of  z  with  respect  to 
bounded  w  is  equivalent  to  the  following  optimization  problem:  (OPT):  minl|d>||j 

where  ||•||J  is  the  f^-norm  of  a  transfer  matrix. 

Without  loss  of  generality,  it  is  assumed  that  there  are  less  number  of  control  inputs  than  the 
number  of  performance  outputs  and  less  number  of  measurements  than  the  number  of  disturbance  inputs. 
The  main  steps  to  convert  the  above  optimization  problem  to  a  linear  programming  problem  are  (McDonald 
and  Pearson,  1991) 

Step  1.  Partition  U  and  V  as 
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U  = 


U 

lU2J 


,  V  =  [V  V2],  H  = 


H  Hi2 

H21  H22, 


where  U  and  V  are  invertible. 

Step  2.  Do  coprime  factorization  for  U2U"^  and  V2 

U2U-i=Du1Nu 

V"^V2  =  NvDv 


(17) 


(18) 

(19) 


where  Ny,  Ny,  Dy  are  polynomial  matrices. 

Step  S.  Find  the  transmission  zeros  of  U  and  V.  Transfer  U  and  V  into  Smith-Macmillan  form 
as 

U  =  LyMyRy  (20) 

V  =  LryMyRy  (21) 


Let  ai(z)  denotes  the  ith  row  of  Ly  ,  Pj(z)  denotes  the  jth  column  of  Ry\  Z  denotes  the  set  of 
transmission  zeros  of  U  or  V  in  the  unit  disc. 

Step  4.  Form  the  linear  constraints.  The  closed-loop  transfer  function  matrix  must  satisfy  for  any 
Zq  E  Z,  i=l,  n^,  j==l»  •••>  n^ 

1)  (aiHPjf(zo)  =  (aiOPjf(zo),  k=l,...,  mo  (22) 

2)  [-Nu  Du]«>  =  Tuh  (23) 


3)  [<&  O12] 


-Nv 


=  [h  H12I 


-N, 

Dv 


(24) 


where  mo  is  the  multiplicity  of  Zo ,  ®  is  partitioned  similarly  as  H  in  Eq.(17) 


d>  = 


O  <^12 

^21  ‘*‘22. 


(25) 


Assume  that  the  closed-loop  transfer  function  matrix  O  is  a  polynomial  matrix  of  a  finite  order  M, 
the  above  three  constraints  can  be  reduced  to  three  sets  of  linear  equality  constraints  on  O . 

Step  6.  Formulate  the  linear  programming  problem.  In  terms  of  the  impulse  response  coefficients 

4>ij(k)  of  the  closed-loop  system  and  the  auxiliary  variable  0"(k),  d>^(k)  and  X,  (OPT)  can  be 
approximated  by  the  following  linear  programming  problem  which  has  finite  number  of  variables  and  finite 
number  of  constraints  (LP^):  inf  X 

subject  to: 

1)  «I>y(k)-4>^(k)  =  d)ij(k),  i=l,  n^,  j=l,  n„,k=l,  ...M 

2)  <I)J(k),  «I»;j(k)>0,  i=l.  n„  j=l. n^,  k=l,  ...M 

n.  M 

j=l  k=l 
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4)  Eqns.(22)-(25).  Under  some  conditions,  as  M  goes  to  infinity,  the  value  of  the 
objective  function  of  (LP^j)  will  converge  to  the  value  of  the  objective  function  of  (OPT).  Therefore,  the 
optimal  problem  of  (OPT)  can  be  solved  by  iteratively  solving  the  linear  programming  problem  (  UPm  )• 

In  the  case  that  there  are  as  many  control  inputs  as  performance  outputs  or  as  many  measurements 
as  disturbance  inputs,  U2  or  V2  in  Eq.(17)  will  not  appear  and  the  partition  of  matrix  H  and  O  will  become 
simpler. 

Now  we  will  design  the  controller  for  the  following  two  mass  spring  system  (see  Figure  2)  using 
both  the  ^^-optimal  control  method  and  the  nonlinear  optimization  method. 


Figure  2.  A  two  mass-spring  system 


The  equation  of  motion  of  this  system  is 


where  Xj  and  X2  are  displacements  of  mass  mj  and  m2  X3  and  X4  are  the  velocities  of  mj  and  m2,  u  is 
the  control  on  m2,  and  w  is  the  disturbance  on  mj.  kj,  k2,  Cj,  and  C2  are  the  stiffness  and  damping 
coefficients  respectively.  It  is  assumed  that  mj  =  m2  =  1.0kg,  ki  =  k2  =  l.ON /m,  Cj  =  C2  =  2N.s /  m ,  and 
all  the  displacements  and  velocities  are  measurable.  The  reason  to  use  large  damping  coefficient  is  to 
simplify  the  use  of  -optimal  control  method,  since  poles  near  origin  may  increase  the  complexity  of  the 
-optimal  control  design. 

Assuming  initial  condition  is  zero,  we  want  to  know  how  large  the  disturbance  can  be  so  that  the 
maximum  displacement  and  the  maximum  control  force  are  less  than  one.  Therefore,  the  regulated  ouq)ut  z=. 

Assume  all  states  are  measurable,  then  y=[xi  X2  Xj  ^2]^.  In  the  framework  of  the  -optimal  control 
method,  one  can  first  determine  the  minimum  ^'-norm  of  the  closed-loops  system  for  w  to  z.  The  inverse  of 
the  minimum  ^^-norm  is  the  largest  magnitude  of  disturbance  the  system  can  tolerate. 

In  order  to  ^ply  the  -optimal  method,  the  system  described  by  Eqns.(26)  is  first  discretized  with  a 
sampling  time  O.lsec.  Applying  the  standard  procedure  (Maciejowsky,  1989)  we  can  get  the  matrix  H,  U,  V 
in  Eq.(16).  Following  the  previous  steps,  the  results  of  linear  programming  method  (LP^)  for  different 
order  M  of  the  closed-loop  transfer  function  matrix  are  hsted  as  follows: 


M=40, 

A.  =3.325 

M=60, 

X  =0.8834 

M=100, 

A,  =0.4132 

M=140, 

A.  =0.3728 

M=180, 

A.  =0.3680 

M=220, 

A,  =0.3677 

Therefore,  the  maximum  magnitude  of  disturbance  the  system  can  tolerate  is  2.682  and  2.705  for 
M=140  and  M=220,  respectively. 
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Now  we  assume  that  in  the  nonlinear  optimization  method,  the  control  force  is  bounded  by  one  and 
the  disturbance  is  bounded  by  2.682  (corresponding  to  M=140).  The  maximum  worst-case  magnitude  of  Xj 
is  computed  to  be  0.9914.  This  imphes  that  the  solution  using  the  nonlinear  optimization  is  very  close  to 
the  global  optimal  solution.  The  control  used  in  nonlinear  optimization  is  just  a  full  state  feedback  while  the 

order  of  the  dynamic  controller  using  the  -optimal  control  method  is  139. 

Although  the  -optimal  control  method  leads  to  a  linear  programming  problem,  the  complexity  of 
the  resulting  linear  programming  problem  increases  as  the  order  of  closed-loop  transfer  matrix  increases.  It  is 
still  unknown  what  is  the  minimum  order  such  that  the  optimal  value  of  linear  programming  problem  is 
within  a  given  accuracy  of  the  global  optimal  value.  For  the  case  M=140,  for  example,  the  number  of 
constraints  involved  in  the  linear  programming  is  995  and  the  number  of  variables  is  846.  The  system 
considered  here  is  just  a  simple  two  degree-of-freedom  mechanical  system.  For  a  more  complicated  system, 
the  resulting  linear  programming  problem  may  become  much  more  complicated. 

4.  Hydraulic  Actuator  Dyuamics  and  the  Augmented  System 

Consider  a  hydraulic  control  system  shown  in  Figure  3.  Neglecting  the  mass  m  and  viscous 
damping  D,  the  block  diagram  of  the  position  control  servo  is  shown  in  Figure  4,  where  is  the  open 
loop  gain,  K,  ttj  and  a-i  are  constants.  The  closed-loop  system  then  becomes 


0  -  ^0  0  I  (ais  +  a2)  _ 

°  (l  +  ai)s  +  (a2  +  Ko)  (l+ai)s-i-(a2  +  Ko) 

where  Kq  =  KK^ .  The  force  acting  on  the  wall  is  then 

F  =  S(0o-z) 

where  S  is  the  stiffness  coefficient  of  the  spring  connected  to  the  wall. 


Figure  4.  Block  cUagram  of  the  hydraulic  position  control  servo 


Suppose  there  are  m  such  hydraulic  actuators  involved  in  the  control  system.  Define 
Qq  002  •••  00m 

e,  =  [e,,0,2... 


(27) 


(28) 
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Z  =  [Zi  Z2  ...  Z„Zi  Z2  ...  z„f 

U  =  [Ui  U2  ... 

the  state-space  representation  of  the  actuators  can  be  written  as 

©0  =  AjQq  +  Bj,0j  -(-  EZ 
u  =  Cj0o  -I-  CjjZ 


A^  =  diag{- 


^21  ^01  0^22 '*'^0 


^2m  +  ^Om  1 


l  +  CCll 

B. =diag(^, 

I-*"®!!  l  +  ai2 

C,  =diag{Si,  S2.  ....  S„] 

Cb  =  K 

E  =  [Ei  E2], 


l  +  ai2 


^Om  1 


Ej  =  diag{  . ’  E2  =  diag{-^ 


Assume  that  Z  is  a  linear  function  of  state  variables  of  the  structure  system,  i.e.  Z=Gx.  Combining 
system  (1),  (2)  and  the  actuator  dynamics  (29),  (30),  we  get  the  augmented  system  as 


”  X  1 

.^of  . 


A  +  BCjjG  BC j  X 
EG  A,  0, 


0  «  E* 

+  T,  0r+  « 

,  B,  '  0 


y  =  [C  0] 


u  =  [CbG  CJ 


5.  Active  Control  of  Building  Structure 

In  this  section  we  consider  the  active  tendon  control  of  a  five-story  building  structure  as  shown  in 
Fig.5.  There  are  two  actuators  installed  in  the  building,  one  on  the  first  floor  and  the  other  on  the  second 
floor.  Suppose  that  each  floor-unit  is  identically  constructed,  the  equation  of  motion  of  the  building  structure 


is  then 


X  =  AX  -t-  Bu  -t-  B,yXo 


y  =  CX 


X  =  [xi,  X2 . Xj,  Xj,  X2,  ....  is] 

'011  r  iT 

A-  .  .  .  B-[02,5  B12] 

J\2i  A22_ 
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.  B*=[0i,5  -1  0u4f.  C=[l5  O5] 


denotes  the  relative  displacement  of  ith  floor  with  respect  to  (i-l)th  floor,  is  the  horizontal  force  acting 
on  the  building  from  the  ith  actuator,  and  m,  k,  and  c  are  the  mass  ,  elastic  stiffness  of  the  shear  walls,  and 
the  internal  damping  coefHcients  of  each  story  unit,  respectively.  The  structure  parameters  are  taken  as 
m=1.728xl0^kg,  k=1.702xl0*N/m,  c=1.469xl0®kg/sec.  Xq  is  the  ground  acceleration.  The  maximum 

value  of  Xq  is  assumed  to  be  2.0  m  /  sec^,  or  approximately  0.2g.  Constraint  on  control  force  magnitude  is 
assumed  to  be  lOOOkN. 

The  two  actuators  are  also  assumed  identical  with  ai=0.05  and  02=3.67.  To  investigate  the 
bandwidth  or  the  time  constant  of  the  actuator  on  the  system  performance,  different  values  of  Kq  from  10  to 
400  are  used. 

The  uncertainty  in  initial  condition  is  assumed  to  be  ||SXi||^=0.1cm,  where  the  weighting  matrix  is 
assumed  to  be  S=diag{l,l, 1,1,1,25,25,25,25,25}. 

We  first  design  state  feedback  control  using  the  nonlinear  constrained  optimization  procedure 
(OPTF).  Then  the  state  feedback  control  is  redesigned  by  including  the  dynamics  of  the  actuators.  The 
maximum  worst-case  magnitudes  of  displacement  of  each  floor  unit  for  different  Kg  after  redesign  using  the 

nonlinear  optimization  method  are  given  in  Table  1  below.  The  ideal  case  means  the  case  in  which  actuator 
dynamics  is  not  considered. 

From  Table  1,  we  see  that  as  Kg  increases,  the  worst-case  magnitude  of  displacement  of  each  floor 
decreases.  This  implies  the  larger  the  bandwidth  of  the  actuator  dynamics,  the  smaller  the  maximum  worst- 
case  magnitude  of  displacement  The  coupling  between  the  actuator  and  the  structure  increase  the  stiffness  of 
the  building  structure.  However,  this  coupling  is  not  considered  in  the  ideal  case.  Therefore,  the  maximum 
displacement  is  greater  than  the  corresponding  values  in  the  cases  for  Kg =100  and  400. 


Table  1  Worst-case  magnitude  of  displacement  for 
U=1000kN  after  redesign  _ 


1 

xl(cm) 

x2(cm) 

x3(cm) 

x4(cm) 

x5(cm) 

0 

II 

0 

9.58 

8.98 

7.29 

5.12 

2.64 

8 

II 

0 

9.48 

8.81 

7.22 

5.09 

2.63 

Kg=400 

9.44 

8.79 

7.19 

5.07 

2.62 

Ideal  case 

9.52 

8.83 

7.22 

5.09 

2.63 

Suppose  we  apply  the  feedback  controller  designed  without  considering  the  dynamics  of  the  actuators 
to  the  building  structure.  We  would  like  to  see  how  the  existence  of  the  actuator  dynamics  will  affect  the 
system  performance.  For  different  values  of  Kg ,  Table  2  lists  the  worst-case  magnitude  of  displacement  for 
each  floor  and  the  worst-case  magnitude  of  control  force  for  each  actuator.  The  deviation  of  worst-case 
magnitudes  of  displacement  and  control  force  from  the  ideal  case  is  large  when  Kg  is  small.  As  Kg 
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becomes  large,  the  deviation  becomes  very  small.  It  seems  that  the  effect  of  actuator  dynamics  on  system 
performance  can  be  ignored  if  the  actuator  bandwidth  is  sufficiently  large. 


Table  2  Worst-case  magnitudes  of  displacement  and  control  force 
_  for  U=1000kN  tefore  redesign _ _ 


xKcrn) 

x2(cm) 

x3(cm) 

x4(cm) 

x5(cm) 

ul(kN) 

u2(kN) 

Kq-io 

11.53 

10.55 

8.86 

6.26 

3.24 

820 

791 

Ko=100 

9.63 

8.94 

7.35 

5.18 

2.68 

991 

984 

Ko=400 

9.53 

8.85 

7.26 

5.12 

2.64 

996 

995 

__I4^,qa?p.._ 

9.52 

8.83 

7.22 

5.09 

2.63 

1000 

1000 

In  order  to  investigate  the  time  response  of  the  closed-loop  system,  we  assume  that  the  earthquake 
ground  acceleration  is  a  non-stationary  random  process  described  by  (Yang  and  Li,  1983) 

Xo(t)  =  a(t)x(t)  (42) 

where  a(t)  is  a  deterministic  non-negative  envelope  function  used  to  describe  the  nonstationary  property  of  the 
ground  acceleration,  x(t)  is  a  stationary  stochastic  process  with  zero  mean  and  a  power  spectral  density  8^(03) 
as 


(43) 


where  cOg,  and  D  are  parameters  depending  on  the  intensity  and  the  characteristics  of  earthquake  at  a 


particular  location.  The  envelope  function  to  be  used  is  in  the  following  specific  form 


for  0  <  t  ^  ij 


a(t)=  1 


for  0  £  t  £  t] 


(44) 


I  fort>t2 

in  which  tj ,  t2,  c  are  parameters  selected  appropriately  to  reflect  the  sh^  and  the  duration  of  the  earthquake 
ground  acceleration.  A  simulated  earthquake  ground  acceleration  is  obtained  in  Figure  6  assuming  that 
^g=0.65,  ©g=8.85rad/sec,  ti=3sec,  t2=13sec  and  using  D  to  scale  the  maximum  magnitude  of  ground 

acceleration  to  2m/  s^ . 

We  noted  from  simulation  that  1)  after  the  redesign  the  differences  in  the  time  responses  of 
displacements  for  different  values  of  are  very  small;  2)  the  time  responses  of  displacements  with  the  ideal 
case  feedback  control  are  very  close  to  the  time  responses  of  the  closed-loop  systems  with  Ko=100  and 
Kq  =400.  3)  the  difference  is  relatively  larger  between  time  responses  of  displacements  for  the  ideal  case  and 
the  case  in  which  Ko=10. 

Since  maximum  displacement  of  the  first  floor  is  greater  than  the  maximum  displacements  of  other 
floors,  we  only  plotted  the  time  response  of  the  first  floor  di^lacement.  In  Figure  7,  the  uncontrolled  time 
re^nse  of  first  floor  and  the  time  response  of  first  floor  for  Kq =10  are  plotted.  Time  responses  of  the  first 
floor  fOT  the  ideal  case  and  for  the  case  where  Kg =10  are  plotted  in  Figure  8.  Time  responses  of  first  actuator 
for  the  ideal  case  and  for  the  case  where  Kq =10  are  plotted  in  Figure  9. 

In  the  case  where  Kq =10,  maximum  displacement  of  first  floor  is  reduced  to  2.50cm  from  3.12cm 
in  open-loop  response,  which  accounts  for  about  36%  reduction.  If  we  applied  the  controller  designed 
without  considering  the  actuator  dynamics,  the  maximum  displacement  of  the  first  floor  is  2.65cm,  which  is 
about  6%  greater  than  the  maximum  displacement  in  the  case  where  Kq =10.  From  Figure  9  we  see  that  the 
difference  in  control  force  between  ideal  case  and  the  case  where  Ko=10  is  significant  The  maximum  control 
force  in  the  ideal  case  is  300kN,  while  in  the  case  Kq  =10  is  219kN. 
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6.  Conclusions 

A  nonlinear  optimization  method  for  the  worst-case  control  design  is  considered.  From  the  two- 
mass-spring  example  we  have  shown  that  the  nonlinear  optimization  design  method  can  be  effective  in  some 

situations.  In  particular,  the  order  of  control  is  smaller  compared  to  the  order  of  control  from  -optimal 
control  method.  In  the  application  of  active  control  of  a  five-story  building  structure,  the  feedback  control 
obtained  using  nonlinear  optimization  design  reduced  the  maximum  worst-case  displacement  to  9.S8cm  from 
the  uncontrolled  value  17.3cm  using  a  ccMitrol  force  not  greater  than  lOOOkN.  Based  on  a  simplified  model  of 
a  hydraulic  actuator,  it  has  been  shown  that  the  effect  of  the  actuator  dynamics  on  system  performance  can  be 
significant  when  the  time  constant  of  the  actuator  is  large.  When  the  time  constant  is  small,  the  effect  of 
acuiator  dynamics  on  system  perfomnance  is  small  and  may  be  negligible. 
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Figure  6.  Simulated  earthquake  ground  acceleradon 


Figure  8.  Displacement  of  first  floor, 
dotted  line:  without  considering 
actuator  dynamics,  solid  line:  K0=10 
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Figure?.  Time  response  of  first  floor,  dotted  line:  Figure  9.  Control  force  of  first  actuator, 

without  considering  the  solid  line:  K0=10  uncontrolled  response,  dotted  line: 

actuator  dynamics,  solid  line:  K0=10 
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Abstract 

Implementation  of  active  control  in  civil  engineering  structures  usually  requires  very  large  control  forces. 
In  some  situations  the  required  control  force  can  exceed  the  force  output  capability  of  the  actuator.  These 
design  conditions  can  be  accommodated  by  reducing  the  control  gains  to  insure  linear  operation,  or  by 
allowing  the  actuator  to  simply  saturate.  In  this  paper,  the  optimal  linear  quadratic  regulator  (LQR) 
controller  is  obtained  for  the  case  in  which  there  is  an  explicit  force  limitation  on  the  actuator.  Using 
Pontryagin’s  minimum  principle,  the  optimal  controller  is  obtained  for  both  the  unsaturated  and  saturated 
regions  of  the  actuator  force  output  characteristic.  The  performance  cost  index  function  incorporates  both 
state  and  control  cost  terms,  in  which  it  is  desirable  to  maximize  the  control  performance  in  both  regions. 
The  resulting  algorithm  is  applied  to  a  computer  simulated  IDOF  system  using  an  earthquake  acceleration 
record  as  excitation.  The  displacement,  velocity,  and  acceleration  performance  is  compared  to  normal 
LQR  and  a  modified  bang-bang  approach.  For  each  case  the  maximum  structural  dynamic  parameter 
values  are  determined.  The  values  of  the  state  and  control  costs  as  a  function  of  maximum  control  force 
for  each  of  the  three  approaches  is  presented.  The  new  approach  provides  substantial  control  force 
reduction  when  compared  to  optimal  LQR,  and  results  in  substantial  reduction  in  control  effort  when 
compared  to  bang-bang  control,  at  the  expense  of  larger  state  cost. 


1.  Introduction 

The  application  of  the  linear  quadratic  regulator  (LQR)  to  civil  engineering  structures  has  been 
investigated  by  various  researchers  in  the  past  decade  [Soong,  1990].  The  approach  has  been  attractive 
since  it  represents  optimal  performance  based  on  a  particular  cost  function  in  which  both  the  states  and 
the  control  effort  are  included,  and  the  closed  form  solution  is  readily  available.  The  performance  of 
optimal  LQR  has  also  served  as  a  benchmark  to  which  other  control  techniques  may  be  conveniently 
compared.  Designers  of  civil  engineering  structures  are  often  concerned  with  design  parameters  not 
explicitly  taken  into  account  in  the  optimal  LQR  approach.  These  might  include  maximum  acceleration 
at  a  critical  location  in  the  structure,  or  maximum  deflection  which  may  not  be  exceeded.  Other 
constraints  which  may  typically  apply  are  limitations  on  either  the  stroke  displacement  or  maximum  force 
output  from  the  actuator  used  to  apply  the  control  effort. 
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For  civil  engineering  structures  the  required  control  force  is  typically  orders  of  magnitude  larger 
than  those  required  in  other  disciplines.  Situations  may  arise  in  which  the  commanded  force  exceeds  the 
capability  of  the  actuator.  One  approach  to  deal  with  this  is  to  linearly  scale  the  LQR  gains  such  that  the 
maximum  force  required  by  the  controller  will  not  exceed  the  actuator  maximum  force  output.  Another 
approach  which  has  been  investigated  [Indrawan  and  Higashihara,  1993]  requires  that  the  actuator 
provide  either  maximum  positive  or  negative  output  force  when  optimal  control  conditions  are  met,  and 
provides  no  control  force  when  the  optimal  conditions  are  not  met.  This  is  termed  modified  bang-bang 
control  in  this  paper.  This  technique  provides  good  control  of  the  system  states,  but  requires  a  controller 
which  has  the  dynamic  response  required  for  bang-bang  implementation.  In  addition  there  is  no  attention 
paid  to  the  control  effort,  since  it  is  most  often  fully  on.  Finally  this  approach  is  difficult  to  implement  in 
the  laboratory. 


This  current  study  develops  the  optimal  controller  for  the  case  in  which  the  actuator  has  a  force 
limited  output.  Rather  than  reducing  gains  to  accommodate  this  constraint,  the  actuator  limitation  is 
explicitly  addressed  in  the  optimal  control  derivation.  The  Liapunov  stability  of  the  control  algorithm  as 
applied  to  a  single  degree  of  freedom  system  is  then  examined,  showing  global  asymptotic  stability. 
Simulation  results  for  application  of  the  method  to  a  simple  IDOF  structure  excited  by  a  seismic 
disturbance  is  then  presented.  The  resulting  performance  is  compared  to  both  the  optimal  LQR  and  the 
modified  bang-bang  approach. 

2.  Saturation  Constrained  Optimal  Control 

We  will  consider  systems  defined  by  the  state  equations 

z(r)  =  Az(f)+Bu(/)  (1) 

The  performance  cost  functional  to  be  used  places  penalty  on  both  the  state  response  and  the  control 
effort,  as  reflected  by  constant  matrices  Q  and  R  respectively.  The  cost  function  is  given  as 

•/  =  ^}[z"(t)Qz(f)+u"(r)Ru(r)yr  (2) 


To  reflect  the  control  force  limitation  on  the  actuator,  the  commanded  control  outputs  must  satisfy  the 
inequality, 

KOI  2  Umax  for  t[to,tJ  (3) 

where  the  condition  applies  to  each  controller  if  there  is  more  than  one.  The  Hamiltonian  for  this  system 
is  given  as 


H  (z ,  u ,  r)  =  -i  {z^  (r)  Q  z(r)  +  (f)  Ru(t)}-i-  (r)  {A  z(f )  +  B  u(0}  (4) 

Because  of  the  control  constraint  given  in  (3),  the  optimal  controller  is  obtained  from  Pontryagin’s 
minimum  principle  [Gopal,  1993].  The  approach  requires  that  two  distinct  optimal  controls  be  obtained. 
The  first  applies  to  the  region  in  which  the  maximum  control  is  not  exceeded,  referred  to  as  the 
unsaturated  region.  The  second  optimal  control  is  obtained  from  the  region  in  which  the  control  exceeds 
the  maximum,  termed  the  saturated  region.  Following  Pohtryagin’s  minimum  principle  for  unsaturated 
control  we  require  that 
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=  Ru(f)  +  ?i(t)  =  0 

a  U 

In  addition,  the  differential  equation  for  the  states  is  given  as 

and  the  differential  equation  for  the  costates  is 

Solving  (5)  for  u(t),  the  optimal  control  law  when  the  controller  is  unsaturated  is 


u*(0  =  -R-’B^^(f)  (8) 

which  is  the  same  control  force  expression  obtained  from  the  optimal  LQR  derivation  with  no  control 
constraint.  Following  the  standard  solution  approach  for  the  optimal  LQR  [Soong,  1990],  a  solution  of 
the  costate  is  assumed  to  be  of  the  form 

X(0  =  P(t)z(t)  (9) 

Differentiation  of  (9)  obtains 

i(r)  =  P(r)z(r)+P(r)2(r)  (10) 

Substituting  (7)  and  (6)  into  the  left  hand  and  right  hand  sides  of  (10)  respectively,  and  using  equations 
(8)  and  (9),  one  obtains  the  matrix  Riccati  equation 

P(r)  =  -P(t)A  +  P(r)BR-‘B^P(r)-Q- A''P(t)  (11) 

Assuming  that  P(t)  remains  constant  during  the  period  of  control,  the  derivative  becomes  zero  and  the 
algebraic  Riccati  equation  is  obtained.  It  can  be  solved  to  yield  a  constant  P  matrix.  Substituting  (9)  into 
(8),  the  optimal  controller  for  the  unsaturated  control  actuator  is  obtained  as 


u*(?)  =  -R-’B'^Pz(t) 


(12) 


which  from  equations  (3)  and  (8)  is  valid  for 

|-R"‘B^Mt)|<M„,,  (13) 

For  saturated  control  we  are  unable  to  guarantee  that  equation  (5)  can  be  satisfied.  Rather  when  the 
control  constraint  given  by  equation  (3)  applies,  we  require  that  the  control  force  be  that  which  minimizes 
the  partial  derivative  of  the  Hamiltonian  with  respect  to  the  admissible  controls.  That  is 

d  H 

-^-j^  =  Ru(r)+B^^r)  =  minimum  (14) 
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Examination  of  the  this  requirement  implies  that 


=  for 

(15a) 

“*W  =  +“max  for 

(15b) 

To  obtain  the  required  optimal  control  it  is  again  necessary  to  solve  for  the  costate  vector  A,(t).  If  a  solution 
of  the  form  of  (9)  is  assumed,  no  progress  is  made. 

Assuming  that  the  control  is  in  the  saturated  region  and  equations  (15a)  or  (15b)  apply,  the  coupled 
state  and  costate  equations  are  given  as 

z(r)  =  Az(r)  +  BM„,,, 
and 

i(r)  =  -A’^A,(?)-Qz(r) 

where  A,(tf)=0. 

Equation  (16)  can  be  easily  solved,  but  equation  (17)  potentially  requires  solution  backward  in  time, 
due  to  the  final  condition.  However,  a  recursive  solution  to  the  coupled  equations  can  be  obtained  by 
taking  advantage  of  the  fact  that  the  costate  equation  applies  for  both  saturated  and  unsaturated  control 
regions.  In  addition,  when  the  saturated  region  is  entered  from  the  unsaturated  region,  the  value  of  the 
costate  is  known  from  equation  (9).  If  we  assume  that  the  controller  begins  operation  in  the  linear  region 
when  the  earthquake  excitation  is  applied,  then  the  optimal  control  force  can  be  determined  throughout 
the  control  period.  This  is  a  reasonable  assumption.  Thus  the  saturated  region  can  only  be  initially 
reached  from  the  linear  control  region.  In  this  region  the  costates  are  linearly  related  to  the  measured 
states,  and  are  given  by  equation  (9).  At  each  sample  time,  the  unsaturated-saturated  transition  condition 
given  by  (13)  is  checked.  At  the  transition  boundary  from  the  saturated  to  the  saturated  region,  the 
current  value  of  the  costates  from  (9)  are  used  as  the  initial  conditions  for  the  solution  of  (17)  which 
applies  in  the  saturated  region.  While  in  the  saturated  region,  the  appropriate  condition  (15a)  or  (15b)  is 
used  to  pass  algorithm  control  back  to  the  unsaturated  region.  This  approach  continues  as  control  passes 
between  the  unsaturated  to  saturated  regions.  This  technique  allows  implementation  of  the  optimal 
controller  for  both  the  unsaturated  and  saturated  regions  of  the  actuator. 

3.  Application  to  IDOF  System 

To  investigate  the  performance  of  this  technique  a  simple  single  degree  of  freedom  system  was 
examined.  The  equation  of  motion  for  this  IDOF  system  is  given  as 

mx  +  cx  +  kx  =  u  +  mx^  (Ig) 


(16) 

(17) 


where  m  is  the  mass,  c  is  the  damping  coefficient,  k  is  the  stiffness,  u  is  the  control  effort,  and  x^  is  the 
earthquake  acceleration.  Equation  (18)  can  be  placed  in  the  state  variable  form  of  equation  (1)  to  obtain 


1 

-2^© 


(ulm  +  x^) 


(19) 
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where  =  kl  m  ,  ^  =  c/  2m(0  ,  =  x ,  and  X2=  x .  The  optimal  controller  for  the  unsaturated  region 

is  given  by 

u*(r)  =  -R‘^B’^Pz(r)  (20) 


where  for  a  single  control  force  R  is  a  scalar,  the  control  location  matrix  is  given  as 

B"=[0  1]  (21) 

the  state  vector  is  defined  as 

z(f)  =  [x,(0  (22) 

and  P  is  the  solution  to  the  Riccati  equation,  which  in  this  case  will  be  of  the  form 


Pi 

P2 

Pi 

Pi 

(23) 


The  optimal  control  for  the  saturated  region  is  given  by  equations  (15a)  and  (15b).  The  performance 
of  the  algorithm  for  particular  system  parameters  will  be  examined  for  various  maximum  control  force 
limitations.  The  stability  of  the  system  is  examined  first. 

4.  Stability  of  IDOF  System  in  the  Sense  of  Liapunov 

The  direct  method  of  Liapunov  [Slotine  and  Li,  1991]  is  a  powerful  technique  for  showing  stability 
of  both  linear  and  nonlinear  systems.  The  technique  involves  generating  a  scalar  energy-like  function  for 
the  dynamic  system,  and  examining  the  time  variation  of  the  scalar  function.  In  this  case  there  is  a 
nonlinearity  of  the  saturation  type,  and  an  approach  leading  to  the  formulation  of  a  candidate  Liapunov 
function  is  not  obvious.  To  facilitate  the  analysis,  equations  (21),  (22),  and  (23)  are  substituted  into  (20), 
and  the  required  control  force  for  the  linear  region  becomes 

“(0  =  -Pi  -  P*  ^2  (24) 


which  is  linear  in  the  state  variables.  Without  loss  in  generality,  we  assume  that  the  maximum  control 
force  in  the  saturated  region  is  given  as 

«™axW  =  ±l  (25) 

The  control  force  characteristic  defined  by  (24)  and  (25)  can  be  approximated  by 

u{t)  =  tanh  (-p3  x^  -P4X2)  (26) 

Using  equation  (19),  with  the  control  defined  by  (26),  the  second  order  differential  equation  of 
motion  for  the  system  with  control  is  given  as 

jc  +  2^cox:  +  co^x-— tanh(-p3  i:)  =  0  (27) 
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An  approach  which  sometimes  leads  to  the  required  positive  definite  Liapunov  function  for  simple 
systems  is  the  variable  gradient  approach  [Slotine  and  Li,  199 1],  in  which  the  general  form  of  the  gradient 
of  an  unknown  Liapunov  function  is  assumed,  and  the  gradient  is  then  integrated  to  obtain  the  Liapunov 
function.  Unfortunately  the  form  of  the  gradient  is  difficult  to  obtain.  For  systems  which  can  be  modeled 
as  an  n  order  differential  equation,  a  technique  is  available  which  is  sometimes  successful  for  obtaining 
the  required  Liapunov  function  for  simple  nonlinear  systems  [Ingwerson,  1962].  This  approach  has  been 
applied  to  equation  (27).  Following  this  approach,  the  resulting  positive  definite  Liapunov  function  for 
this  system  is  obtained  as 

y(x)  =  .^-^+.^logcosh(p3j:,)+i^  (28) 

which  is  a  function  of  both  states,  as  required.  The  stability  of  a  system  is  determined  by  examining  the 
first  derivative  of  the  Liapunov  function.  Taking  the  time  derivative  of  equation  (28),  and  after  some 
algebraic  manipulation,  we  obtain 

m  l  +  tanh(p4X2)tanh(p3x:,) 


It  can  be  shown  that  equation  (29)  is  negative  semi-definite,  due  to  X2  appearing  as  a  factor  in  each 
term.  Liapunov  theory  requires  that  the  derivative  of  the  candidate  Liapunov  function  is  negative  definite 
to  show  global  asymptotic  stability.  When  the  derivative  is  negative  semi-definite  the  system  is  only 
locally  stable.  To  show  global  stability,  invariant  set  theory  is  invoked.  This  theory  identifies  the  set  of 
coordinates  G  in  state  space  for  which  each  system  trajectory  which  starts  in  G  remains  in  G.  Since  the 
candidate  Liapunov  function  satisfies 

V(x)  <  0  over  the  whole  state  space  (30) 

F(x)^oo  as  ||x||-»oo 

the  Global  Invariant  Set  theorem  [LaSalle  and  Lefschetz,  1961]  is  satisfied.  This  theorem  states  that  for 
the  above  conditions  all  solutions  globally  asymptotically  converge  to  the  largest  invariant  set  in  the  set  of 
all  points  where  F(x)  =  0 .  In  this  case  this  later  set  is  defined  by  the  line  X2=0,  and  the  largest  invariant 
set  within  this  set  is  the  origin  Xi=X2=0.  Therefore  the  system  is  globally  asymptotically  stable. 

5.  Simulation  Performance  of  IDOF  System 

To  examine  the  performance  of  the  proposed  control  algorithm,  we  have  examined  a  IDOF  system 
with  the  same  system  parameters  as  that  exanuned  in  the  modified  bang-bang  approach  [Indrawan  and 
Higashihara,  1991].  Specifically  the  mass,  damping,  and  stifftiess  are  IN  sVmm,  0.316  N-s/mm,  and  10 
N/mm  respectively.  The  earthquake  excitation  is  2%  El  Centro  (NS  component).  In  the  reference  a 
maximum  control  force  of  -I-/-10  N  was  applied,  resulting  in  a  maximum  displacement  of  1.1  mm.  The 
performance  was  compared  to  an  LQR  implementation  in  which  the  control  weight  R  in  the  cost  function 
was  adjusted  until  the  same  maximum  displacement  of  1.1  mm  was  obtained.  The  required  value  of  R  is 
0.065,  and  the  value  for  the  cost  weighting  Q  matrix  is  the  identity  matrix. 

For  the  current  study,  we  have  simulated  the  optimal  LQR  using  R=0.065  and  Q=I,  the  modified 
bang-bang  control  approach  [Indrawan  and  Higashihara,  1991]  with  the  same  R  value,  and  the  new 
saturation  constrained  LQR  approach,  also  with  the  same  weightings.  Typical  time  histories  for  a 
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maximum  control  force  of  10  N  are  shown  in  Figure  1.  Figure  la  shows  the  earthquake  excitation,  which 
for  this  IDOF  system  is  2%  El  Centro  NS.  A  comparison  of  the  displacement  responses  is  shown  in 
Figures  lb  and  Ic. 


Figure  lb  shows  uncontrolled  displacement  as  well  as  optimal  LQR  displacement  response.  Figure 
Ic  shows  the  bang-bang  displacement  response  and  the  saturation  constrained  displacement  response.  It 
can  be  seen  that  the  maximum  displacement  for  saturation  constrained  is  somewhat  larger  than  both 
optimal  LQR  and  modified  bang-bang  (1.4  mm  versus  1.1  mm).  However,  as  will  be  seen  shortly,  a  small 
increase  in  the  maximum  control  force  yields  comparable  performance  with  better  overall  performance  if 
both  state  and  control  costs  are  considered.  Figures  Id  and  le  show  the  acceleration  response  for  optimal 
LQR  and  saturation  constrained  LQR.  The  maximum  acceleration  of  69.3  nun/s^  compares  favorably 
with  a  maximum  of  66.1  mm/s^  obtained  from  the  modified  bang-bang  approach.  In  addition,  it  is 
doubtful  that  an  experimental  implementation  of  the  bang-bang  approach  would  produce  accelerations 
this  low.  Finally,  Figures  If  and  Ig  shows  the  time  history  of  the  applied  control  force  by  the  saturation 
constrained  LQR  method  and  the  optimal  LQR  method. 

The  maximum  displacement,  velocity,  and  acceleration  response  for  each  approach  is  summarized  in 
Table  1,  along  with  the  corresponding  values  for  the  uncontrolled  response. 


Control  Method 

Displmnt  (mm) 

Velocity  (mm/s) 

Accel  (mm/s^) 

Cntrl  Force  (N) 

Uncontrolled 

3.4 

12.0 

71.6 

na 

LQR 

1.1 

6.7 

76.0 

25.4 

Modified  bang-bang 

1.1 

6.4 

66.1 

10.0 

Sat  Constrained  LQR 

1.4 

6.5 

69.3 

10.0 

Table  1 .  Maximum  Response  for  Various  Control  Approaches 

To  gain  more  insight  into  the  performance  of  the  saturation  constrained  LQR  method,  the 
performance  of  the  three  control  approaches  were  examined  as  a  function  of  the  maximum  control  force 
available  from  the  actuator.  For  each  control  approach  the  saturation  of  the  control  force  was  varied  from 
a  minimum  of  0  N,  corresponding  to  uncontrolled  response,  to  a  maximum  of  25.4  N,  corresponding  to 
that  required  by  normal  LQR  to  produce  a  maximum  displacement  of  1.1  mm.  Figure  2  shows  the 
maximum  observed  displacement  corresponding  to  each  level  of  control  force  for  the  three  approaches.  It 
is  significant  to  observe  that  the  maximum  displacement  for  the  saturation  constrained  LQR  approach 
matches  that  provided  by  the  LQR  approach  with  only  half  the  required  control  force.  The  performance 
for  the  normal  LQR  control  presented  in  Figure  2  is  obtained  by  reducing  the  LQR  gain  until  the  desired 
maximum  control  force  is  observed,  and  reporting  the  corresponding  maximum  displacement  for  that 
maximum  control. 

The  cost  function  defined  by  equation  (2)  has  been  determined  as  a  function  of  maximum  available 
control  force  for  the  three  techniques.  Specifically,  for  each  control  approach  the  cost  due  to  states  (first 
term  in  equation  (2)),  the  cost  due  to  control  (second  term  in  (2)),  and  the  total  cost  was  determined.  For 
the  modified  bang-bang  approach  the  control  cost  weight  Q=I  in  equation  (2).  It  is  pointed  out  that  in  the 
derivation  of  the  controller  for  that  approach,  there  was  no  control  cost  included  in  the  performance  cost 
index.  We  have  included  it  in  this  analysis  for  comparison  purposes.  Figures  2,  3,  and  4  show  the  three 
costs  as  a  function  of  control  force  for  optimal  LQR,  modified  bang-bang,  and  saturation  constrained  LQR 
respectively.  Comparing  Figures  2  and  4,  it  can  be  seen  that  the  total  cost  for  both  normal  LQR  and 
saturation  constrained  LQR  compare  very  favorably.  However,  if  the  state  and  control  cost  components 
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Rgure  2.  Optimal  LQR  Cost  Indices 


Rgure  3.  Modified  Bang-Bang  Cost  Indices 


Figure  4.  Saturation  Constrained  LQR  Cost  Indices 
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are  examined,  it  can  be  seen  that  the  saturation  constrained  LQR  provides  consistently  better  state  cost 
performance. 

An  examination  of  Figure  4  indicates  that  there  is  no  improvement  in  the  saturation  constrained 
LQR  performance  as  the  control  is  increased  above  12  N.  More  importantly,  the  LQR  performance  has 
been  achieved  Nvith  half  the  control  force.  It  is  believed  that  this  apparent  performance  improvement  is 
due  primarily  to  the  earthquake  used  in  the  simulation.  In  the  El  Centro  record  there  are  only  a  few  large 
acceleration  input  excursions,  and  reducing  the  control  output  has  only  a  small  effect  on  the  maximum 
displacement  observed.  The  bumpy  characteristic  in  the  saturation  constrained  cost  performance  seen  in 
Figure  4  is  believed  due  to  the  error  in  estimating  the  unsaturated-saturated  transition  time  in  the 
algorithm.  An  examination  of  Figure  3  shows  that  the  modified  bang-bang  approach  provides  the  best 
state  cost  performance,  at  the  expense  of  a  significantly  higher  control  cost.  Thus,  if  the  actuator  is 
limited  in  dynamic  response,  or  if  the  control  energy  is  to  be  conserved,  then  the  new  approach  provides 
improved  performance. 

6.  Considerations  and  Future  Work 

The  performance  of  the  proposed  control  algorithm  relies  on  the  ability  to  identify  the  time  at  which 
the  required  control  force  transitions  between  the  unsaturated  the  unsaturated  regions.  Most  importantly, 
as  the  transition  from  unsaturated  to  saturated  output  occurs,  the  values  of  the  state  variables  at  the 
transition  time  are  used  as  the  initial  conditions  on  the  costate  equation.  In  a  sampled  data  system  for 
civil  engineering  applications,  the  sampling  frequency  will  typically  be  low  (several  hundred  Hz).  Thus 
the  actual  transition  time  will  normally  not  coincide  with  a  sampling  instant.  This  effect  results  in  the 
bumpy  characteristic  evident  in  Figures  4.  To  better  estimate  the  transition  time,  a  simple  linear 
predictor-estimator  is  being  incorporated  into  the  algorithm.  Following  this  improvement,  the  algorithm 
will  be  tested  on  a  scaled  3-story  structure  on  the  shake  table  at  SUNY  at  Buffalo.  The  resulting 
performance  will  be  subsequently  reported. 

7.  Summary  and  Conclusions 

The  optimal  LQR  controller  in  which  a  maximum  force  constraint  is  explicitly  included  in  the 
optimal  control  derivation  has  been  obtained.  The  resulting  control  has  an  optimal  control  force  for  the 
unsaturated  region,  and  one  for  the  saturated  region.  The  solution  requires  that,  at  the  transition  from 
unsaturated  to  saturated  control  force,  the  values  of  the  state  variables  are  used  to  initialize  the  costate 
equation,  which  is  subsequently  required  to  determine  re-entry  to  the  unsaturated  region.  The  algorithm 
has  been  applied  to  a  IDOF  system.  Using  an  approximation  to  the  control  force  nonlinearity,  the 
stability  of  the  system  has  been  examined.  Specifically,  global  asymptotic  stability  in  the  sense  of 
Liapunov  has  been  shown.  The  control  algorithm  has  been  simulated  for  a  IDOF  structure,  and  the 
resulting  performance  has  been  compared  to  the  optimal  LQR  as  well  as  a  modified  bang-bang  control 
approach.  By  comparing  maximum  displacement  as  a  function  of  maximum  available  control  force,  it  has 
been  shown  that  the  new  approach  yields  performance  comparable  to  normal  LQR  with  only  half  the 
required  force  for  this  particular  earthquake.  Additional  earthquake  records  must  be  studied.  An 
examination  of  performance  cost  indices  show  that  the  new  approach  provides  an  alternative  to  the 
modified  bang-bang  approach.  That  technique  yields  excellent  state  cost  performance  at  the  expense  of 
using  an  actuator  high  linear  dynamic  response.  The  saturation  constrained  LQR  approach  yields 
performance  which  is  comparable  to  LQR  for  somewhat  lower  control  forces.  Recognizing  that  many 
actuators  have  this  lower  dynamic  response  capability,  it  is  believed  that  the  new  approach  warrants 
further  examination  and  test  evaluation. 
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Abstract 

The  paper  presents  the  design  phase  and  experimental  test  of  an  active  member  to  be  used  for  control  of 
lattice  trusses.  The  active  element  is  a  linear  piezoelectric  device,  and  the  complete  actuator  includes  also  a 
load  cell  and  a  displacement  transducer.  The  overall  length  is  then  adjusted  to  allow  it  to  substitute  a  rod  of  the 
truss  structure  to  be  controlled.  The  use  of  a  load  cell  and  displacement  transducer  allows  to  adaptively 
compensate  the  intrinsic  hystheresis  of  the  piezoelectric  device,  by  means  of  an  on-line  identification,  so  the 
actuator  acts  as  ideal.  The  experiments  performed  on  a  relatively  small  laboratory  truss  structure  demonstrate 
the  performance  improvements  achieved  via  the  hystheresis  compensation. 

1.  Introduction 

Active  control  of  lattice  trusses  is  a  research  field  of  growing  interest,  due  to  the  numerous  possible 
applications  in  space  and  on  Earth.  In  particular,  space  applications  focus  on  the  suppression  of  vibrations  of 
slender  trusses,  comparable  to  the  one  designed  for  the  future  International  Space  Station.  Among  many  well 
known  actuator  families,  e.g.  proof-mass  [1],  gas  jets  [2],  reaction  wheels  [3],  tendon  actuators  [4],  active 
members  [5],  the  latter  seem  to  possess  many  desirable  characteristics  for  space  applications.  In  fact,  they  can 
be  relatively  light  weight,  of  compact  design  and  they  need  only  electrical  power.  On  the  other  hand,  they  can 
not  be  used  to  control  rigid  body  motion,  since  they  provide  only  internal  forces;  this  seems  a  minor 
disadvantage,  since  at  the  moment  any  space  vehicle  includes  a  primary  orbit  and  attitude  control  system. 

The  design  of  an  active  member  can  be  carried  out  using  totally  different  conceptual  approaches,  but  the 
use  of  linear  piezoelectric  devices  as  primary  elements  appears  the  most  appropriate  with  the  available  up-to- 
date  technologies.  Other  possibilities  could  rely  on  hydraulic  actuators,  linear  motors,  voice  coil  motors,  shape 
memory  alloys  or  magnetostrictive  materials.  However  piezoelectric  actuators  can  withstand  heavy  loads,  are 
of  simple  design,  highly  efficient  and  have  a  high  operating  bandwidth. 

The  above  mentioned  reasons  are  the  basis  of  many  experiments  performed  in  which  a  piezoelectric 
element  is  the  core  of  an  actuator  used  to  damp  vibrations  of  a  truss  structure.  Among  others,  at  least  three 
experiments  deserve  a  brief  presentation  dictated  by  the  peculiar  use  of  the  piezoelectric  element.  A  linear 
piezoceramic  actuator  has  been  used  at  the  Free  University  of  Brussels  in  Belgium  [6]  as  force  actuator;  the 
control  law  imposes  a  direct  proportionality  between  the  commanded  voltage  and  the  derivative  of  the  load 
measured  by  a  load  cell  mounted  between  the  actuator  and  the  structure.  At  ISAS  in  Japan  [7]  the  piezoelectric 
element  is  used  to  vary  the  stiffness  of  an  active  member,  by  regulating  the  friction  between  two  concentric 
cylinders.  In  this  application  then  the  actuator  can  be  regarded  as  a  semi-active  element.  At  the  Massachusetts 
Institute  of  Technology  [8]  the  piezoelectric  element  is  not  used  as  active  member,  but  as  passive  damper:  the 
internal  strain  generates  a  tension  which  is  dissipated  in  a  suitable  electric  circuit. 

The  present  experiment  aims  at  enhancing  the  performances  of  piezoelectric  active  members.  To  do  so, 
the  active  element  is  coupled  to  a  load  cell  and  a  displacement  transducer,  whose  outputs  are  used  to  identify 
the  state  of  the  actuator  via  a  recursive  least  squares  estimation  algorithm.  The  estimated  parameters  are  used  to 
compensate  the  natural  hystheretical  behavior  of  piezoelectric  materials,  with  a  sensible  effect  on  the 
performances  of  the  actuator.  This  design  can  be  truly  considered  as  a  smart  active  member,  whose  output 
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force  is  always  equal  to  the  desired  commanded  force,  regardless  of  the  control  strategy  adopted  to  evaluate  the 
required  control  force.  This  could  be  an  advantage  when  small  uncertainties  in  the  control  forces  could 
generate  severe  performance  degradation,  calling  for  application  of  robust  control  technology  which,  as  well 
known,  is  computationally  consuming  and  not  always  practicable. 

The  design  of  the  active  element  is  based  on  the  performances  required  to  control  the  TESS  large 
laboratory  truss  structure  [9]  using  six  actuators.  The  prototype  actuator  is  then  verified  on  a  smaller  structure, 
having  the  same  topology  and  comparable  dynamic  characteristics. 

2.  Test  stnicture(s) 

The  TESS  experiment  [9],  consists  in  a  54  bay  truss  structure,  shown  in  fig.l,  suspended  by  3  pairs  of 
soft  springs  which  do  not  modify  the  dynamics  of  the  “free-free”  structure,  apart  from  the  introduction  of  six 
rigid  body  modes,  disregarded  in  this  study  since  they  are  not  controlled  by  active  members.  The  natural 
bending  modes  are  essentially  either  in  the  vertical  or  in  the  horizontal  plane,  and  are  always  present  in  couples 
closely  spaced  in  frequency,  due  to  the  almost  symmetric  topology. 

The  positions  of  the  active  members  is  based  on  the  consideration  that  they  act  primarily  by  modifying 
their  stiffness.  So  the  best  locations  correspond  to  the  most  deformed  elements.  Obviously  each  natural  mode 
has  its  own  optimal  locations,  so  the  global  optimum  is  found  using  a  blending  of  the  controllability  of  the  first 
4  bending  modes  in  the  horizontal  plane.  This  choice  leaves  the  vertical  bending  and  torsional  modes 
uncontrolled,  but  determines  the  performance  requirements  for  the  active  element.  The  three  best  positions  are 
at  about  30%,  50%  and  70%  of  the  overall  length;  the  control  efficiency  can  then  be  doubled  by  placing  three 


Numerical  simulations  of  the  performances  of  this  controller  layout  show  that  the  modal  damping  can  be 
increased  up  to  10%  (it  is  about  1%  in  open  loop),  if  each  active  member  has  a  stroke  of  70  microns,  an  axial 
force  capability  of  100  N  in  tension  and  compression,  an  operating  bandwidth  of  at  least  100  Hz  [10].  These 
requirements  are  used  to  design  the  actuator  and  also  the  smaller  test  structure  on  which  the  prototype  has  been 
tested.  In  fact,  being  it  useless  to  control  the  large  structure  with  a  single  active  member  since  its  effects  would 
be  negligible,  it  is  decided  to  assemble  an  auxiliary  truss  easily  controlled  by  just  one  actuator. 

The  smaller  structure  is  made  of  the  same  elements  as  TESS,  i.e.,  PVC  tubes  of  the  Meroform  series.  It 
is  an  8  bay  vertical  truss  clamped  to  the  ground,  2.8  meters  tall,  with  triangular  cross  section,  as  sketched  in 
fig.2.  A  tip  mass  of  15  kg  can  be  optionally  fixed  at  the  top,  in  order  to  lower  the  first  natural  frequency  from 
5.23  to  2.28  Hz,  thus  allowing  to  verify  the  behavior  of  the  active  member  under  high  loads,  lower  frequencies 
and  higher  deformations.  The  lack  of  diagonals  on  one  side  of  the  truss  causes  a  poor  torsional  stiffness,  so  the 
second  mode,  closely  coupled  to  the  first,  is  a  torsional  mode,  and  occurs  at  7.28  Hz  (3.08  Hz  with  the  tip 
mass).  The  location  of  the  active  member  at  the  base  of  the  truss  in  vertical  position  (see  fig.2),  has  no  effect  on 
the  torsional  mode,  allowing  a  clearer  understanding  of  the  results,  and  represents  the  optimal  location  to 
control  the  first  bending  mode,  either  with  or  without  tip  mass. 
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accelerometer  optional  mass  (1 5  kg) 


3.  Actuator  design 


m 
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personal 

computer 

load  celT 
amplifier 
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piezo  high 
voltage  driver 


extensometer 

amplifier 


Figure  2:  sketch  of  the  test  experiment 


x=  with  0  =  - - 


where  ©  is  the  extension/voltage  characteristic  of  the  actuator. 


3.1  Constitutive  equations  and  actual 
behavior  of  the  discrete  piezoelectric 
actuator 

The  active  truss  element  is  based  on 
a  commercially  available  high  stroke 
piezoelectric  actuator.  In  these  devices,  a 
stack  of  piezoceramic  disks  is  connected 
electrically  in  parallel,  in  order  to  obtain 
higher  stroke  and  to  lessen  the  required 
driving  voltage.  From  the  constitutive 
equations  of  piezoelectric  materials,  a 
scalar  equation  that  relates  the  applied 
force,  the  extension  and  the  driving  voltage 
for  the  discrete  actuator,  can  be  easily 
obtained  [11]: 

F  =  Kj^x+DV  (1) 

where  F  is  the  applied  force,  ;c  is  the 
displacement  with  respect  to  the  reference 
position  (zero  applied  force  and  voltage), 
and  V  is  the  applied  voltage.  Ka  is  the 
actuator  stiffness  and  D  is  the  force/voltage 
characteristic.  Equation  1  can  be  solved  for 
X,  that  leads  to  the  following 
complementary  equation: 

D 

IT  (2) 


From  eqs.  1  or  2  the  driving  voltage 
that  should  be  applied  to  the  actuator  in 
order  to  obtain  a  desired  force  with  known 
displacement  can  be  calculated 
straightforwardly.  Unfortunately,  Ka  ,  D  and 
0  can  not  be  considered  constant  in  actual 
devices,  due  to  the  non-linearity  that  affects 
the  actuators  behavior.  The  actual  quasi¬ 
static  relationship  between  extension  and 
driving  voltage  has  been  measured  by  means 
of  a  suitable  test  facility.  The  results 
confirmed  the  presence  of  hysteresys,  that 
strongly  depends  on  the  frequency  and  the 
amplitude  of  the  driving  cycles,  as  can  be 
noticed  from  fig.3. 

Therefore,  if  the  calculation  of  the 
driving  voltage  to  obtain  a  desired 
displacement  and  force  is  performed 
considering  Ka  and  0  as  constants,  major 
inaccuracies  could  occur. 
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Two  different  ways  for 
taking  into  account  the  non-linearity 
can  be  considered.  In  a  typical 
approach,  a  clos.ed  loop  control 
system  would  be  implemented, 
where  a  suitable  compensator 
(either  analog  or  djgital)  calculates 
in  real  time  the  driving  voltage  from 
the  error  between  the  desired  and 
the  actual  force  acting  on  the 
actuator.  The  compensator  control 
law  can  not  be  designed  neglecting 
the  dynamics  of  the  structure  where 
the  active  element  is  embedded.  As 
a  consequence,  every  change  in  the 
operating  conditions  of  the  structure 
could  affect  heavily  the  response  of 
the  active  truss  member.  Therefore, 
a  better  approach  seems  to  be  a  self 
compensating  control,  that  is  able  to, 
follow  in  real  time  the  variation  of 
the  actuator  and  structure 
characteristics. 

Following  this  approach,  an 
identification  algorithm  for  the  real 
time  estimation  of  the  values  of  and  D  has  been  implemented.  The  calculation  of  the  driving  voltage  is 
performed  in  open  loop,  by  applying  eq.l  with  the  estimated  values  of  and  D,  Notice  that  the  control  loop  is 
‘closed’  by  the  identification  process,  as  shown  in  the  scheme  of  fig. 4. 


3.2  On  line  estimation 

Before  describing  the  estimation  algorithms  implemented,  some  general  concepts  about  parametric 
identification  are  briefly  recalled.  Let  consider  a  linear  system  described  by  the  equation 

(3) 

where  yj  is  the  output  at  discrete  time  i,  (p{=\f\f2  fnV-  is  a  vector  of  known  measurements,  is  the  vector  of 


parameters  under  estimation.  If  eq.3  is  considered  at  N  time  steps,  it  becomes  in  matrix  notation 

[ori 


Y  =  ^  where  Y  =  [yj  y2  ... yA^  0  = 


WJ 


The  least  squares  estimate  of  the  parameters  t?  is  defined  as  the  vector  t?  that  minimizes  the  quadratic 
error  function 

£(t>)  =  -^^£  where  e  =  Y  -  (5) 

Trivial  matrix  calculations  show  that  the  solution  is  given  by 

J?  =[o^<d]"’ (6) 

The  identification  criterion  presented  takes  in  account  all  the  sampled  data  to  perform  the  estimation; 
therefore  it  is  not  applicable  in  real  time  estimation.  In  order  to  improve  the  dynamic  performances  of  the 
estimator,  the  error  frnction  can  be  modified  by  introducing  a  weight.  With  reference  to  the  error  for  the 
sample  at  time  i,  we  have 

1  2 

El  (t?  )  =  —  WiEi  ,  Wi  is  the  weight  function  at  time  step  i 


(7) 
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The  weight  function  can  be  written  in  several  ways  in  order  to  achieve  different  performances  of  the 
system.  If 

,  where  A  e  [0,l]  (8) 


the  weight  function  decreases  asymptotically  from  1  to  0,  depending  on  the  value  of  Ar  called  therefore 
forgetting  factor.  It  is  rather  obvious  that  the  dynamic  response  and  the  noise  rejection  characteristics  of  the 
estimator  are  strongly  affected  by  the  forgetting  factor.  The  lower  it  is,  the  faster  will  be  the  estimator  in 
following  the  parameters  variations,  but  higher  noise  has  to  be  taken  in  account.  When  the  weighting  function 
takes  the  discrete  form 


l,ifi6  [A-m,N] 
0  elsewhere 


(9) 


the  estimation  process  involves  only  a  batch  of  the  last  m+1  samples,  with  unit  weight  {moving  window  least 
squares  estimate).  Hence,  m  becomes  the  parameter  that  can  be  adjusted  in  order  to  obtain  either  faster 
response  or  better  noise  rejection.  Unlike  the  algorithm  based  on  forgetting  factor,  the  moving  window  estimate 
actually  completely  forgets  the  past  samples.  Due  to  this  property,  it  is  expected  to  give  better  performances  in 
time- varying  systems  where  the  present  response  is  nearly  uncorrelated  to  the  previous  one. 

For  both  the  identification  procedures  presented  above,  recursive  algorithms  have  been  implemented  in 
order  to  speed  up  the  calculation  of  the  estimation  updates.  For  the  forgetting  factor  least  squares  estimate, 
referring  to  the  symbols  in  eq.4,  we  have  the  following  iteration: 

\.e^  =}'n  -^(Pn‘^n-1 


2.  =  A- 


-1 


^N-l  - 


3.  Kf,/  -  - 


Pn-\9n9nPn-i 

^-(PNPN-l9tt  J 

Pn-i9n 
A-  (pJ^Pn-\(Piv 


(10) 


For  the  moving  window  least  squares  estimate,  the  recursive  algorithm  subtracts  from  the  least  square 
system  (6)  the  first  equation  of  the  previous  step,  and  adds  to  the  same  linear  system  the  last  acquired  equation. 
This  can  be  accomplished  in  a  recursive  way  by  using  a  technique  to  subtract  and  add  to  the  Cholesky 
factorization  any  line  of  the  matrix  0  [12]. 


3.3  Control  laws 

As  already  underlined,  the  increase  in  the  damping  of  the  structure  is  obtained  by  varying  the  internal 
force  in  the  active  truss  element.  With  respect  to  the  concept  of  active  structural  element,  only  co-located 
control  laws  were  implemented.  In  particular,  the  ‘direct  velocity  feedback’  strategy  was  adopted  in  different 
ways.  As  a  consequence,  the  main  input  parameter  is  the  relative  velocity  of  the  structural  nodes  to  which  the 
active  member  is  connected.  The  measure  of  this  quantity  is  not  directly  available,  but  it  can  be  substituted  by 
the  ‘velocity’  of  the  internal  reaction;  this  substitution  is  correct  if  the  control  bandwidth  is  far  below  the 
typical  dynamic  response  of  the  single  truss  member.  Moreover,  it  should  be  noticed  that  the  use  of  the  actuator 
extension  velocity  instead  of  the  nodes  velocity  would  lead  to  great  inaccuracies.  In  fact,  the  low  stiffness  of 
the  Meroform  rod  connected  to  the  actuator  determines  a  tangible  difference  between  the  measured 
displacement  and  the  relative  displacement  of  the  structural  nodes.  As  a  consequence,  in  all  the  considered  tests 
the  following  equation  applies: 

AF  =  r  (11) 


where  T  is  a  general  function,  depending  on  the  particular  control  law. 

For  the  coulomb  friction  control,  the  control  force  switches  between  two  opposites  values  with  respect 
to  the  sign  of  input  velocity,  that  is: 


T  =  +  K  for  F<-F^, 


r  =  -/s:  for  F>  +  F„ 


(12) 


Fjnin  is  a  constant  introduced  in  order  to  switch  off  the  control  when  the  input  variable  falls  inside  a  specified 
range  (dead  band). 
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In  the  viscous  friction,  the  control  strength  is  proportional  to  the  relative  speed  of  the  truss  nodes,  that 
is: 

r  =  KjF  (13) 

For  every  control  law,  the  final  aim  is  to  evaluate  the  driving  voltage  of  the  actuator.  As  already 
explained,  this  task  is  accomplished  by  solving  eq.l  with  the  estimated  values  of  Ka  and  D.  In  real  time  control, 
this  equation  has  to  be  evaluated  at  discrete  time  steps,  therefore 


v,=- 


Fi  -  K^iXi 


Di 


(14) 


Unfortunately,  there  is  no  actual  knowledge  of  the  values  of  Kj ,  Dj  and  Xj  (the  value  is  affected  by  the 
same  voltage  that  will  be  applied).  By  defining  a  parameter  p  that  represents  the  contribution  in  force  due  to 
the  voltage  (p  e  [0,1]),  we  have 


F  =  (l-p)F+pF  where  Ar^x  =  (l-p)F  and  DV  =  pF 


(15) 


Considering  that  p  is  constant,  the  following  equation  is  obtained  for  the  calculation  of  the  actuator 
driving  voltage 


Vi=^A-i  (16) 

4.  Practical  realization  and  experimental  setup 

The  piezoelectric  actuator  (Philips  PXE  HPA  3)  [13]  used  in  the  actual  active  truss  member  was 
chosen  after  extensive  numerical  simulations  (minimum  stroke  requirement  of  70  \im).  The  main  characteristics 
are  given  in  tab.  1 

It  is  important  to  underline  that 
this  actuator  does  not  operate  with  a 
negative  driving  voltage  (negative 
extension).  Therefore  the  actual 
maximum  stroke  is  ±  40  pm.  A  load 
cell  and  an  accurate  displacement 
transducer  have  been  embedded  in  the 
active  truss  element,  in  order  to  obtain 
an  unique  self-sensing  ‘smart’  structural 
element.  Both  the  load  cell  and  the 
displacement  transducer,  as  well  as  the 
low-noise  amplification  circuits,  were 
designed  ad  hoc  for  this  application. 
The  active  truss  element  has  the  same  joints  and  the 
same  length  of  the  passive  one  (a  short  piece  of 
Meroform  rod  is  connected  directly  to  the  actuator); 
therefore  the  two  parts  can  be  easily  substituted. 

With  reference  to  fig.5,  the  load  cell  measures 
the  strain  on  the  thin  wall  of  a  hollow  cylinder 
coaxial  with  the  actuator,  by  means  of  four  strain- 
gauges.  A  final  sensitivity  of  about  0.25  N/bit  was 
obtained,  with  excellent  linearity. 

The  displacement  transducer  is  based  on  the 
strain  measurement  on  two  thin  strips  made  of  ergal, 
positioned  on  opposite  sides  of  the  actuator  and  subjected  to  the  same  extension.  This  design  has  been 
preferred  to  other  displacement  transducers  (capacitive,  inductive  or  optical  sensors)  for  its  simplicity.  The 
strips  need  to  be  preloaded  in  order  to  operate  properly,  therefore  two  adjusting  screws  have  been  provided. 
The  design  aims  to  lessen  the  effect  of  the  sensor  on  the  actuators  response.  To  do  this,  the  sensor  stiffness  is 
about  l/80th  of  the  actuators  one.  A  good  sensitivity  of  about  30  nanometers/bit  was  obtained.  The  complete 
actuator  mounted  on  the  truss  is  represented  in  fig.6. 


terminal , 


1 

cell 

^  1 

fj 

_ 1 

a  ki 

.  .  piezoelectric  ..  . 

elastic  element  displacement 
joint  \ 


Figure  5:  active  member  design 


Dimensions 

1  =  100  mm,  (j)  =  32  mm 

Stiffness  Ka 

8*107  Nm-l 

Extension  per  unit  drive  voltage  © 

0.1  pmV-J 

Maximum  applied  voltage 

800  V 

Maximum  stroke 

80  pm 

Electrical  capacitance 

800  nF 

Maximum  applied  load 

compression:  5000  N 
traction:  1000  N 

Preload 

1000  N 

Rise  time  (step  input,  500  V) 

0.1  ms 

Table  1:  main  characteristics  of  PXE  HP  A3  piezoelectric  actuator 
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The  high  voltage  driving  circuit  for  the  piezoelectric  actuator  is  limited  to  260V  maximum  output 
voltage,  in  order  to  simplify  the  supply  circuits.  Nevertheless,  the  stroke  of  ±  13  pm  that  can  be  obtained  with 
this  voltage  guarantees  an  effective  control  on  the  small  structure,  as  it  results  from  the  numerical  simulations. 

The  accelerometer  positioned 
on  the  top  of  the  test  structure  in  used 
only  as  reference  sensor,  and  not  for 
control  purposes. 

A  plug-in  acquisition  board 
provides  the  interface  from  the  analog 
inputs  (sensors)  and  outputs  (high 
voltage  driver  circuit)  to  a  personal 
computer.  This  performs  all  the 
calculations  for  the  identification  and 
control  processes  in  real-time,  by 
means  of  interrupt  driven  routines.  The 
acquisition  frequency  was  set  about  20 
times  greater  than  the  first  structural 
frequency,  i.e.  116  Hz  for  the  structure 
without  mass  and  45  Hz  with  the  mass 
on  the  top. 

An  interactive  program  has  been 
written  to  control  easily  all  the 
parameters  and  the  test  execution.  By 
means  of  the  same  program,  the 
actuator  can  be  used  as  harmonic  exciter. 

5.  Experimental  verification 

Many  experimental  tests  have  been  carried  out  on  the  smaller,  vertical  structure,  to  evaluate  the 
effectiveness  of  the  different  control  laws  and  identification  algorithms. 

All  the  tests  were  performed  after  applying  the  same  excitation  history  to  the  structure.  The  excitation 
last  long  enough  to  reach  a  stationary  response.  Therefore  the  results  can  be  compared  directly. 

The  results  presented  hereafter  refer  to  the  structure  without  mass  on  the  top  (conceptually  similar 
results  were  obtained  with  the  15  Kg  mass  on  the  top).  Unless  different  labels  are  shown  on  the  plot,  the 
control  law  is  the  proportional  one  {viscous  friction).  Figure  7  shows  the  internal  force  on  the  active  element. 
This  is  proportional  to  the  acceleration  on  the  top  of  the  structure  (not  shown  here),  as  should  be  expected 
when  only  one  mode  is  excited.  The  power  spectral  densities  and  the  envelopes  of  the  different  responses  are 
plotted.  Table  2  reports  the  damping  achieved  with  different  identification  and  control  strategies.  The 
calculation  of  the  damping  values  has  been  performed  following  two  different  criteria: 

•  exponential  interpolation  of  the  time  history  envelope  (only  for  linear  control  laws) 

•  direct  calculation  from  the  Power  Spectral  Density,  from  the  definition  of  the  q-factor: 

^  1  ^peak 

^=-Z-  q  =  - - -  (17) 

^V2high-(^\l2low 

where  (Opeak  refers  to  the  frequency  of  maximum  PSD,  and  co,/2Mgh  and  (Omhm  are  the  frequencies  at  which 
PSD=PSDpeaK/2 
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Free  response 


Moving  window,  1 0  samples 


Constant  K  and  D 


Power  spectral  density  (norm.)  Internal  reaction  envelope 


Figure  7:  internal  reaction  on  the  active  truss  element  (normalized) 


Control  laM^ 
and  identification 

Constant 

KandD 

kBH 

Forg.fact. 

0.715 

Peak  frequency 

5.8906 

5.9756 

6.0322 

Damping,  l/(2*q) 

0.0120 

0.0166 

0.0258 

Damping  (expon.interp.) 

0.0127 

0.0230 

0.0276 

0.0269 

Table  2:  damping  values  obtained  with  different  identification  and  control  strategies 
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Figure  9:  forgetting  factor  estimates 
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Figures  8  and  9  show  some  comparisons  between  different  identification  algorithms  and  parameters.  In 
the  first  six  plots  the  following  data  are  presented  for  two  different  identifications:  actuator  driving  voltage, 
actuator  extension,  K  and  D  parameters,  error  between  identified  and  acquired  force. 

The  last  two  plots  on  the  bottom  show  the  acquired  and  identified  force  histories  for  the  two 
identification  algorithms  considered. 

In  order  to  compare  directly  the  results  of  the  moving  window  and  forgetting  factor  identification 
algorithms,  an  heuristic,  but  nevertheless  effective  law  has  been  considered,  i.e.: 

oo  + V' 

moving  window  samples  =  2  *  int  X — ;; -  (18) 

'■=0  Xa' 

z=0 

From  the  experimental  results,  some  conclusions  can  be  drawn: 

•  the  control  is  effective  with  respect  to  the  free  response  for  all  the  control  laws  considered,  even  at  reduced 
driving  voltage 

•  the  on-line  identification  causes  a  slight  but  tangible  improvement  of  the  damping 

•  the  moving  window  least  squares  estimation  algorithm  is  most  effective  when  the  number  of  samples  used 
for  the  identification  covers  about  half  a  structural  oscillation  period.  This  result  can  be  understood 
considering  that,  due  to  the  hysteresys,  two  singular  point  for  the  values  of  K  and  D  are  reached  during  each 
cycle. 

•  the  higher  is  the  number  of  identification  samples,  the  bigger  becomes  the  error  between  identified  and 
acquired  force,  especially  near  the  singular  points,  as  it  can  be  expected 

•  there  is  no  substantial  differences  between  the  effectiveness  of  the  two  identification  algorithms  proposed 

•  the  best  performances  are  obtained  with  the  non  linear  control  law  (coulomb  friction).  This  is  probably  due 
to  the  higher  energy  transfer  between  actuator  and  structure 

6.  Concluding  remarks 

The  experiment  designed  allows  to  conclude  that  piezoelectric  actuators  are  a  valid  solution  for  the 
realization  of  active  members,  which  in  turn  are  suitable  to  control  flexible  lattice  trusses.  The  actual  design  of 
the  actuator  embeds  a  force  and  a  displacement  sensor,  but  does  not  incorporate  the  signal  conditioning 
electronics;  this  could  be  done  with  the  care  needed  to  manipulate  medium/high  voltages.  The  co-located  and 
self  adaptive  control  strategy  implemented  make  the  actuator  a  fully  autonomous  system,  adaptable  to  any 
structure.  In  this  sense,  it  can  be  considered  as  a  smart  structural  element.  The  results  obtained  encourage  to 
verify,  from  the  experimental  point  of  view,  the  numerical  results  obtained  when  controlling  a  multi-mode 
flexible  truss,  using  more  than  one  actuator. 
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Abstract 


A  globally  stable  boundary  control  strategy  is  developed  to  damp  out 
the  vibration  of  beams  fully-treated  with  Active  Constrained  Layer  Damping 
(ACLD)  treatments.  The  devised  boundary  controller  is  compatible  with  the 
operating  nature  of  the  ACLD  treatments  where  the  strain  induced,  in  the 
active  constraining  layer,  generates  a  control  force  and  moment  acting  at 
the  boundary  of  the  treated  beam.  The  development  of  the  boundary 
control  strategy  is  based  on  a  distributed-parameter  model  of  the 
beam/ACLD  system  in  order  to  avoid  the  classical  spillover  problems 
resulting  from  using  "truncated"  finite  element  models.  Such  an  approach 
makes  the  boundary  controller  capable  of  controlling  all  the  modes  of 
vibration  of  the  ACLD-treated  beams  and  guarantees  that  the  total  energy 
norm  of  the  system  is  continuously  decreasing  with  time. 

The  control  strategy  is  provided  also  with  a  dynamic  compensator 
in  order  to  shape  the  vibration  damping  characteristics  of  the  ACLD  in  the 
frequency  domain.  The  effectiveness  of  the  ACLD  in  damping  out  the 
vibration  of  cantilevered  beams  is  determined  for  different  controller 
parameters  and  compared  with  the  performance  of  conventional  Passive 
Constrained  Layer  Damping  (PCLD).  The  results  obtained  demonstrate  the 
high  damping  characteristics  of  the  boundary  controller  particularly  over 
broad  frequency  bands. 

1.  Introduction 


Active  Constrained  Layer  Damping  (ACLD)  treatments  have  been 
recognized  as  effective  means  for  damping  out  the  vibration  of  flexible 
structures  (Agnes  and  Napolitano  1993,  Azvine  et.al.  1994,  Baz  1933a-b, 
Baz  and  Ro  1993a-d,  1994  and  1995a-b,  Edberg  and  Bicos  1992,  Plump  and 

Hubbard  1986,  Shen  1993  and  Van  Nostrand  et.al.  1994).  Such 

effectiveness  is  attributed  to  the  high  energy  dissipation  characteristics 
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of  the  ACLD  treatments  as  compared  to  conventional  constrained  damping 
layers. 

The  effectiveness  of  the  ACLD  treatments  is  demonstrated  using  either 
finite  element  methods  (Agnes  and  Napolitano  1993,  Baz  and  Ro  1994  and 
1995  and  Van  Nostrand  et.al.  1994)  or  distributed-parameter  methods 
(Azvine  et.al.  1994,  Baz  1993b,  Baz  and  Ro  1993-1995,  Plump'  and  Hubbard 
1986,  Shen  1993)  which  are  based  on  the  shear  models  of  Mead  and  Markus 
(1969)  and  DiTaranto  (1965).  In  all  these  methods,  the  ACLD  treatments 
are  controlled  by  simple  proportional  and/or  derivative  feedback  of  the 
transverse  deflection  or  the  slope  of  the  deflection  line.  The  control 
gains  have  generally  been  selected  arbitrarily  to  be  small  enough  to  avoid 
instability  problems.  In  1994,  Shen  developed  the  stability  bounds  for 
full  ACLD  treatments  and  Baz  and  Ro  (1995b)  devised  optimal  control 
strategies  for  selecting  the  gains. 

In  the  present  study,  the  focus  is  placed  on  developing  a  globally 
stable  dynamic  boundary  control  strategy  which  is  compatible  with  the 
operating  nature  of  the  ACLD  treatments.  Such  control  strategy  is  based 
on  the  distributed-parameter  variational  model  developed  by  Baz  (1995)  for 
beams  which  are  fully  treated  with  ACLD  treatments.  In  this  manner,  the 
instability  problems  associated  with  the  simple  proportional  and/or 
derivative  controllers  are  completely  avoided.  Furthermore,  as  the  control 
strategy  is  based  on  a  distributed-parameter  model,  hence  the  classical 
spillover  problems  resulting  from  using  "truncated"  finite  element  models 
are  eliminated.  Accordingly,  the  devised  boundary  controller  will  be  able 
to  control  all  the  modes  of  vibration  of  the  ACLD-treated  structures. 
Also,  the  dynamic  nature  of  the  controller  makes  it  suitable  for  shaping 
the  vibration  damping  characteristics  of  the  ACLD  in  the  frequency  domain. 

This  paper  is  organized  in  six  sections.  In  Section  1  a  brief 
introduction  is  given.  The  concept  of  the  active  constrained  layer 
damping  is  presented  in  Section  2.  The  variational  model  of  the  ACLD  is 
presented  in  Section  3.  In  Section  4,  the  structures  of  static  and 
dynamic  stabilizing  boundary  control  algorithms  are  developed  and  their 
performance  characteristics  arepresented  in  Section  5  in  comparison  to 
that  of  conventional  constrained  layer  damping.  Section  6  gives  a  brief 
siimmary  of  the  conclusions. 


2.  The  Concept  of  the  Active  Constrained  Layer  Damping 


The  ACLD  treatment  consists  of  a  conventional  passive  constrained 
layer  damping  which  is  augmented  with  efficient  active  control  means  to 
control  the  strain  of  the  constrained  layer,  in  response  to  the  structural 
vibrations  as  shown  in  Figure  (1).  The  visco-elastic  damping  layer  is 
sandwiched  between  two  piezo-electric  layers.  The  three-layer  composite 
ACLD  when  bonded  to  the  beam  acts  as  a  smart  constraining  layer  damping 
treatment  with  built-in  sensing  and  actuation  capabilities.  The  sensing, 
as  indicated  by  the  sensor  voltage  Vg,  is  provided  by  the  piezo-electric 
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layer  which  is  directly  bonded  to  the  beam  surface.  The  actuation  is 
generated  by  the  other  piezo-electric  layer  which  acts  as  an  active 
constraining  layer  that  is  activated  by  the  control  voltage  V^,.  With 
appropriate  strain  control,  through  proper  manipulation  of  Vg,  the 
structural  vibration  can  be  damped  out. 


ACTIVE  PIEZO-ELECTRIC  CONSTRAINING  LAYER 
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Figure  (1)  -  Active  Constrained  Layer  Damping 


In  this  manner,  the  ACLD  provides  a  practical  means  for  controlling 
the  vibration  of  massive  structures  with  the  currently  available 
piezo-electric  actuators  without  the  need  for  excessively  large  actuation 
voltages.  This  is  due  to  the  fact  that  the  ACLD  properly  utilizes  the 
piezo-electric  actuator  to  control  the  shear  in  the  soft  visco-elastic 
core  which  is  a  task  compatible  with  the  low  control  authority 
capabilities  of  the  currently  available  piezo-electric  materials. 

3.  Variational  Modeling  of  the  Active  Constrained  Layer  Damping 


3.1.  Main  Assumptions  of  the  Model 


Figure  (2)  shows  a  schematic  drawing  of  the  ACLD  treatment  of  a 
sandwiched  beam.  It  is  assumed  that  the  shear  strains  in  the 
piezo-electric  sensor/actuator  layers  and  in  the  base  beam  are  negligible. 
It  is  also  assumed  that  the  longitudinal  stresses  in  the  visco-elastic 
core  are  negligible.  The  transverse  displacements  w  of  all  points  on  any 
cross  section  of  the  sandwiched  beam  are  considered  to  be  equal. 
Furthermore,  the  piezo-electric  sensor/actuator  layers  and  the  base  beam 
are  assumed  to  be  elastic  and  dissipate  no  energy  whereas  the  core  is 
assumed  to  be  linearly  visco-elastic.  In  addition,  the  piezo-electric 
sensor  and  the  base  beam  are  considered  to  be  perfectly  bonded  together 
such  that  they  can  be  reduced  to  a  single  equivalent  layer.  Accordingly, 
the  original  four-layer  sandwiched  beam  reduces  to  an  equivalent 
three-layer  beam.  Also,  it  is  assumed  that  the  thickness  and  elasticity 
of  the  sensor  are  negligible  as  compared  to  those  of  the  base  beam. 
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Figure  (2)  -  Schematic  drawing  of  the  geometrical  parameters  of  the  ACLD 

3.2.  Kinematic  Relationships 

From  the  geometry  of  Figure  (2),  the  shear  strain  y  in  the  core  is: 

y  =  [h  Wjj  +  (Ui-U3)]/h2,  (1)  where  h  =  h2  +  hi/2  +  h3/2  (2) 

where  Uj  and  U3  are  the  longitudinal  deflections  of  the  piezo-actuator 
layer  and  beam/sensor  layer  respectively.  Also,  w  denotes  the  transverse 
deflection  of  the  beam  system.  Subscript  x  denotes  partial 

differentiation  with  respect  to  x  and  hj,  h2  and  h3  define  the  thicknesses 
of  the  piezo-actuator,  the  visco-elastic  layer,  the  piezo-sensor/base  beam 
system  respectively. 

3.3.  Energies  of  Beam/ACLD  system 
3.3.1.  Potential  Energies 

The  potential  energies  associated  with  the  extension  U^, 
bending  U2  and  shearing  U3  of  the  different  layers  of  the  beam/ACLD  system 
are: 

L  L 

Uj  =  1/2  Kj  b  J  Uj^  dx  +  1/2  K3  b  J  Ug^  dx,  (3) 

0  0 

L  L 

U2  =  1/2  Dt  b  J  wJx  dx,  (4)  and  U3  =  1/2  G2'  h2  b  J  dx.  (5) 

0  0 

where  Ki=  h^,  K3=  E3  h3,  E^  and  E3  denote  Young’s  modulus  of  the 

piezo-actuator  layer  and  beam/sensor  system.  Also,  =  (Eil^  +  E3l3)/b, 
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with  and  E3I3  denoting  the  flexural  rigidity  of  piezo-actuator  and 

the  beam/sensor  layer  respectively.  The  storage  shear  modulus  of  the 
visco-elastic  layer  is  G2'  and  the  beam  width  is  b. 

3.3.2.  Kinetic  Energy 

The  kinetic  energy  T  associated  with  the  transverse  deflection 
w  is  given  by:  ^ 

T  =  1/2  m  b  J  w^  dx  (6) 

0 

where  m  is  the  mass/unit  width  and  unit  length  of  the  sandwiched  beam. 

3.4.  Work  Done  on  Beam/ACLD  system 

The  work  done  by  the  piezo-electric  control  forces  is  given  by: 

L 

Wi  =  Ki  b  J  Cp  Ujx  dx  (7) 

0 

where  €p  is  the  strain  induced  in  the  piezo-electric  constraining  layer. 
In  this  study,  Cp  is  assumed  constant  over  the  entire  length  of  the 
constraining  layer  in  order  to  maintain  and  emphasize  the  simplicity  and 
practicality  of  the  ACLD  treatment. 

The  work  W2  dissipated  in  the  visco-elastic  core  is  given  by: 

L 

W2  =  -  ^2  b  J  Td  y  dx  (8) 

0 

where  x^j  is  the  dissipative  shear  stress  developed  by  the  visco-elastic 
core.  It  is  given  by: 

■^d  =  (^2'  7}  /w)  =  ^^2  v)  r  i  (9) 

where  tj,  w  and  i  denote  the  loss  factor  of  the  visco-elastic  core,  the 
frequency  and  respectively. 

In  equation  (9),  the  behavior  of  the  visco-elastic  core  is  modeled 
using  the  common  complex  modulus  approach  which  is  a  frequency  domain  — 
based  method  (Nashif,  Jones  and  Henderson  1985).  Adoption  of  this 
approach  results  in  a  variational  model  of  the  ACLD  which  can  be  easily 
reduced  to  the  classical  models  of  Mead  and  Markus  (1969)  and  DiTaranto 
(1973)  when  the  piezo-electric  strain  Cp  is  set  equal  to  zero.  However, 
other  visco-elastic  models  such  as  Golla-Hughes-McTavish  (GHM)  method  are 
being  considered  as  viable  means  for  describing  the  transient  behavior  of 
the  ACLD  (Lam,  Saunders  and  Inman  1995). 
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3.5.  The  model 


The  equations  and  boundary  conditions  governing  the  operation 
of  the  beam/ACLD  system  are  obtained  by  applying  Hamilton’s  principle 
(Meirovitch  1967): 

^^3  ^2  2 

I  6(T-  [  Uj)  dt  +  J  Wj)  dt  =  0  (10) 


where  3(.  )  denotes  the  first  variation/in  the  quantity  inside  the 
parentheses.  The  resulting  equations  and  boundary  conditions  are: 


'"^tt  ^  '^xxxxxx  ^  '^xxxx  ^  ^  '^xxtt 


at  x=0  w  =0,  (12-a) 


Wx  =  0, 


'^xxxxx  8^  '^xxx  ® 

at  x=L  A  Wxxxx  ■  (A  g  Y/h)  Cp  =  0  (12-d) 


Wxx  =  0 


^  '"^xxxxx  ^  '^xxx  ^  ^xtt  ® 


where  A  =  D^/mg,  B  =  A(l+Y)g  and  C  =  1/g 


It  is  important  here  to  note  that  the  sixth  order  partial 
differential  equation  describing  the  beam/ACLD  system  (equation  (11))  is 
the  same  as  that  describing  a  beam  treated  with  conventional  Passive 
Constrained  Layer  Damping  (PCLD)  as  obtained  by  Mead  and  Markus  (1969). 
However,  the  bovindary  condition  given  by  equation  (12-d)  is  modified  to 
account  for  the  control  action  generated  by  the  strain  Cp  induced  by  the 
Active  Constraining  Layer  at  the  free  end  of  the  beam  (i.e.  at  x=L). 

Therefore,  the  particular  nature  of  operation  of  the  beam/ACLD  system 
implies  the  existence  of  boundary  control  action  Cp.  In  Section  4,  a 
boundary  control  strategy  is  devised  to  capitalize  on  this  inherent 
operating  nature  of  the  beam/ACLD  system  in  such  a  manner  that  ensures 
global  stability  of  all  the  vibration  modes  of  the  system. 

4.  Botindary  Control  Strategies 


4.1.  Overview 

Distributed-parameter  control  theory  is  used  to  devise  static  and 
dynamic  boundary  control  strategies  that  generate  the  boundary  control 
action  Cp  in  order  to  ensure  global  stability  of  all  the  vibration  modes 
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of  the  beam/ACLD  system.  These  control  strategies  are  devised  to  ensure 
that  the  total  energy  of  the  beam/ACLD  system  is  a  strictly  non- increasing 
function  of  time. 

4.2.  Control  strategies 


4.2.1.  Static  boundary  control 

The  total  energy  of  the  beam/ACLD  system  is  obtained  using 
equations  (3)  through  (6)  as  follows: 


En  =  +  U2  +  U3  +  T 


or 


L  L  L 

En/b  =  1/2|kiJ  Ui^  dx  +  K3J  dx  +  D^J  dx 
0  0  0 

L  L 

^2'  ^2  J  dx  +  m  J  dx  j 

0  0 


(13) 


Equation  (13)  gives  the  energy  norm  of  the  beam/ACLD  system  which  is 
quadratic  and  strictly  positive.  This  norm  is  equal  to  zero  if  and  only 
if  Uj,  U3,  w,  Wjj,  Wjjjj  and  w^  are  all  zeros  for  all  the  points  along  the 
beam  between  [0,L].  This  condition  is  ensured  only  when  the  beam/ACLD 
system  reverts  back  to  its  original  undeflected  equilibrium  position. 

Differentiating  the  different  components  of  equation  (13)  with 
respect  to  time  and  integrating  by  parts  gives: 


L 

Ln/L  =  KjUit(L)  Cp  -  (Gg'  7/  h2/w)  J  dx  (14) 

0 

As  the  second  term  is  strictly  negative,  hence  a  globally  stable  boundary 
controller  with  a  continuously  decreasing  energy  norm  (i.e.  E^<0)  is 
obtained  when  the  control  action  Cp  takes  the  following  form: 

Ep  =  -  Kg  UiJL)  (15) 

where  Kg  is  the  gain  of  the  boundary  controller. 

Equation  (15)  indicates  that  the  control  action  is  a  velocity 
feedback  of  the  longitudinal  displacement  of  the  piezo-electric 
constraining  layer. 

It  is  important  also  here  to  note  that  when  the  active  control  action 
Cp  ceases  or  fails  to  operate  for  one  reason  or  another  (i.e.  when  ep=  0), 
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the  beam  system  remains  globally  stable  as  indicated  by  equation  (14). 
Such  inherent  stability  is  attributed  to  the  second  term  in  the  equation 
which  quantifies  the  contribution  of  the  Passive  Constrained  Layer 
Treatment  (PCLD).  Hence,  the  two  terms  of  equations  (14)  provide 

quantitative  means  for  weighing  the  individual  contributions  of  the  ACLD 
and  the  PCLD  to  the  total  rate  of  energy  dissipation  of  the  beam  system. 

4.2.2.  Dynamic  boundary  control 

In  the  above  static  boundary  controller;  the  control  action  e  is 
generated  directly  by  multiplying  the  longitudinal  velocity  Un_  of  the 
piezo-electric  constraining  layer  by  a  static  control  gain  constant  K  . 
However,  in  the  case  of  the  dynamic  boundary  controller;  the  multiplier  is 
a  dynamic  function  that  can  be  tailored  to  shape  the  damping 

characteristics  of  the  ACLD  in  order  to  target  particular  modes  of 
vibration.  Such  dynamic  function  is  described,  in  the  time  domain,  as 
follows: 

V  =  a  V  +  b  Uit(L) 

and  -Kj  Cp  =  c'^  v  +  d  Uit(L)  (16) 

where  v  e  a  e  b  e  RP^\  c  e  R^^p  and  d  is  a  scalar.  In  the 

Laplace  domain,  the  dynamic  function  is  given  by: 

-Kj  Cp  =  H(s)  Ui(L)  (17) 

where  H(s)  =  -  [c^  (s  Ip^^p  -  a)  ^  b  +  d]  s  and  I  is  identity  matrix  of 
order  p. 

The  dynamic  transfer  function  H(s)  is  selected  to  be  strictly 
positive  real  (SPR)  fuction  satisfying  the  following  Kalman-Yakubovitch 
lemma  (Narendra  and  Annaswamy  1989): 

a^  P  +  P  a  =  -q  qT  -  e  Q 

and  P  b  -  cV2  =  i/  d  -  a  q  (18) 

where  P  and  Q  €  RP^'p  are  symmetric  positive  definite  matrices,  q  e  RP^^ 
e>0  is  sufficiently  small,  and  a>0  such  that  d  >  a. 

Using  the  above  dynamic  transfer  function,  one  can  easily  show  that 
the  resulting  dynamic  boundary  controller  is  globally  stable.  In  order 
to  proof  the  stability  of  the  dynamic  controller,  consider  the  following 
total  energy  of  the  beam/ACLD/cont roller  system: 

Ed  =  Uj  +  Ug  +  U3  +  T  +  v'"'  P  V  (19) 

where  the  last  term  is  a  measure  of  the  energy  of  the  dynamic  controller. 
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Differentiating  equation  (19)  with  respect  to  time  gives; 

L 

=  KjUi|.(L)  Ep  -  (G2'  V  h2/w)  J  dx 

0 


+  (a'^  P  +  P  a)  V  +  2  Pb  u^t 


=  [- 


a  u 


It 


e  v’^Qv  - 


u 


It 


L 

-  (G2'  7)  h2/w)  J  dx  (20) 

0 

Hence,  E^j  <  0  and  the  dynamic  boundary  controller  ensures  global 
stability.  In  equation  (20),  the  terms  between  brackets  define  the  energy 
decay  rate  resulting  from  the  active  dynamic  boundary  controller.  If  this 
rate  vanishes,  E^j  is  still  <0  becuase  of  the  last  integral  term  which 
quantifies  the  energy  dissipation  by  the  passive  visco~elastic  core. 


4.3.  Implementation  of  the  boimdaj~y  controllers 
4.3.1.  Static  boundary  control 

The  globally  stable  boundary  controller  can  be  implemented  using  one 
of  the  following  two  strategies: 

a.  in  terms  of  longitudinal  displacement  of  the  piezo~actuator 

In  this  case,  the  control  action  Cp  is  given  by: 

ep  =  -  Kg  s  Ui(L)  (21) 

where  K  is  the  gain  of  the  boundary  controller,  s  is  the  Laplace  operator 
and  UjCL)  is  the  longitudinal  displacement  of  the  free  end  of  the 
piezo-actuator. 

b.  in  terms  of  the  longitudinal  displacement  of  the  base  beam 

The  control  action  Cp  is  generated  as  follows: 

Ep  =  (Kg  K3/K1)  s  /  (1+Kg  L  s)  U3(L)  (22) 

where  U3(L)  is  the  longitudinal  displacement  of  the  free  end  of  the 
beam/sensor  system. 
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4.3.2  Dynamic  boundary  control 

The  globally  stable  dynamic  boundary  controller  can  be  implemented 
using  one  of  the  following  two  strategies; 

a.  in  terms  of  longitudinal  displacement  U|  of  the  piezo-actuator 

In  this  case,  the  control  action  Cp  is  given  by: 

Cp  =  -[H(s)/Ki]  Ui(L)  (23) 

where  H(s)  is  the  transfer  function  of  the  boiindary  controller  defined  in 
equation  (17)  and  Ui(L)  is  the  longitudinal  displacement  of  the  free  end 
of  the  piezo-actuator. 

b.  in  terms  of  the  longitudinal  displacement  U3  of  the  base  beam 

The  control  action  Cp  is  generated  as  follows: 

Cp  =  [(K3/K1)  H(s)]/  [Ki+  L  H(s)]  U3(L)  (24) 

where  U3(L)  is  the  longitudinal  displacement  of  the  free  end  of  the 
beam/sensor  system. 

In  all  the  above  control  strategies,  the  control  voltage  V^,  sent 
to  the  piezo-actuator  is  calculated  from  (Crawley  and  de  Luis  1987): 

=  (hi/d3i)  ep  (25) 

where  d3i  is  the  piezo-electric  strain  constant  resulting  from  the 
application  of  the  voltage  V^,  across  the  piezo-actuator  layer. 

Implementation  of  the  control  strategies  a  requires  that  the 
actuator  must  be  designed  as  an  actuator  with  self-sensing  capabilities 
using  the  approaches  suggested  by  Dosch,  Inman  and  Garcia  (1992).  In  the 
control  strategies  b,  the  operation  can  be  based  directly  on  the  system 
configuration  shown  in  Figure  (2-a).  It  is  important  to  note  that  the 
temporal  derivatives  of  and  U3  can  be  determined  by  monitoring  the 

current  of  the  piezo-sensor  rather  than  its  voltage  as  described,  for 
example,  by  Miller  and  Hubbard  (1987). 

The  effectiveness  of  the  boundary  controller,  given  by  equations  (21) 
and  (23),  in  suppressing  the  vibration  of  a  beam  treated  with  ACLD 
treatment  is  determined  in  Section  5  when  the  beam  is  subject  to 
sinusoidal  transverse  load  acting  at  its  free  end. 

5.  Performance  of  Beams  with  ACLD  and  PCLD  Treatments 


5. 1  Materials 

The  effectiveness  of  the  ACLD  treatment  is  demonstrated  using  a 
cantilevered  steel  beam  which  is  1.0  m  long,  1.25  cm  thick  and  10  cm  wide. 
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The  beam  is  treated  with  an  acrylic  base  visco-elastic  material  which  is 
2.50  cm  thick  and  has  a  complex  shear  modulus  Gg  =3.5  (1+1. 5i)  MN/m^. 

The  visco-elastic  core  is  sandwiched  between  two  ceramic 
piezo-electric  films  (PTS-1195,  Piezo-electric  Products,  Meutchen,  NJ) 
whose  thickness  h^,  Young’s  modulus  and  piezo-electric  strain  constant 
are  0.625  cm,  63  GN/m^  and  18.6x10'^^  m/V. 

5.2  Performance  of  the  Beam/ACLD  System 

The  effectiveness  of  the  devised  boundary  controller  in  damping  out 
the  vibration  of  the  steel  beam  under  consideration  is  determined  by 
subjecting  the  beam  to  sinusoidal  transverse  load  acting  at  its  free  end 
and  computing  the  compliance  at  the  same  location  using  the  mechanical 
compliance  approach  described  by  Douglas  and  Yang  (1978)  and  Baz  (1993b). 

Figure  (3-a)  shows  the  compliance  of  the  beam/ACLD  system  when  static 
and  dynamic  boundary  controllers  are  used.  The  static  controller  has  a 
gain  Kg=0. 05  and  the_dynamic  con_troller  is  a  second  order  controller  with 
a=[0  1,-1E6  -2E3],  b=[0  2E4]^,  d=5E8,  q=[l  0.5]^  and  c=0.005.  Shown  also 
in  the  figure  is  the  compliance  of  the  uncontrolled  beam  which  is  treated 
with  the  Passive  Constrained  Layer  Damping  (PCLD)  treatment.  In  that 
case,  the  control  loop  that  regulates  the  interaction  between  the 
piezo-sensor  and  the  piezo-actuator  is  maintained  open,  i.e.  Kg  =  0.  It 
is  evident  that  the  static  and  dynamic  boundary  controllers  of  the  ACLD 
treatment  have  effectively  attenuated  the  vibration  of  the  beam  over  the 
frequency  band  \ander  consideration  as  compared  to  the  conventional  PCLD 
treatment.  It  is  also  evident  that  the  second  order  dynamic  controller 
has  provided  more  attenuation  at  low  excitation  frequencies  as  compared  to 
the  static  controller.  However,  at  higher  frequencies  the  two  controllers 
behave  similarly. 

The  corresponding  control  voltage  used  to  activate  the 
piezo-constraining  layer  is  shown  in  Figure  (3-b)  for  the  static  and 
dynamic  controllers.  Note  that  effective  vibration  attenuation  can  be 
achieved  by  the  devised  boundary  controllers  without  the  need  for 
excessively  high  control  voltages. 

Comparison  between  the  performance  of  the  globally  stable  static 
controller  and  a  third  order  dynamic  controller  is  shown  in  Figure  (4).  In 
the  figure,  the  static  controller  has  a  gain  K=0.05  and  the  dynamic 
controller  has  a=[0  1  0,0  0  1,-3.3E5  0  -2E2],  b=[0  0  120]'^,  d=0,  q=[l 
0.75  0.5]  and  e=0.005.  It  is  evident  that  the  third  order  dynamic 
controller  is  more  effective  in  attenuating  the  structural  vibration  than 
the  static  controller  over  the  considered  frequency  band  provided  that  the 
maximum  control  voltage  is  maintained  the  same  for  both  cases.  Note  also 
that  the  effectiveness  of  the  dynamic  controller  becomes  more  evident  at 
high  excitation  frequencies. 


6.  Conclusions 

This  paper  has  presented  a  variational  formulation  of  the  dynamics  of 
beam  which  are  fully-treated  with  Active  Constrained  Layer  Damping 
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treatments.  The  equations  and  the  boundary  conditions  governing  the 
performance  of  this  class  of  surface  treatment  are  presented  using 
Hamilton’s  principle.  These  equations  are  used  to  devise  static  and 
dynamic  boundary  control  strategies  which  are  compatible  with  the 
operating  nature  of  the  ACLD  treatment.  The  developed  control  strategies 
ensure  global  stability  for  all  the  vibration  modes  of  the  beam/ACLD 
system  and  guarantees  that  the  total  energy  norm  of  the  system  is 
continuously  decreasing  with  time.  The  performance  of  the  boundary 
controllers  is  shown  to  produce  higher  vibration  attenuation  for  all  the 
modes  over  a  broad  frequency  band  as  compared  to  conventional  passive 
constrained  layer  damping  treatments.  Also,  the  dynamic  boundary 
controller  is  found  to  be  more  effective  than  the  static  controller 
particularly  when  the  controller  order  is  increased.  Such  effectiveness 
stems  from  the  ability  of  the  dynamic  controller  to  shape  the  damping 
characteristics  of  the  ACLD  in  the  frequency  domain. 

It  is  important  here  to  note  that  although  the  analysis,  control 
strategies  and  the  numerical  results  presented  are  for  cantilevered  beams, 
the  procedures  developed  in  this  paper  can  be  readily  extended  to  beams 
subject  to  other  boundary  conditions.  However,  the  proposed  boundary 
controllers  become  inappropriate  for  beams  with  fixed-fixed  boundaries 
because  of  the  controllability  and  observability  issues  raised  by  Miller 
and  Hubbard  (1987).  Extension  of  the  present  study  to  the  control  of 
vibration  of  plates  and  rotating  beams,  treated  with  ACLD  treatments, 
using  boundary  controllers  is  now  in  progress  theoretically  and 
experimentally. 

It  is  worth  mentioning  here  also  that  although  the  boundary 
controller  presented  is  shown  to  be  theoretically  stable  for  all  the  modes 
of  vibrations,  the  stability  bounds  are  practically  not  infinite  because 
of  the  actuator  and  sensor  dynamics. 
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Abstract 

Presented  in  this  study  is  an  evaluation  of  two  control  strategies  for  piezoelectric  stack  actuators: 
voltage  feedback  control  and  charge  feedback  control.  The  study  consists  of  two  principal  parts:  an 
experimental  determination  of  the  nonlinearities  inherent  in  piezoelectric  actuators  using  different  control 
strategies,  and  an  analysis  of  how  those  nonlinearities  would  effect  the  stability  and  performance  of  a 
hypothetical  feedback  control  system. 

Voltage  control  of  the  piezoelectric  actuator  tested  in  this  study  was  demonstrably  more  nonlinear 
than  the  same  actuator  with  charge  feedback  circuitry.  Nyquist  design  analysis  reveals  that  these 
nonlinearities  translate  into  lower  stability  margins  and  potential  system  performance  for  voltage  control  of 
piezoelectric  actuators  as  compared  to  charge  control. 

Introduction 

Due  to  their  size  and  ability  to  apply  significant  forces  over  a  small  displacement  range, 
piezoelectric  actuators  have  entered  the  mainstream  of  mechanical  system  design  in  applications  where 
their  unique  properties  provide  a  design  solution.  They  are  commonplace  as  positioners  in  scanning¬ 
tunneling  miCTOSCopes,  vibration  dampers,  and  focusing  elements  in  adaptive  optical  systems.  This 
increasing  use  of  piezoelectric  actuators  indicates  that  they  have  reached  a  critical  point  in  the  evolution  of 
a  mechanical  component:  Piezoelectric  actuators  are  now  sufficiently  reliable  and  available,  making  them  a 
practical  design  option  for  application  of  controlled  forces  and  motions  in  mini-  and  micro-devices. 

A  key  issue  in  incorporation  of  components  in  the  design  mainstream  is  the  ability  of  the  system 
engineer  to  predict  performance  at  both  the  component  and  system  levels  so  that  intelligent  and  informed 
design  decisions  can  be  made.  Accurate  system  models  are  critical  to  project  success  in  an  environment 
where  the  length  of  product  design  cycles  is  decreasing  and  product  testing  takes  place  in  virtual 
environments.  In  modem  engineering  accurate  component  models  are  a  necessity,  not  a  luxury,  therefore  a 
critical  look  needs  to  be  taken  at  the  models  of  piezoelectric  actuators.  The  goal  of  this  investigation  is  to 
specifically  look  at  the  accuracy  of  models  of  piezoelectric  stack  actuators  ("stacks"). 

There  are  many  different  models  for  piezoelectric  actuators  in  the  literature  (see  for  example  Cross 
1991,  Tzou  1991,  Damjanovic  et  al.  1992,  Jones  et  al.  1994).  Fundamentally,  though,  they  fall  into  two 
categories,  those  that  are  based  on  a  voltage-proportional  constitutive  relationship  and  those  that  are  based 
on  a  charge-proportional  constitutive  relationship  (Main  et  al.  1995).  The  purpose  of  this  paper  is  to 
examine  the  two  available  constitutive-based  models  and  examine  how  stack  behavior  deviates  from  model 
predictions  in  each  case.  The  overall  purpose  is  not  to  develop  a  new  model  or  improve  an  old  one,  but  to 
examine  how  the  deviations  of  the  bel^vior  of  the  actuator  from  the  model  can  impact  design  decisions  in 
systems  that  include  piezoelectric  stacks. 
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Method 

This  investigation  was  undertaken  to  answer  the  question  "How  good  are  the  models  for 
piezoelectric  stacks,  and  how  might  deviations  from  those  models  effect  design  decisions  in  systems  that 
include  stack  actuators?"  It  is  evident  that  there  are  two  distinct  tasks  involved  in  answering  Ais  question. 
The  first  is  largely  an  experimental  task-determination  of  the  differences  between  a  physical  system  (the 
stack)  and  its  analytical  model.  The  second  is  a  theoretical  exercise-predicting  how  the  discrepancies  will 
impact  the  overall  design  of  some  other  system  that  incorporates  piezoelectric  stacks.. 

The  physical  "system"  examined  in  this  case  is  shown  in  Figure  1.  It  is  a  simple  stack  acmator 
with  an  aluminum  tip  mass  securely  mounted  to  an  optical  table.  The  purpose  of  the  mass  is  to  provide  a 
conductive  target  for  a  capacitance  displacement  sensor.  This  particular  system  was  chosen  so  toat  the 
characteristics  of  the  stack  actuator  would  predominate,  and  so  that  any  deviations  from  the  analytical 
models  that  might  be  noted  during  system  testing  would  be  due  to  the  stack  only.  Since  the  only  other 
component  in  the  physical  system  is  a  mass,  and  the  dynamic  characteristics  of  mass  are  well  known,  any 
deviations  of  the  physical  system  from  the  model  predictions  can  be  safely  assumed  to  be  characteristics  of 
the  stack. 

In  a  previous  investigation  (Main  et  al.  1995)  two  strategies  for  the  control  of  piezoelectric  stack 
actuators  were  presented.  These  two  strategies  are  derived  through  different  approximations  of  the 
piezoelectric  constitutive  equations,  but  fundamentally  the  difference  is  that  one  relies  upon  control  of  the 
voltage  applied  to  a  stack,  the  other  the  charge  applied  to  a  stack.  The  relationship  for  controlling  the 
load/deflection  characteristics  of  a  piezoelectric  stack  with  applied  voltage  can  be  derived  from  one  of  the 
standard  forms  of  the  piezoelectric  constitutive  relationships  (IEEE  1987), 


(1), 


where  T  is  the  stress  applied  to  the  piezoelectric  stack,  the  material  modulus  at  constant  electric  field  E, 
S  the  strain  in  the  piezoelectric  material,  and  e  the  piezoelectric  constant.  The  constant  e  is  not  the 
piezoelectric  constant  that  is  typically  supplied,  so  the  substitution 

^kp  ”  ^kq^qp 


is  used  to  put  the  equation  in  terms  of  the  more  familiar  piezoelectric  constant  d.  In  addition,  if  the  actuator 
has  a  geometry  similar  to  Figure  2,  where  all  stresses,  strains,  and  fields  are  limited  to  the  3-direction,  the 
constitutive  relationship  can  be  accurately  approximated  by 


Figure  1.  Photo  of  stack-mass  positioning  system  test  setup. 
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Direction 
of  Motion 


Figure  2.  Sketch  of  a  piezoelectric  stack  actuator. 


^3  ~  ^33*^3  ^43^33-^3  (3) 

where  contributions  from  directions  other  than  the  3-direction  are  neglected. 

For  a  particular  stack  actuator  the  strain  in  the  3-direction  can  be  written  as 

^3=-  (4) 

nt 

where  x  is  the  actuator  tip  deflection,  and  n  and  t  the  number  and  thickness  of  the  actuator  layers, 
respectively. 

Controlling  the  piezoelectric  actuator  with  voltage  is  based  on  the  assumption  that  the  field 
applied  to  a  piezoelectric  material  is  equivalent  to  the  total  field  present  in  the  material.  This  is  not  strictly 
true  (Main  et  al.  1995),  but  it  is  a  useful  approximation  because  it  relates  the  field  term  £  to  an  easily 
controllable  quantity,  namely  a  voltage  (\0  applied  to  two  electrodes  on  either  side  of  a  wafer  of 
piezoelectric  material. 


£3 


(5) 


Making  the  above  substitution  and  noting  that  T s=F/A,  where  F  is  the  actuator  applied  force  and  A 
the  cross-sectional  area,  a  control  relationship  for  piezoelectric  stacks  is  found  that  describes  the 
relationship  between  the  applied  voltage  and  the  output  force  and  deflection. 

Ar^  Ad 

F  =  (6) 

nt  t 


The  practical  implementation  of  this  control  scheme  can  be  accomplished  with  a  simple  inverting 
amplifier  (gain=-G)  as  shown  in  Figure  3.  If  the  output  of  the  system  is  taken  to  be  the  displacement  of  the 
tip  mass,  the  equation  of  motion  can  be  derived  by  examining  the  free-body  diagram  of  the  system  in 
Figure  4 


mx 


nt 


(7) 
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Piezoactnator 


Figure  3.  Typical  voltage-feedback  amplifier  driving  a  stack  actuator. 


where  m  is  the  mass,  Vin  is  the  input  voltage  to  the  amplifier,  and  the  coordinate  x  is  as  defined  in  Figure  4. 

Taking  Vin  as  the  system  input  and  x  as  the  system  output  results  in  the  block  diagram  shovm  in 
Figure  5  that  describes  the  dynamic  behavior  of  this  simple  system.  Note  that  the  stack  is  assumed  to  be 
massless  in  this  simple  1  degree-of-freedom  model.  The  transfer  function  equivalent  to  this  diagram  is 


X 


ms  -1-- 


nt 


(8). 


A  similar  line  of  reasoning  can  be  used  to  develop  a  stack  control  relationship  and  system  transfer 
function  that  relies  fundamentally  on  charge  ^plied  to  the  actuator.  The  piezoelectric  constitutive 
relationship  in  equation  (1)  can  be  equivalently  written  in  terms  of  different  state  variables  as 

T,=c^S,-hyDj  (9) 

where  (P  is  now  the  modulus  of  the  material  at  constant  electric  displacement,  h  is  the  piezoelectric 
constant,  and  D  is  the  electric  displacement.  As  in  the  voltage  control  case,  A  is  a  value  that  is  not  generally 
supplied  by  manufacturers,  so  the  substitution 


is  used  to  switch  to  the  more  common  piezoelectric  constant  g. 


Target 

Mass 


Piezoelectric 

Stack 


Figure  4.  Free  body  diagram  of  the  stack-mass  positioning  system. 
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Figure  5.  Block  diagram  of  the  stack-mass  positioning  system  under  voltage  control. 

The  constitutive  relationship  can  be  approximated  by 

^3  =4-53  -^334 A  (11) 


where  again  only  the  3-direction  contributions  are  assumed  to  be  significant. 

The  electric  displacement  in  the  3-direction  (D5)  can  be  expressed  in  terms  of  the  charge  applied 
to  the  stack  by  applying  Gauss's  Law  for  dielectrics.  This  results  in  the  relationship 

A  =  -%  (12) 

nA 

where  Qt  is  the  total  amount  of  the  charge  applied  to  the  stack  (Main  et  al.  1995).  Applying  this 
substitution  as  well  as  those  for  stress  and  strain  results  in  the  following  control  relationship  for  the  charge- 
activated  piezoelectric  actuator. 


F  =  ^x-^Q,  (13) 

nt  n 

Applying  a  known  amount  of  charge  to  a  stack  requires  a  different  amplifier  configuration  than  in 
the  voltage  control  case.  One  configuration  that  can  be  used  to  perform  charge  control  is  shown  in  Figure  6 
(Comstock  1981).  Circuit  analysis  shows  that  the  charge  applied  to  the  piezoactuator  is 

Qr  =  cv^  (14) 

where  C  is  the  value  of  the  series  capacitance  and  Vin  is  the  amplifier  input  voltage.  Using  these  results  the 
equation  of  motion  for  the  tip  mass  in  the  charge  control  case  can  be  written 

=  +  (15) 

nt  n 

and  the  system  block  diagram  drawn  as  shown  in  Figure  7.  The  system  transfer  function  that  is  equivalent 
to  this  diagram  is 
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^33^33^ 

n 

Ar^ 

2  , 

ms  -I- — - 
nt 


(16). 
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Figure  6.  Amplifier  configuration  to  control  charge  applied  to  a  piezoelectric  actuator. 


Figure  7.  Block  diagram  of  the  stack-mass  positioning  system  using  charge  control. 

Equations  (8)  and  (16)  represent  single  degree-of-freedom  dynamic  models  of  the  stack-mass 
system  under  voltage  and  charge  control,  respectively.  The  stated  purpose  of  this  investigation  is  to 
quantify  the  accuracy  of  these  models  and  determine  how  any  inaccuracies  will  affect  system  design 
decisions.  This  requires  some  sort  of  methodology  to  catalog  the  differences  between  the  models  and 
actual  system  behavior. 

A  method  employed  by  Ogata  (1990)  to  analytically  evaluate  the  stability  of  nonlinear  systems  is 
used  here  to  reduce  experimental  data  and  provide  a  framework  for  a  similar  stability  analysis.  The  basis  of 
the  method  is  the  addition  of  a  nonlinear  block,  labeled  N,  to  the  system  block  diagrams  (See  Figure  8).  In 
Ogata’s  stability  analysis  method,  this  block  was  used  to  add  a  known  nonlinear  effect,  such  as  gear 
backlash  or  static  friction,  to  an  otherwise  linear  system.  Here  N  will  be  used  as  an  arbitrary  complex  gain 
that  describes  the  differences  between  the  system  model  predictions  and  the  true  system  behavior. 
Obviously,  if  the  system  and  model  agree  completely,  N  will  always  equal  1 .  Similarly,  if  the  difference 
between  the  model  and  the  physical  system  is  some  unmodeled  linear  phenomenon,  such  as  viscous 
damping,  or  a  lag  in  the  actuator  response,  N  will  have  a  constant  complex  value  or  may  vary  only  with 
frequency. 

Values  for  N  are  calculated  by  equating  experimental  test  results  for  x/Vin  to  the  transfer  functions 
from  the  block  diagrams  in  Figure  8.  Solving  for  N  yields 
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in  the  voltage  control  case  and 
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(a) 


(b) 


Figure  8.  Block  diagrams  for  the  stack-mass  positioning  system  for  voltage  control  (a)  and  charge  control 
(b)  including  the  arbitrary  block  N. 
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in  the  charge  control  case,  where  N  is  assumed  to  be  both  a  function  of  frequency/and  amplitude  X. 
Calculating  the  differences  between  the  models  and  the  experimental  data  in  this  fashion  allows  the  results 
to  be  analyzed  in  a  manner  similar  to  a  Nyquist  system  design  exercise,  revealing  system  stability  and 
performance  limits.  This  will  be  shown  in  detail  in  the  following  sections. 

Experimental 

The  behavior  of  the  amplifier-stack-mass  system  was  evaluated  in  both  the  voltage  and  charge 
control  configurations  by  applying  a  sinusoidal  input  signal  and  recording  the  cyclic  displacement  output  of 
the  mass  with  a  capacitance  displacement  gage.  System  tests  were  performed  at  frequencies  of  1, 100, 200, 
300, 400,  500,  and  600  Hz  and  at  mass  displacement  amplitudes  of  1, 2, 3, 4,  5,  and  6  pm,  resulting  in  a 
total  of  42  tests  with  each  amplifier  configuration.  Raw  time  histories  of  the  system  input  and  output  were 
digitized  and  recorded  under  each  set  of  test  conditions. 

The  frequency  range  was  selected  to  keep  the  excitation  signal  in  the  quasi-static  regime;  that  is, 
well  below  the  first  natural  frequency  of  the  stack-mass  system.  The  amplifiers  were  also  tested  to  assure 
that  all  tests  were  within  the  linear  range.  Finite  element  analysis  indicated  that  the  lowest  natural 
frequency  of  the  stack-mass  system  was  greater  than  10  kHz.  This  was  experimentally  confirmed  by 
applying  broadband  voltage  noise  to  the  stack-mass  system  and  recording  the  displacement/input  voltage 
transfer  function  shown  in  Figure  9.  To  avoid  any  system  dynamics  the  maximum  lest  frequency  was 
chosen  to  be  600  Hz,  well  below  the  system  resonance. 

The  amplitude  range  was  limited  by  the  maximum  amount  of  voltage  (or  charge)  that  could  be 
applied  to  the  stack  without  permanently  depoling  the  piezoceramic.  Since  piezoceramics  can  generally 
withstand  greater  positive  voltages  and  charges  than  negative  ones,  a  displacement  offset  of  +3.75  pm  was 
applied  to  the  stack  in  all  the  tests  by  adding  an  appropriate  DC  offset  to  the  input  signal  to  put  the  stack  in 
the  middle  of  the  allowable  operating  range. 
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Frequency  (Hz) 


Figure  9.  Transfer  function  of  the  stack-mass  positioning  system  under  voltage  control  showing  the  test 
frequency  range  relative  to  the  resonance  peak  of  the  system. 

The  experimental  data  from  each  test  was  acquired  and  stored  in  the  form  of  amplifier  input- 
displacement  output  hysteresis  loops.  An  example  of  the  digitized  raw  data  is  shown  in  Figure  10.  In  order 
to  perform  the  calculation  outlined  in  equations  (17)  and  (18)  for  each  set  of  test  conditions  it  was 
necessary  to  convert  the  raw  hysteresis  loop  data  into  a  transfer  function  representation.  Following  the 
method  of  Ogata,  the  experimental  curves  were  approximated  by  finding  the  magnitude  and  phase  of  the 
fundamental  harmonic.  This  was  accomplished  by  directly  calculating  the  magnitude  of  the  transfer 
function  from  the  peak-to-peak  magnitude  of  the  hysteresis  loops,  and  basing  the  phase  of  the  transfer 
function  on  the  width  of  the  hysteresis  loop  at  the  jc-axis.  An  example  of  the  resulting  curve  fit  is  also 
shown  in  Figure  10.  In  this  fashion  an  experimental  response  curve  is  approximated  by  a  complex  transfer 
function,  allowing  the  experimental  data  to  be  substitute  into  equations  (17)  and  (18).  This  process  was 
repeated  for  every  set  of  test  conditions  and  each  amplifier  configuration,  effectively  mapping  as  a 
function  of  frequency  and  amplitude  over  the  range  of  the  test  conditions. 

The  magnitudes  of  the  resulting  jVs  are  shown  for  voltage  and  charge  control  in  Figures  11  and  13, 
respectively,  which  have  identical  axes  for  ease  of  comparison.  In  both  the  charge  control  and  voltage 
control  cases  the  value  used  for  the  appropriate  piezoelectric  constant  in  the  model  (djj  or  gjj)  yielded  an 
N  with  magnitude  near  1  in  the  quasistatic-small  amplitude  tests  (1  Hz  frequency-1  pm  amplitude). 


Amplifier  Input  Voltage  (V) 

Figure  10.  Example  of  a  digitized  input-output  hysteresis  loop  and  the  fundamental  harmonic  curve  fit. 
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The  difference  in  behavior  of  the  stack-mass  positioning  system  between  voltage  and  charge 
control  is  immediately  apparent  when  Figures  1 1  and  13  are  compared.  The  fact  that  N  displays  some 
frequency  dependence  under  both  voltage  and  charge  control  is  not  surprising  since  the  stack  models 
presented  here  do  not  include  any  damping.  The  truly  surprising  result  is  the  dramatic  amplitude 
dependence  in  the  voltage  control  tests.  As  discussed  earlier,  if  the  model  accurately  reflects  the 
chmacteristics  of  the  physical  system,  the  value  for  N  should  stay  near  1  +0i  in  the  complex  plane.  This  is 
generally  true  in  the  charge  control  case,  where  the  magnitude  of  N  does  show  a  slight  upward  trend,  but 
varies  approximately  only  5%  over  the  range  of  amplitudes  tested.  This  is  in  stark  contrast  to  the  voltage 
control  case,  where  the  magnitude  of  N  varies  fully  45%  over  the  same  range  of  stack  displacement 
amplitudes.  The  identical  result  can  be  seen  when  comparing  the  phase  of  N,  plotted  as  a  function  of 
amplitude  in  Figures  12  and  14.  In  the  voltage  control  cases  the  phase  is  larger  and  more  variable  than  in 
the  charge  control  cases.  These  results  generally  agree  with  the  earlier  work  of  Duong  and  Garcia  (in  press) 
and  Spangler  (1994),  but  it  is  important  to  note  that  the  voltage  control  discrepancies  are  not  variations  in 
piezoelectric  constants,  but  exist  because  the  applied  electric  field  is  not  equal  to  the  total  electric  field  in 
the  piezoelectric  material  (Main  et  al.  1995). 


Figure  1 1 .  Plot  of  the  magnitude  of  as  a  function 
of  input  voltage  amplitude  at  each  test  frequency 
under  voltage  control. 


Figure  12.  Plot  of  the  phase  of  iV  as  a  function  of 
input  voltage  amplitude  at  each  test  frequency 
under  voltage  control. 


Input  Amplitude  (V) 

Figure  13.  Plot  of  the  magnitude  of  TV  as  a  function 
of  input  voltage  amplitude  at  each  test  frequency 
under  charge  control. 


Input  Amplitude  (V) 

Figure  14.  Plot  of  the  phase  of  as  a  function  of 
input  voltage  amplitude  at  each  test  frequency 
under  charge  control. 


These  results  dramatically  illustrate  the  errors  inherent  in  the  approximation  used  in  equation  (5) 
as  well  as  the  complete  unsuitability  of  voltage  control  of  stacks  in  open  loop  systems.  It  is  not  clear, 
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however,  what  effect  that  these  system  variations,  which  are  clearly  unmodeled  nonlinear  effects  as 
demonstrated  by  their  amplitude  dependence,  will  have  on  a  closed-loop  control  system.  In  the  following 
section  the  results  of  the  experimental  investigation  will  be  used  to  predict  how  these  unmodeled 
nonlinearities  will  affect  the  stability  and  performance  of  a  feedback  control  system  that  includes  a 
piezoelectric  stack  actuator. 


Table  1.  Geometric  and  material  properties  of  the  piezoelectric  stack  actuator. 


Material 

PZT-5H 

Number  of  Layers  n 

130 

Cross-sectioni  area  A 

3.46x10-5  m2 

Layer  thickness  t 

120x10-6  m 

d33 

568x10-12  mA^ 

C33^ 

6.75x10 10  Pa 

833 

23.3x10-3  V-m/N 

C33P 

ll.lxlolOpa 

Tip  mass  m 

8.08  g 

Feedback  Control  Considerations 

One  common  application  of  piezoelectric  stack  actuators  is  in  miaoposition  control  A  typical 
system  diagram  for  position  feedback  control  using  stacks  is  shown  in  Figure  15,  where  Kc  represents  the 
controller  transfer  function,  Km  the  combined  transfer  function  of  the  stack  and  the  mechanism  it  is  driving, 
and  A^the  transfer  function  of  the  position  feedback  component.  The  transfer  function  equivalent  of  this 
block  diagram  is 


(y.  +  l)g. 


so  the  characteristic  equation  of  the  system  is 


(19) 


(20). 

In  a  typical  Nyquist  stability  analysis,  the  quantity  KcKmKf  would  be  plotted  on  the  complex 
plane  and  phase  and  gain  margins  calculated  from  the  position  of  the  characteristic  curve  relative  to  -1+Oi. 
However,  it  is  clear  from  the  experimental  data  presented  previously  that  there  can  be  significant 
differences  between  models  of  stack  actuators  and  the  behavior  of  the  physical  system,  potentially  resulting 
in  erroneous  stability  analyses. 


Figure  15.  Block  diagram  of  a  typical  feedback  position  control  system  using  piezoelectric  actuators. 


ERRORS  AND  ACCURACY  IN  MODELING  PIEZOELECTRIC  STACK  ACTUATORS 


The  point  is  that  the  trae  physical  system  behavior  over  the  range  of  test  conditions  was  not 
accurately  described  by  the  models  of  the  systems  shown  in  Figures  5  and  7  in  all  cases.  The  true  system 
behavior  is  best  described  by  the  product  of  the  system  models  (Equations  8  and  16)  and  the  appropriate 
N{X,f),  since  A  by  definition  embodies  the  differences  between  the  model  and  physical  system.  By 
analogy,  the  true  behavior  of  the  stack  mechanism  in  this  feedback  control  case  is  not  Km,  but  is  assumed  to 
be  NKm,  where  the  appropriate  A  is  used  depending  on  the  control  quantity  chosen.  The  characteristic 
equation  can  now  be  written  as 


where  the  quantity  -1/N  now  takes  the  place  of  the  -1+Oi  point  in  the  Nyquist  stability  analysis. 

The  -1/N  loci  are  plotted  in  the  complex  plane  in  Figures  16  and  17  for  the  voltage  control  and 
charge  control  cases,  respectively.  Also  shown  in  these  figures  is  a  curve  representing  the  composite 
KcKmKf  for  a  hypothetical  feedback  control  system.  Since  the  -1/N  loci  are  serving  the  purpose  that  the 
-1+Oi  point  serves  in  normal  Nyquist  control  system  analysis,  the  relationship  between  the  loci  and  the 
characteristic  curve  can  be  used  to  determine  gain  and  phase  stability  margins  for  the  system. 

The  determination  of  the  gain  and  phase  margins  is  also  shown  in  Figures  16  and  17.  The  unit 
circle  is  replaced  by  a  circle  that  is  expanded  about  the  origin  in  the  complex  plane  until  it  intersects  with 
points  from  the  -lAl  loci.  The  role  of  the  negative  real  axis  in  Nyquist  analysis  is  played  by  a  radial  line 
that  is  rotated  clockwise  until  it  also  intersects  points  from  the  -1/N  loci.  Gain  margins  are  calculated  from 
the  radius  of  the  "unit"  circle  and  the  distance  from  the  origin  to  the  intersection  of  the  characteristic 
equation  and  the  "negative  real  axis"  line  according  to  the  relationship 


a  +  b 
b 


(22) 


where  is  the  resulting  gain  margin  and  a  and  are  as  defined  in  Figures  16  and  17.  The  phase  margin 
((!>)  is  the  angle  between  the  "negative  real  axis"  line  and  a  radial  line  drawn  through  the  intersection  of  the 
characteristic  equation  and  the  "unit"  circle. 

In  the  case  of  the  hypothetical  characteristic  equation  presented  here,  the  gain  margin  is  calculated 
to  be  4.35dB  for  voltage  control  and  S.lldB  for  charge  control.  Phase  margins  present  the  same  trend, 
where  the  25°  stability  margin  for  voltage  control  is  less  than  the  45°  margin  for  charge  control.  These 
results  are  significant  in  two  ways.  First,  larger  gain  and  phase  margins  indicate  greater  system  stability 
and  reliability  for  charge  control  of  piezoelectric  actuators  than  voltage  control.  Second,  larger  stability 
margins  means  higher  controller  gains  are  possible,  potentially  inaeasing  system  performance  and 
decreasing  sensitivity  to  parameter  variation. 


Figure  16.  Calculation  of  gain  and  phase  margins  Figure  17.  Calculation  of  gain  and  phase  margins 
for  a  hypothetical  feedback  control  system  using  ^  hypothetical  feedback  control  system  using 

voltage-controlled  piezoelectric  stack  actuators.  charge-controlled  piezoelectric  stack  actuators. 
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It  is  important  to  note  that  the  amplitude  dependence  of  the  voltage  control  system  has  a  major 
impact  on  this  stability  analysis.  The  -1/N  loci  from  the  voltage  control  tests  move  toward  the  origin  as  the 
amplitude  of  the  input  voltage,  and  thus  the  stack  displacement,  increases.  This  means  that  a  system  could 
be  tested  and  appear  perfectly  stable  at  low  amplitudes,  but  if  driven  at  higher  amplitudes  could  exhibit 
instabilities.  Moreover,  if  phase  and  gain  margins  are  calculated  from  constitutive  models  they  may  be 
overly  optimistic  in  both  voltage  and  charge  control,  and  the  case  of  voltage  control,  potentially  grossly 
optimistic. 

Conclusions 

Both  voltage  control  and  charge  control  of  piezoelectric  stack  actuators  were  investigated  over  a 
range  of  frequencies  and  amplitudes.  Some  frequency  dependence  was  observed  using  both  control 
schemes,  likely  due  to  unmodeled  damping.  Clearly  nonlinear  behavior  in  the  form  of  amplitude 
dependence  was  also  evident  using  both  control  schemes,  but  it  was  particularly  conspicuous  with  voltage 
control.  Discrepancies  between  the  response  magnitude  predicted  by  the  model  and  experimental  results 
approached  45%  for  voltage  control  over  the  range  of  stack  amplitudes  tested.  This  compares  unfavorably 
with  the  less  than  5%  variation  in  the  charge  control  case. 

These  system  nonlinearities  can  be  masked  by  closing  the  loop  with  feedback  control,  but  there  is 
still  a  cost  since  there  are  lower  stability  margins  in  voltage  control  than  charge  control  because  of  the 
higher  degree  of  nonlinearity. 
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Abstract 

In  view  of  the  recent  advances  and  published  literature  on  the  control  of  structures  by  distributed 
piezoelectric  elements,  the  concept  of  independent  control  and  sensing  of  the  structural  modes  has 
reemerged.  In  particular,  to  this  end,  piezoelectric  orthogonal  actuators  and  sensors  have  been 
introduced.  On  the  other  hand.  Independent  Modal-Space  control  (IMSC)  of  distributed-parameter- 
systems  (DPS)  is  a  well-known  approach  advocated  by  the  author  and  his  associates  throughout  the  past 
two  decades.  It  has  been  shown  by  its  proponents  that  the  IMSC  method  ultimately  represents  a  globally 
optimal  distributed-control  and  distributed-sensing  approach  to  structural  control.  Piezoelectric  elements 
are  no  exception  to  the  general  theoretical  concepts  of  distributed  control  of  DPSs  via  the  IMSC  method. 
By  a  constructive  theoretical  approach,  it  is  shown  why  the  recent  emergence  of  the  phrases 
“independent  modal  control”  and  “orthogonal  actuators  and  sensors”  constitute  precise  piezoelectric 
realizations  of  the  IMSC  method  of  the  author  and  his  past  associates,  fifteen  years  after  its  introduction. 

1.  Introduction 

The  concept  of  Independent  Modal-Space  Control  (IMSC)  was  originally  proposed  in  1976  as  a 
control  method  by  modal  synthesis  for  structural  systems  (Meirovitch,  Van  Landingham  and  Oz,  1976, 
1977;  Meirovitch  and  Oz,  1977)  and  later  rephrased  by  Meirovitch  and  Oz  in  1979  as  the  IMSC  method 
(Meirovitch  and  Oz,  1979;  Oz  and  Meirovitch  1979, 1980b)and  has  been  known  as  such  since  then.  The 
IMSC  method  has  been  the  subject  of  many  papers  by  its  proponents  and  opponents.  The  major  criticism 
of  IMSC  was  that  it  could  not  be  implemented  because  it  required  too  many  actuators  (to  affect  distributed 
control).  In  the  early  1980s,  IMSC  has  been  recognized  as  a  globally  optimal  distributed  control  approach 
for  Distributed  Parameter  Systems  (DPS).  Associated  with  it,  Meirovitch  and  Baruh  introduced  the  spatial 
modal  filters  in  1982  (Meirovitch  and  Baruh,  1982),  and  subsequently,  Oz  and  Meirovitch  (1983)  used  the 
(independent)  spatial  modal  filters  (ISMF)  in  conjunction  with  Independent  Modal  Space  Control  for 
Independent  Modal-Space  Kalman  Filtering  (IMSKF)  to  affect  genuine  distributed  control  and  sensing  of 
structures.  In  the  meantime,  in  1985,  Crawley  proposed  the  use  of  piezoelectric  elements  for  structural 
control  bringing  in  the  prospects  of  realizing  distributed  actuation  and  sensing  (Crawley  and  de  Luis, 
1985,  1986,  1987).  Recently,  independent  modal  space  control  of  DPSs  formed  the  foundation  of  a 
generai  approach  for  approximation  of  spatially  continuously  distributed  actuation  and  sensing  by  patched 
(piecewise)  actuators  (Oz,  1993).  Piezoelectric  elements  are  no  exception  to  the  general  theoretical 
concepts  of  distributed  control  of  DPSs  by  the  IMSC  method.  On  the  other  hand,  because  genuine 
distributed  actuation  and  sensing  can  now  be  implemented  by  piezoelectric  elements,  it  is  inevitable  that 
the  connection  between  the  IMSC  method  and  the  piezoelectric  structural  control  systems  should  be 
established. 

The  concepts  of  independent  control  and  sensing  of  the  modes  of  distributed-parameter 
structures  have  re-emerged  recently  in  conjunction  with  control  by  using  piezoelectric  actuators  and 
sensors  (Tzou  and  Hollkamp,  1994;  Tzou,  Zhong,  and  Hollkamp,  1994).  Tzou  refers  to  the  distributed 
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piezoelectric  actuators  and  sensors  that  make  independent  actuation  and  sensing  of  the  modes  possible 
as  orthogonal  actuators  and  orthogonal  sensors  (Tzou  and  Tseng,  1991;  Tzou,  Zhong,  and  Natori,  1993; 
Tzou,  Zhong,  and  Hollkamp,  1994).  These  recent  advances  in  the  area  of  Adaptive  Structures  via 
piezoelectric  elements  represent  practical  physical  realizations  of  the  originai  IMSC  and  ISMF  concepts 
(Lee,  1992)  advocated  by  Meirovitch  and  6z,  Baruh,  and  Silverberg  (Meirovitch  and  Oz,  1977, 1979, 
1980;  6z  and  Meirovitch,  1980  a,b:  Meirovitch  and  Baruh,  1982;  Meirovitch  and  Silverberg,  1983).  In 
this  paper,  by  a  constructive  theoretical  approach,  we  show  why  the  recent  emergence  of  the  phrases 
"independent  modai  (space)  control"  and  orthogonal  actuators/sensors  constitute  precise  physical 
realization  of  the  IMSC  method  of  Meirovitch  and  Oz,  fifteen  years  after  its  introduction.  However,  due 
to  limited  space,  oniy  the  basic  steps  and  results  are  presented.  For  further  details  and  illustration  of  the 
concepts  for  electroeiastic  systems,  the  reader  is  referred  to  (Cz,  1 996). 

2.  Eigenvalue  Problem  of  a  Distributed-Parameter  Structure:  Modal  Representation 

The  equations  of  motion  (EOM)  of  a  nongyroscopic,  undamped,  self-adjoint  distributed-parameter 
structural  system  which  can  be  obtained  by  the  distributed-Lagrangean  approach  (Oz,  1996)  has  the 
general  form  given  by 


m(p)^HM  +  cg^(£/(p,f))  =  f{p,t)  (la) 

dr 

with  the  boundary  conditions 

(1b) 

where  u(p,t)  is  the  displacement  field  and  f(p,t)  is  the  input  field  per  domain  of  p.  m(p)  is  the  positive 
definite  mass  operator  per  domain  of  p  and  gE,  is  the  positive  semi-definite  self-adjoint  structural  stiffness 
operator.  {BJ  denotes  the  set  of  equilibrium  conditions  on  the  boundary  of  the  domain  of  p.  In  the  above 
EOM,  the  domain  of  p  can  be  one-,  two-  or  three-dimensional  in  which  case  u(p,t),  f(p,t)  would  be  vectors, 
and  m(p)  and  i£,,(u)  would  be  mass  and  stiffness  operator  matrices  of  compatible  dimensions.  Hence, 
the  form  of  Eq.  (1)  describes  a  large  class  of  problems  in  one-,  two-  and  three-dimensionai  structural 
systems.  The  generic  input  fieid  vector  f  (p,  t)  could  be  due  to  electrical  fields  or  due  to  mechanical 
control  inputs,  disturbances,  other  sources,  or  any  combination  of  these  effects. 

The  eigenvaiue  problem  associated  with  Eqs.  (1)  has  the  form 

Si  (<P (P))  (p)  (p, (p)  r=1, 2,...,  «  (2) 

where  ({>,  are  the  r-th  eigenvalue  and  the  r-th  three-dimensional  distributed  eigenvector  (eigenfunctions 
vector),  respectively.  For  the  self-adjoint  system,  the  distributed  eigenvectors  can  be  orthonormalized 
to  satisfy 


((pj  dp  =  (0,^  ,  /  <pj  (p)m(p)  (p,  (p)dp  =  d„,  =  (3) 

where  integrations  are  over  the  domain  of  p  and  co,  is  the  r-th  structural  natural  frequency. 

In  terms  of  eigenfunctions  vector,  the  following  modai  expansions  can  be  written  for  both  the 
displacement  field  and  the  input  fieid  vectors; 

u{p,t)  =  E4>,(P)5XO  .  fiPJ)  =  tmmrWrit)  (4a,b) 

r-1  r-1 

where  ^(t)  and  f,(t)  are  the  scalar  modal  displacement  and  modal  input  coordinates,  respectiveiy.  The 
modai  quantities,  in  turn,  can  be  obtained  from  the  distributed  quantities  by  the  spatial  weighting 
(projection)  operations 
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^,(0  =  f(t)^m(p)u(p,f)dp,  f^{t)  =  f(i>rf(P,t)dp  (5a, b) 

The  00-dimensional  partial  differential  system  of  Eq.  (1)  is  equivalent  to  the  infinite  set  of  ordinary 
differential  equations  in  the  modal  space  described  by 

r=1,2 . «  (6) 

In  modal  response  analysis  of  structural  systems,  the  modal  EOMs  are  decoupled  for  arbitrary  modal 
input  coordinates  f,(t).  But  the  situation  is  different  when  f,  represent  control  inputs  as  external  recoupling 
of  the  modal  dynamics  can  occur  through  the  feedback  control  inputs  (Meirovitch  and  Oz,  1979). 

Since  our  focus  is  on  structural  control,  f(p,t)  or  its  modal  coordinates  f,(t)  (r=1,2,...~)  will  be 
considered  to  represent  only  the  action  of  control  loads  on  the  structural  system.  It  will  be  assumed  that 
a  (modal)  state  feedback  control  law  is  to  be  used  to  control  the  modal  system  of  Eq.  (6).  Thus, 
introducing  the  =o-dimensional  vector  of  modal  coordinates  given  by 

5  ■  p’  ^ 

the  functional  form  of  the  resulting  feedback  modal  control  inputs  becomes; 

f,(f)  =  ,  r=1,2,....» 

yo  =[M0- w 

The  form  of  Eq.  (7)  implies  that  the  control  law,  at  least  theoretically,  involves  infinitely  many 
connections  or  gain  functions/coefficients  from  the  «>-dimensional  ^to  the  infinite  dimensional  modal  input 
vector  fM(t).  Design  of  such  infinitely  many  gain  connections  is  not  deemed  practical  and  almost 
invariably  one  resorts  to  model-reduction  to  retain  only  a  subset  of  n  modal  coordinates  for  control  law 
design.  Thus  one  deals  with  a  finite-dimensional  (modal)  control  design  model  (CDM): 


,  [Q)2]„=d/ag[(0i...a)^J  (8) 

where 

5"  ■Wj’' 

are  the  n-dimensional  truncated  modal  displacement  and  modal  input  vectors.  The  modal  feedback 
control  inputs  f^"  designed  for  n-modes  will  have  the  functional  form 

frit)  =  E."}  r=1,2 . n  (9) 

which  involves  only  a  finite  number  of  gain  connections  from  the  2n  modal  states  to  the  effective  n-modal 
control  inputs.  The  practical  consequence  of  this  finite  dimensionalization  is  that  the  finite  number  of 
control  gains  can  be  designed  within  the  available  state-of-the-art  and  be  implemented.  The  resulting 
closed-loop  modal  dynamics  for  the  CDM  is 

=  E”)  /•=1,2 . n  (10) 
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3.  Distributed-Independent  Modal-Space  Control  (IMSC)  and  Independent  Spatial  Modal 

Filtering  (ISMF) 

Independent  Modal-Space  Control  (IMSC)  is  a  genuine  modal-space  control  approach  first 
proposed  by  (Meirovitch,  Van  Landingham,  and  Oz,  1976,  1977;  Meirovitch  and  Oz,  1977^  and  further 
studied  by  (Meirovitch  and  Baruh,  1981, 1982, 1983;  Meirovitch  and  Silverberg,  1983,  .1985)  and  by  (Oz, 
1983  a,b,  1985,  1988,  1990,  1993).  In  that,  the  control  design  is  done  first  for  the  modal  control  inputs 
in  the  modal-space.  In  other  words,  the  control  law  is  designed  directly  for  the  control  gain  functions 
between  the  modal  control  inputs  fjr=1,.. .,<>=)  and  the  modal  states.  Furthermore,  in  the  IMSC  approach, 
the  unique  feature  of  the  independency  of  the  modal  dynamics  in  the  open-loop  system  is  preserved  in 
the  closed-loop  system  by  designing.each  modal  control  input  f,,r=  f,2, ...,«>  as  a  feedback  function  of 
the  corresponding  modal  states  only,  independently  of  the  other  modal  inputs.  Hence,  in  IMSC 
the  modal  control  inputs  have  the  unique  functional  form  of 

C  r-=1,2,...,~  (11) 

which  is  the  trademark  for  the  concept.  In  contrast  to  the  general  functional  forms  of  Eqs.  (6)  and  (9) 
which  is  referred  to  as  coupled-control  (CC),  where  an  r-th  modal  input  is  a  feedback  function  of  all  modal 
states,  the  functional  form  of  Eq.  (11)  is  what  distinguishes  a  control  approach  uniquely  as  an 
independent  modal  control.  Originally,  the  IMSC  functional  form  of  the  modal  control  inputs,  Eq.  (1 1),  was 
proposed  to  avoid  the  curse  of  high-dimensionality  (^-dimensionality)  encountered  in  the  computation 
of  control  gains  in  a  typical  CC  approach,  which  due  to  the  nature  of  its  design  philosophy  results  in 
external  coupling  of  the  modal  dynamics  in  the  closed-loop  system.  Thus,  in  CC,  the  control  law  must 
by  necessity  be  computed  for  an  =o-  or  very  large  n-dimensional  coupled  system  of  equations.  If  the  IMSC 
philosophy  is  adopted,  the  counterpart  of  Eqs.  (10)  for  the  closed-loop  system  is: 

Ir  +  OiX  =  fri^rX)  ''='1.2 . “  (12) 

Accordingly,  in  the  IMSC  approach  control  laws  are  designed  only  for  second-order  modal 
dynamics  independently  regardless  of  the  «>-dimensionality  of  the  system.  In  the  general  linear  time- 
invariant  modal  state  feedback  form,  the  IMSC  laws  are  described  by: 

W  =  2 . ~  (13) 

where  g,<j,  g„  represent  modal  displacement  and  modal  velocity  gains. 

One  of  the  features  of  the  IMSC  approach  as  noted  above  is  that  it  yields  modal-control  laws  even 
for  the  entire  “-dimensional  system  virtually  without  any  computational  effort.  However,  since  the  design 
philosophy  obtains  the  modal  control  laws  f/t)  first,  this  must  then  be  followed  by  a  second  procedure  to 
obtain  the  physical  control  inputs  f(p,t)  from  the  computed  modal  control  laws.  This  second  step 
constitutes  a  modal  synthesis  procedure  for  the  physical  control  field  distribution.  Indeed,  because  of 
this  feature,  the  articles  by  Meirovitch,  Oz  and  Van  Landingham  (1976,  1977)  which  introduced  the 
concept  of  independent  control  of  the  modes  of  the  system  was  presented  as  a  "Modal  Synthesis’ 
technique.  The  modal  synthesis  procedure  is  straightforward  and  directly  available  from  the  modal 
expansion  expression  for  the  input  distribution  given  by  Eq.  (4b).  Thus,  the  physical  control  inputs  for 
the  IMSC  of  the  “-dimensional  DPS  are  synthesized  from  the  designed  modal  control  inputs  of  the  form 
of  Eq.  (11)  according  to: 


f(p.t)  (14) 

r-l 

Another  important  feature  of  the  IMSC  approach  becomes  evident  from  Eq.  (14).  Since  the 
distributed  eigenvectors  <t),(p)  are  spatially  continuous  functions,  the  synthesized  physical  control  input 
f(p,t)  for  the  IMSC  represents  a  spatially  continuous  distributed  control  field.  Therefore,  in  the  IMSC 
philosophy  no  apriori  assumption  or  restriction  is  placed  on  the  physical  control  input  field  by  forcing  it 
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to  be  a  spatially  known  discrete  input  field  of  a  finite  number  m  of  (point)  inputs,  the  locations  of  which 
are  specified  apriori  to  solve  the  control  problem.  In  the  IMSC  approach,  the  spatial  distribution  of  the 
control  input  is  not  known  or  assumed  apriori  but  becomes  known  explicitly  as  a  result  of  the  solution  for 
the  modal  control  Inputs  via  the  modal  synthesis  in  Eq.  (14). 

Although  the  articles  which  first  introduced  the  IMSC  concept  did  not  appear  to  dwell  on  the 
implied  theoretically  =o-dimensional  distributed-control  aspect  of  the  IMSC  solutions"as  a  result  of  the 
modal  synthesis  procedure,  the  subsequent  publications  by  Meirovitch,  Oz,  Baruh  and  Silverberg  soon 
recognized  and  highlighted  the  IMSC  technique  in  closed-form  as  an  ideal  globally  optimum  distributed- 
control  solution  for  the  DPS  (Meirovitch  and  Silverberg,  1983;  Oz,  1983  a,b  1988,  1990,  1993).  The 
distributed-control  feature  of  the  IMSC  also  forms  the  foundation  to  develop  the  concept  of  power 
efficiency  for  structural  control  systems  (Oz,  Farag  and  Venkayya,  1990;  Oz,  1993, 1994;  Oz  and  Khot, 
1994).  However,  from  the  published  literature  to  date  by  other  researchers,  it  is  evident  that  the  basic 
distributed-control  feature  of  the  IMSC  method  is  not  recognized. 

As  in  any  state  feedback  control  approach,  the  implementation  of  the  IMSC  distributed  control 
field  requires  exact  knowledge  of  the  modal  states  whose  eigenvalues  are  altered  by  control.  Typically, 
following  the  estimation  theory,  one  may  wish  to  obtain  these  modal  states  via  dynamic  state  estimators. 
In  particular,  consistent  with  its  philosophy,  in  the  IMSC  approach  independent  modal  state  estimators 
have  been  considered  (Meirovitch  and  Oz  ,  1977,  1979,  1980).  The  dynamic  state  estimators  constitute 
temporal  filters  to  obtain  the  modal  coordinates  or  modal  states  in  general.  However,  it  turns  out  that  the 
modal  coordinates  can  also  be  obtained  by  a  spatial  weighting/filtering  process.  In  conjunction  with  the 
studies  concerning  the  implementation  of  the  IMSC  for  distributed-parameter  systems,  Meirovitch  and 
Baruh  (1982)  introduced  the  concept  of  spatial  modal  filters.  Subsequently,  Oz  and  Meirovitch  (1983) 
demonstrated  the  implementation  of  spatial  modal  filters  by  a  finite  number  of  sensor  outputs,  in  a 
modal-space  design  philosophy,  the  form  of  theoretical  spatial  modal  filters  are  readily  recognized  to  be 
the  weighted  inner  product  over  the  structural  domain  that  extracts  the  modal  coordinates,  as  given  by 
Eq.  (5a).  Hence,  a  spatiai  modal  filter  is  described  by  the  operation 

=  J^l{p)m(j})u{p,f)dp 

Uf)  =  f<^l{p)m{p)u{p,{)clp  r=1,2,...,»  OSa.b) 

By  using  the  modai  expansion  Eq.  (4a)  for  the  displacement  field  and  the  mass  orthonormality 
relations  Eq.  (3),  one  recognizes  the  validity  of  the  result  of  the  weighted  spatial  integration  operations 
on  the  displacement  field  described  by  Eqs.  (15).  Operations  (15)  that  yield  the  modal  states  are  referred 
to  as  spatial  modal  filters.  They  have  the  following  self-evident  features:  i-  to  implement  the  spatial  modal 
filters,  sensing  of  the  complete  distributed  displacement  and  velocity  fields  are  required  which 
theoretically  necessitates  spatially  continuous  distributed-sensors,  ii-  spatial  modal  filters  are  independent 
of  each  other  since  the  r-th  modal  states  are  obtained  by  weighting  the  sensor  signals  by  the  r-th 
distributed  eigenfunctions  vector  alone.  Hence,  the  operations  described  by  Eq.  (15)  are  also  referred 
to  as  Independent  Spatial  Modal  Filtering  (ISMF).  Thanks  to  the  orthogonality  of  the  modes,  no 
observation  spillover  exists  in  ISMF  for  mode  rfrom  the  measured  field  quantities. 

If  one  assumes  that  distributed  measurements  of  the  displacement  and  velocity  profiles  can  be 
affected  so  that  independent  spatial  modal  filtering  can  be  carried  out  to  obtain  the  modal  states,  one  can 
then  readily  implement  the  IMSC  laws,  Eq.  (13),  through  the  distributed-control  input  obtained  via  the 
modal  synthesis  procedure  of  Eq.  (14).  Therefore,  the  concepts  of  independent  modal  control  and 
independent  modal  sensing  are  inherently  and  naturally  intertwined.  Complete  independency  of  the 
modal  dynamics  both  in  control  and  sensing  renders  the  IMSC  to  be  a  globally  optimal  distributed 
parameter  control  of  the  DPS  both  in  regards  to  a  quadratic  distributed  performance  functional  and  the 
control  gain  norms  (Meirovitch  and  Silverberg,  1983;  Oz,  1983a,b,  1988,  1990).  From  a  distributed- 
parameter  system  perspective,  the  modal  control  gains  g,„  and  g„  in  the  IMSC  control  law  of  Eq.  (13) 
represent  the  unknown  coefficients  in  the  expansions  of  distributed  displacement  feedback  and  velocity 
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feedback  control  influence/gain  functions  between  the  actuation  and  sensing  operations  given  by 
Gd(P.P0  =  EPrt'”(P)<t>r(P)^r(PO^(pO 

r=1,2,...^  (16) 

Gy{p,p')  =  T,9,ym{p)<^riP)<^l{p')m(p') 

/"•I 

It  can  be  shown  that  combination  of  the  ISMF’s,  Eqs.  (15),  and  the  IMSC  control  laws,  Eq.  (13),  through 
the  modal  synthesis  procedure  given  by  Eq.  (14)  ultimately  yields  the  explicit  form  of  the  distributed- 
parameter-control  field  (Oz,  Farag  and  Venkayya,  1990;  Oz,  1993)  as 

f(p,0  =  jG^{p,p')u{p\t)dp' + lG^{p,p^)u{p\t)dp' 
f{p,t)  =  C,{p.u{p\t))*C,{p,u{p',t)) 

where  and  C„  are  linear  distributed-feedback  control  operators  for  displacement  feedback  and  velocity 
feedback  giving  the  required  control  input  at  position  p,  due  to  sensing  of  the  displacement  and  velocity 
at  point  p',  where  p  and  p'  denote  the  control  and  sensing  points,  respectively.  The  control  gain 
coordinates  g^,  can  be  obtained  by  minimizing  a  control  design  performance  index  or  by  direct 

eigenvalue  allocation  or  by  any  other  control  design  approach.  If  eigenvalues  of  only  n  modes  are 
affected  via  direct  eigenvalue  allocation  or  via  optimal  control,  in  this  case,  the  distributed-control 

influence  functions  are  obtained  as  a  finite  sum  r=1,2 . n  from  Eq.  (16)  since  g^^  will  be  computed  to 

be  zero  for  the  truncated  dynamics  (Oz,  1 996). 

Finally,  it  is  easy  to  see  that  the  distributed-parameter  control  synthesized  according  to  Eq.  (14) 
from  the  IMSC  laws,  again  thanks  to  orthonormality  properties,  will  yield  from  Eq.  (5b),  f/t)  =  0  forr  = 
n+1,...,  Hence,  no  control  spillover  exists  in  distributed-IMSC  solutions. 

Although  a  distributed-control  f(p,t)  can  be  designed  theoretically  by  the  IMSC,  the  state-of-the-art 
until  the  early  1990's  has  been  such  that  distributed  inputs  could  only  be  implemented  approximately  by 
means  of  a  finite  number  of  spatially  discrete  controls  over  finite  subdomains  of  the  structure.  In  practice, 
this  meant  the  use  of  point  control  inputs  almost  exclusively.  Hence,  a  large  number  of  such  point  inputs 
would  have  to  be  used  to  approximate  the  theoretical  IMSC  solution  for  the  f(p,t)  described  by  Eqs.  (16) 
and  (17).  Similarly,  the  state-of-the-art  in  sensor  technology  could  allow  implementation  of  distributed 
sensing  only  approximately  by  a  finite  but  large  number  of  spatially  discrete  point  sensors  to  affect  the 
spatial  modal  filtering  to  extract  the  modal  state  information  needed  in  the  control  laws,  Eq.  (13).  Hence, 
via  IMSC,  although  a  theoretical  solution  for  control  of  all  modes  was  possible,  it  could  only  be 
implemented  approximately  by  using  spatially  discrete  actuators  and  sensors.  In  turn,  this  meant  that 
in  the  approximate  implementation  of  the  IMSC  control  and  observation  spillover  problems  could 
resurface  theoretically:  the  degree  and  significance  of  which  ultimately  depends  on  the  number  of  discrete 
actuators  and  sensors  used. 

Therefore,  originally,  recognizing  such  practical  limitations,  Meirovitch,  Oz  and  Baruh  presumed 
that  the  modal  synthesis  procedure  had  to  be  realized  by  a  finite  number  of  point  control  inputs. 
Consequently,  a  Galeridn  approximation  which  is  reviewed  in  (Oz,  1996)  implied  that  «>-point  inputs  would 
be  required  to  control  <»-modes  exactly  as  the  theoretical  solution  indicates.  More  practically,  given  only 
a  finite  number  of  n-point  control  inputs,  only  n-modes  could  be  controlled  independently  exactly  as 
proposed  in  the  theory,  while  leaving  the  rest  of  the  modes  susceptible  to  control  spillover  as  a 
consequence  of  finite-dimensionalization  (approximation)  of  the  input  profile.  Conversely,  it  was  viewed 
that  n  actuators  would  be  needed  to  control  n-modes,  which  is  prohibitive  for  large  n.  Hence,  in  the 
literature,  the  phrase  IMSC  incorrectly  has  been  interpreted  strictly  as  an  "n-mode,  n-input"  control 
approach  and  the  theoretically  distributed-control  and  distributed-sensing  features  of  the  method  have 
been  mostly  overlooked. 
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The  apparent  disadvantage  of  the  approximate  n-mode/n-input  version  of  the  distributed-IMSC 
solutions  requiring  many  actuators  for  large  n,  and  the  ability  of  the  technique  to  produce  «>-mode  or  very 
large  order  globally  optimal  control  laws  free  of  computational  difficulties,  and  rnechanically  well- 
posedness  of  its  concepts  in  contrast  to  the  CC  approaches,  have  also  caused  arguments  in  the  scientific 
community  interested  in  the  control  of  flexible  structures  (Meirovitch,  Baruh,  and  Oz,  1983;  6z,  1986, 
1987;  Lindberg  and  Longman,  1984;  Floyd,  1984;  Lindberg,  1984;  Lyons,  1984). 

In  the  meantime,  Meirovitch,  Oz,  Baruh  and  Silverberg  have  emphasized  the  distributed-control 
of  a  DPS  via  IMSC  and  addressed  ways  of  approximate  implementation  of  the  technique  by  using 
spatially  piecewise  continuous  control  input  fields  and  affecting  distributed-sensing  by  interpolating 
discrete  measurements  to  implement  the  spatial  modal  filters  (Meirovitch  and  Baruh,  1982;  Meirovitch 
and  Silverberg,  1983, 1985;  Meirovitch  and  Oz,  1983;  Oz,  1983  a,  b;  Oz,  Baruh,  Silverberg,  1986;  Oz, 
1993). 


4.  Independent  Modal-Space  Control  and  Sensing  of  Distributed  Eiectroelastic  Systems 

Whiie  iimitations  of  the  actuator  and  sensor  technoiogy  have  influenced  the  way  the  IMSC  was 
received  and  perceived,  these  limitations  have  not  been  regarded  by  the  proponents  of  the  technique  as 
an  obstacle  to  advance  and  strengthen  the  theoretical  foundation  and  understanding  of  the  approach 
necessitating  breakthroughs  in  the  actuator  and  sensor  technologies  to  make  distributed  actuation  and 
sensing  a  reality. 

In  1985,  at  the  26th  Structures,  Structural  Dynamics,  and  Materials  Conference  in  Orlando, 
Florida,  Crawley  presented  the  use  of  piezoelectric  elements  for  vibration  control  of  (large  space) 
structures  for  the  first  time,  demonstrating  the  prospects  of  a  breakthrough  in  the  actuation  and  sensor 
technology  (Crawley  and  de  Luis,  1985,  1986,  1987).  The  implication  of  this  new  development  for 
realizing  the  distributed-IMSC  approach  was  immediately  evident  to  its  proponents.  Then,  although  one 
could  not  exactly  anticipate  how  the  theory  of  application  of  piezoelectric  elements  to  structural  control 
would  develop,  it  was  clear  that  a  large  number  of  piezoelectric  elements  could  actually  be  utilized 
towards  practical  realization  of  distributed  sensing  and  distributed-control  evermore  closely  approximating 
the  theoretical  distributed-control  results,  specifically  those  based  on  the  IMSC.  in  light  of  the 
developments  during  the  last  ten  years,  in  this  section,  we  present  realization  of  the  distributed-IMSC  and 
distributed-ISMF  by  using  piezoelectric  elements. 

4.1  General  Eiectroelastic  Control  Problem 

We  use  the  phrase  “eiectroelastic"  to  categorize  an  elastic  system  forced  or  sensed  by 
piezoelectric  material  elements  embedded  within  it  or  bonded  to  it.  The  structural  dynamic  EOM  of  the 
structural  material  domain  including  the  piezoelectric  elements  material  domain  still  conform  to  the 
general  operator  form  given  by  Eq.  (la),  repeated  here  for  convenience: 

m(p)  +  c£  (u(p,f))  =  f{p,f)  (1 8a) 

dr 

with  similar  structural  boundary  conditions  also  involving  electrical  variables,  and  with  the  same 
qualifications  described  following  Eq.  (la).  In  the  case  of  eiectroelastic  systems,  it  is  to  be  understood 
that  the  mass  and  structural  stiffness  operators  m(p),  sf,  are  now  derived  for  the  composite  domain  of  the 
elastic  structural  material  and  the  piezoelectric  material.  f(p,t)  is  the  input  field  distribution  regardless  of 
the  nature  of  the  actuators  that  produce  it.  However,  for  eiectroelastic  control,  the  structural  stiffness 
operator  must  be  assumed  to  be  positive-definite  (or  not  allow  any  rigid  body  modes)  since  rigid  body 
modes  are  piezoelectrically  uncontrollable  and  unobservable.  In  the  literature,  the  above  form  of 
equations  are  dealt  with  and  derived  in  an  explicit  form  by  using  classical  advanced  strength  of  materials 
approach  for  composite  plates/beams  (Lee,  1992).  Alternatively,  variational  approaches  are  used  (Tzou, 
1993).  In  both  approaches,  piezoelectric  action  of  the  actuators  on  the  structure  are  obtained  in  explicit 
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form.  Most  recently,  a  distributed-Lagrangean  formulation  that  yields  the  electroelastic  EOM  was 
presented  (Oz,  1996).  However,  regardless  of  the  particular  formulations,  if  the  input  field  f(p,  t)  is  due 
to  piezoelectric  elements  on/within  the  structure,  the  structural  dynamics  can  always  be  written  in  the 
following  operator  form 

m(p)Q{p,f)  ^%[u{p,t))=^J,E{p,t))  (18b) 

where  s£s  and  %  are  the  2scf-th  and  sd -th  order  differential  operators  on  their  respective  arguments,  s 
and  d  denote  the  order  of  the  strain  derivative  and  the  dimensionality  of  the  problem,  respectively.  The 
eigenvalue  problem  of  the  electroelastic  system  (Eq.  (18b))  is  still  given  by  Eq.  (2)  with  the  orthonormaiity 
relationships  of  Eqs.  (3).  Designing  the  electric  input  field  E(p,  t)  to  elicit  a  desired  response  for  the 
displacement  field  u(p,  t)  in  Eq.  (18b)  constitutes  the  electroelastic  control  problem.  The  operator  SEg 
acting  on  the  electric  field  E(p,  t)  in  Eq.  (18b)  produces  the  input  load  field  f(p,  t)  in  the  generic  structural 
dynamic  form  of  Eq.  (18a) 

f(p,t)=^^(E(p,t))  (18c) 

in  which  will  be  referred  to  as  the  piezoelectric  control  influence  operator  and  E(p,  t)  denotes  the 
applied  electric  field  distribution  in  the  piezoelectric  domain.  It  will  be  assumed  that  the  electric  field 
induced  in  the  piezoelectric  actuator  domains  due  to  the  direct  piezoelectric  effect  is  negligible  in 
comparison  to  the  applied  electric  field.  For  our  purposes  In  this  paper,  the  derivation  of  the  specific 
forms  of  the  operators  m(p),  S£s(p),  and  sEg  (p,  t)  is  not  of  interest,  but  an  understanding  of  their  physical 
origin,  significance,  and  mathematical  forms  is  essential. 

In  general,  the  effect  of  the  electric-field  on  the  structure  is  realized  through  spatial  polarity 
strength  distribution  vectors  P|,(p)  and  the  effective  electrode  shape  functions  ,?;(p)  corresponding  to  the 
k-th  component  E;<(p,t)  k  =  1 , 2,  3  of  the  electric  field  vector  E(p,t)  together  with  the  associated  temporal 
strength  ek(t)  of  E^.  In  the  most  general  case,  the  polarity  strength  distribution  vector  (PDV)  I?  (p)  can 
have  six  components  for  each  electric  field  component  E^.  Each  element  of  corresponds  to  an 
element  of  stress  or  strain  tensor  for  the  problem.  Hence,  the  spatial  dependence  of  the  E(p,t)  is 
embodied  in  the  polarization  distribution  vectors  P|,(p)  and  the  electrode  shape  functions  ^^(p). 
Therefore,  the  effective  control  input  distribution  can  be  represented  alternately  in  the  following  form: 

fip.f)  =  ^^E{p,f))  =  (1 9) 

Where  the  reader  should  not  equate  the  electric  field  E(p,t)  to  the  summation  of  the  products  as 
arguments  of  the  piezoelectric  actuator  influence  operator  SEg. 

For  the  purpose  of  designing  specific  piezoelectric  actuators,  representation  of  the  inverse 
piezoelectric  effect  in  terms  of  the  PDV’s  P,,  is  more  illuminating  than  the  electric  field  vector  E(p,t). 
Whereas  E(p,t)  can  have  at  most  three  components,  the  available  vectors  P,,  can  have  up  to  eighteen 
components  in  total  depending  on  the  nature  of  the  ferroelectric  behavior  exhibited  by  a  chosen 
piezoelectric  material  (Fatuzzo  and  Merz,  1967;  Zaky  and  Hawley,  1970).  Thus  the  effect  of  the  electric 
field  E(p,t)  can  be  realized  by  changing  the  strengths  of  the  polarities  spatialiy  as  elements  of  the  vectors 
Pn  and/or  by  shaping  the  electrode  areas  ^  .  With  this  design  freedom  available,  one  can  tailor  the 
products  P|,  to  realize  various  piezoelectric  controller  configurations  and  control  approaches,  as  we 
shall  show  next  to  obtain  modal  actuators  and  modal  sensors. 

4.2  Realization  of  Distributed-IMSC  via  Piezoelectric  Modal  Actuators 

The  electric-field  vector  E(p,t)  can  be  represented  in  the  form  of  an  expansion  in  terms  of  the 
three-dimensional  vector  of  distributed  electric  support/basis  functions  #;(p)  and  the  expansion 
coefficients  e^t)  representing  temporal  signal  strengths  or  electrical  input  coordinates  for  the  bases  ^,(p): 
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E{p,f)  =  E  (20) 

r-  1 

where  m  is  an  arbitrary  number  of  basis  functions.  Conceptually,  expansion  (20)  is  a  mathematically  valid 
expression,  although  it  may  not  be  always  possible  to  identity  ^,(p)  as  explicit  functions.  However,  the 
actions  of  ^,(p)  are  reaiized  by  the  PDV’s  which  are  always  explicitly  obtainable,  and. this  is  sufficient 
for  impiementation  purposes. 


Let  us  assume  that  the  E(p,t)  is  such  that  it  satisfies  the  following  equation 

=  E  a!e(rXp))eXf)  =  E  E 

r  r  k 

=  E ,  ejif)  =  e^(0  ,  k  =  1,2,3:r=  1,2,... 


(21) 


Therefore 

=  E  ^dPk^k)r  =  SrmjiP))  ,k=1.2.3  (22) 

k 

and  the  temporal  strengths  ei,(t),  k  =  1 , 2, 3  of  all  three  possible  electric  field  components  are  taken  to  be 
the  same  and  equal  to  e,(t)  and  ^  is  a  scalar  proportionality  constant.  Considering  the  structural 
eigenvalue  problem  Eq.  (2),  Eq.  (22)  becomes 

=  E  ^dPk^kX  =  =  a//n(p)<t>^)  (23) 

k 


Substituting  Eqs.  (20  -  23)  back  into  Eq.  (18c)  for  the  control  input,  the  particular  form  of  the  electric-field 
distribution  yields 

f(p,f)  =a!£(E(p,0)  =E^e(W)e/0  =EE^£(P*<^*)rer 

'  '  *  (24) 

=  E'”(P)Wa;A;e/0 

r 

Comparing  Eq.  (24)  with  the  modal  synthesis,  Eq.  (14),  we  recognize  that  the  assumed  form  of  the  E(p,t) 
given  by  Eqs.  (20  -  23)  yields  the  distributed  control  input  field  f(p,t)  and  the  associated  modal  inputs  f^t) 
as 


/(p,0  =  E^(P)WW  :  W=a^^^0  (25) 

r 

which  is  precisely  in  the  form  of  modal  expansion,  Eq.  (14),  for  the  input  field  and  f,  (t)  are  the  modal 
control  inputs.  We  conclude  that  by  proper  choices  of  electric  support  functions  proportional  to  an 
operation  on  the  eigenfunctions  as  described  by  Eqs.  (22)  and  (23),  one  can  realize  the  modal  synthesis 
expression  Eq.  (25)  in  which  the  modal  control  inputs  are  the  scaled  physical  temporal  signal  strengths 
of  the  respective  electric  support  functions. 

With  the  above  result,  the  control  problem  now  reduces  to  designing  the  modal  control  inputs,  that 
is  the  temporal  electric  field  strengths  as  feedback  functions  of  the  (modal)  states.  If  one  assumes 

one  obtains  the  IMSC  precisely  by  the  piezoelectric  actuators  and  as  stated  in  its  original  generic  form 
given  by  Eq.  (11). 

Combining  the  electrically  generated  independent  modal-space  control  laws  of  Eq.  (26)  with  Eqs. 
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(24)  and  (25),  one  finally  realizes  the  distributed-IMSC  solution  presented  in  Sec.  3.  Note  that  by 
choosing  a,  =  the  electric-field  coordinate  is  identically  the  modal  input  fjlf)  .  Referring  back  to 
expansion  (20),  we  identify  each  term  in  the  expansion  as  the  Mh  modal  actuator  Er'^(p,t) 

E{p,f)  =  E  £>.0  .  E.VO  =  We/f)  (27) 

r 

where  #XP)  satisfies  the  distributed  differential  equation  given  by  Eq.  (22)  or  (23).  However,  the  solution 
for  realizing  #;(p)  yet  remains  to  be  obtained. 

For  any  input  distribution  f(p,  t),  the  structural  modal  inputs  are  always  given  by  Eq.  (5b) 

fr(t)=/4>/(p)f(p.t)dp 

regardless  of  the  physical  nature  of  the  inputs.  If  f(p,  t)  is  realized  by  piezoelectric  actuators  as  per  Eq. 
(18),  the  modal  inputs  are 


fr  (t)  =  /«>/  (P)  (E)dp  r  =  1.  2,...  (28) 

for  any  arbitrary  electric  field  distribution  E(p,  t).  In  particular  if  is  affected  via  the  special  form  of 
modal  actuators,  Eq.  (24),  then  substituting  them  into  Eq.  (28)  we  obtain  the  modal  inputs 

=  E  i^jiP))ej(t)dp = E  a/^.e,.(f )  J<D>(p)  <\>jdp 

It  can  be  thought  that  the  distributed-IMSC  for  all  modes  would  require 
piezoelectric  modal  actuator  layers. 

On  the  other  hand,  if  we  desire  to  realize  distributed  control  of  only  n  -modes,  one  then  can  use 
only  m  =  n  piezoelectric  modal  actuators  corresponding  to  the  n  -modes  considered.  Thus,  taking  j  =  1 , 
2 . n  and  r  =  1 , 2 . »  in  Eq.  (29)  we  obtain 

f^f)  =©^(0  -  ”  UO  =  0  ,  r  =  n  + 1,..., « 

Therefore,  n  -modes  can  be  considered  independently  exactly  as  discussed  in  Sec.  3  without  causing 
any  control  spillover  to  the  modes  beyond  n.  In  particular,  if  the  electric-field  input  consists  of  a  single 
modal  actuator),  for  a  single  term  expansion  in  Eq.  (20),  Eq.  (27)  yields 

f^/)=a/^.e/f)5^.  r=1,2,..  ;;=> 

^<0=a/^e/f)  .7/0=0  r=1.2...#y 

Hence  the  j-th  modal  actuator  provides  modal  control  input  only  to  the  j-th  mode  and  does  not  cause 
control  spillover  to  the  other  modes.  Because  this  feature  of  a  modal  actuator  is  brought  about  by  taking 
advantage  of  the  orthogonality  properties  of  the  modes  as  emerges  in  Eq.  (23),  the  modal  actuators  are 
independent  of  or  orthogonal  to  each  other.  Recently,  such  modal  actuators  have  been  referred  to  as 
orthogonal  actuators  (Tzou  and  Hollkamp,  1994;  Tzou,  Zhong,  and  Hollkamp,  1994).  We  showed  that 
the  concept  is  inherent  in  the  generic  modal  synthesis  procedure  (Eq.  (14))  of  the  distributed-parameter 
IMSC  approach  as  realized  by  piezoelectric  modal  actuators  in  the  form  of  Eqs.  (23-25). 

Next,  we  turn  to  satisfying  the  requirement  of  Eq.  (23)  or  (24)  for  creating  a  piezoelectric  modal 
actuator.  For  brevity,  here  we  present  only  the  end  result  and  refer  the  reader  to  6z  (1996)  for  details. 
Noting  the  form  of  Eq.  (23)  it  is  implied  that  the  spatial  distribution  of  the  electric  field  is  affected  by  the 
polarization  profile  functions  P(p)  which  appear  in  the  indirect  piezoelectric  constitutive  equation  that 
generates  the  piezoelectric  control  influence  operation  Theoretically,  depending  on  the  ferroelectric 
behavior  of  the  piezoelectric  material,  up  to  eighteen  such  functions  P^j  (p),  k  =  1 ,2,3;  y  =  1  -6  can  exist 
for  tailoring  where  k  and  j  refer  to  the  polarization  field  direction  and  the  element  of  the  piezoelectric  strain 


(29) 


r,  y=1.  2,... 
y,  r=1,  2,... 

an  infinite  number  of  such 
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tensor,  respectively.  Defining  the  aggregate  polarization  vector  /^)  as  the  column  array  of  all  relevant 
functions  the  elements  of  P  constitute  the  unknowns  to  realize  a  modal  actuator.  A  unique  solution 
to  design  the  r-th  modal  actuator  is  given  by  (Oz,  1996). 

=  for  (30) 

where  and  K  denote  the  A/^dimensional  cross-sectional  polarization  stiffness  and  th-e  cross-sectional 
structural  stiffness  matrices,  respectively.  is  an  s*-component  vector  readily  identifiable  by  an  anti¬ 
straining  operation  denoted  by  the  superscript  “-s"  on  the  structural  stiffness  operator  sfs-  Alternately,  the 
resulting  vector  is  obtainable  as  the  product  of  the  cross-sectional  structural  stiffness  matrix  K  with 
the  vector  of  all  strain  derivatives  in  the  r-th  mode  shape  as  described  by  the  middle  term  in  Eq.  (30), 
which  also  means  that  its  elements  are  the  generalized  internal  loads  corresponding  to  the  elements  of 
the  vector  array  of  all  straining  derivatives  of  all  displacement  field  variables.  The  solution,  Eq.  (30), 
requires  that  there  must  be  as  many  polarization  profile  functions  P^(p)  available  in  the  vector  P  as  the 
number  of  total  relevant  strain  derivatives  s’  for  the  specific  problem.  Hence,  realization  of  a  specific 
modal  actuator  depends  upon  the  ability  to  tailor  the  necessary  number  of  polarization  distribution  profiles 
P^.for  a  specific  polarization  direction  as  well  as  choosing  and/or  orienting  the  piezoelectric  layers  of 
ferroelectric  behavior  to  yield  a  nonsingular  piezoelectric  (global)  cross-sectional  polarization  stiffness 
matrix  kp.  The  reader  is  referred  to  (Oz,  1996)  for  illustrative  examples. 


4.3  Realization  of  Independent  Spatial  Modal  Filters  via  Piezoelectric  Modal  Sensors 

As  discussed  in  Sec.  3,  the  modal  states  required  to  implement  the  IMSC  could  theoretically  be 
obtained  from  independent  spatial  modal  filters  (ISMF)  by  using  continuous  distributed-sensing  of  the 
displacement  and  velocity  fields. 

For  ready  reference,  we  restate  the  forms  of  the  ISMF’s  from  Eq.  (15) 

^r=/<l>r^(P)^(P)‘^(P-Odp  ,  j<^l(p)m(j})u{p,f)dp 

Equivalently,  using  the  eigenvalue  problem  Eq.  (2)  in  the  above,  one  has 

^^  =  K'[u^ipMsi<\>r)dp  .  K  =  K'['j^iPMsi<\>r)dp  (31) 

These  alternate  forms  of  the  ISMF  will  be  useful  in  recognizing  the  equivalency  of  the  piezoelectric  modal 
sensors  to  the  realization  of  the  ISMF’s. 

Let  us  consider  a  piezoelectric  domain  to  be  used  as  a  motion  sensor.  For  ease  of  visualization, 
we  shall  assume  that  the  sensor  domain  has  six  faces  with  electrode  covers.  The  domain  is  assumed 
to  be  polarizable  in  three  coordinate  directions.  The  function  of  the  piezo  domain  as  a  sensor  is  based 
on  its  ability  to  convert  mechanical  strain  energy  to  electrical  energy  of  polarization  resulting  in  depositing 
of  capacitive  surface-bound  charges  on  its  faces.  Measurement  of  these  charges  serves  as  a  means 
of  quantitatively  sensing  the  portion  of  the  mechanical  deformation  whose  energy  has  been  converted 
to  polarization  energy.  Hence,  piezoelectric  sensors  which  will  sense  only  the  desired  deformations 
instead  of  sensing  all  deformations,  can  be  designed  .  In  principle,  then,  a  modal  sensor  will  sense  the 
strain  energy  of  deformation  due  to  a  particular  mode  of  deformation. 

It  is  assumed  that  six  faces  are  paired  with  each  other  along  each  coordinate  direction.  The 
motion  can  be  sensed  by  measuring  the  charge  deposited  on  each  face  due  to  polarization  where 
an  equal  amount  of  opposite  charge  is  deposited  on  the  opposite  surface  along  the  k-th  coordinate 
direction.  To  obtain  a  piezoelectric  modal  sensor,  we  shall  use  an  energy  approach. 

The  electrical  polarization  energy  Up  which  leads  to  the  build-up  of  the  bound  surface  charge 
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density  on  the  k-th  surfaces  is  given  by 

-yD,%dv^  -  (32) 

where  we  recognized  the  equivalency  of  the  polarization  energy  C/  to  internal  piezoelectric  coupling 
energy  Up^  (6z,  1996).  denotes  the  piezoelectrically  active  volume  and  Ep{f)  iethe  electric-field 
vector  induced  due  to  polarization.  P  and  are  the  polarization  field  and  ele&ric  displacement  field 
vectors  due  to  mechanical  strain,  respectively.  The  pair  of  surfaces  along  the  p^-th  coordinate  direction 
each  with  equal  and  opposite  amount  of  charge  effectively  represents  a  k-th  capacitor  capable  of 
storing  electrical  energy  due  to  polarization  in  the  k-th  direction.  Hence  along  the  orthogonal  coordinate 
directions,  the  total  capacitive  energy  stored  due  to  the  external  work  done  by  the  mechanical  strain  can 
be  written  as 


where  W,.  is  the  capacitative  energy  stored  and  Q  is  a  generalized  capacitance  in  the  k  -th  direction. 
Regardless  of  this  concept,  the  totai  capacitive  energy  can  be  represented  by  a  single  total  capacitance 
C  and  the  total  charge  deposited  on  the  surface  electrodes  of  the  sensor.  Since  this  capacitive 
energy  is  due  to  polarization  caused  by  mechanical  strain,  we  have  W,.  =  Up! 

In  general,  a  piezoelectric  sensor  can  be  designed  to  sense  a  particuiar  component  of 
deformation  if  we  require  that  its  stored  energy  Wp  or  Up  or  Up,  mimic  the  strain  energy  due  to  the  desired 
component  of  deformation.  Denoting  the  desired  component  of  strain  energy  by  Up*,  the  sensor 
realization  equation  must  be 

n'p=iy^=yau^=au; 

1  -i  <33) 

lc-^Q^  =  lf9^EdV^  =  aU; 

where  i  is  a  proportionality  constant  signifying  the  fraction  of  the  desired  strain  energy  converted  into 
capacitive  energy  via  direct  piezoelectric  action. 


Suppose  that  we  wish  to  realize  an  iSMF  by  a  piezoelectric  sensor  to  sense/filter  the  r-th  mode 
of  motion  only.  The  strain  energy  U„  for  the  r-th  mode  is 


(34) 

Hence  combining  Eqs.  (33)  and  (34)  we  must  have 

C-'Q^= f9^EpdV^=a^[u^%{<^)dp^f) 

(35a) 

= { 1 u  ’■^£^((1)^  dpP  =  i;  di] 

(35b) 

Qen  =  f u 

(35c) 

We  used  Eq.  (31)  for  ^(t)  in  Eq.  (35a)  to  obtain  Eq.  (35b).  Then  in  the  resulting  expression,  Eq.  (35c), 
we  recognize  that  measurement  of  charge  will  simply  be  the  piezoelectric  realization  of  the  r-th  spatial 
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modal  filter  expression  Eq.  (31)  through  a  proportionality  constant.  It  now  remains  to  obtain  the  particular 
polarization  field  that  the  piezoelectric  sensor  domain  must  have  to  satisfy  Eqs.  (35).  This  time 
considering  the  polarization  strength  distribution  profile  functions  P,,;  that  appear  in  the  direct  piezoelectric 
constitutive  equations,  in  an  analogous  manner  to  the  case  of  modal  actuators,  it  is  shown  in  (Oz,  1996) 
that  the  following  equation  must  be  satisfied  to  realize  an  Independent  Spatial  Modal  Filter  for  the  r-th 
mode 


, /V,.s-  (36) 

where  all  quantities  are  exactly  as  defined  for  Eq.  (30)..  Equation  (36)  yields  the  required  sensor 
polarization  strength  profile  functions  P|^(p)  represented  in  P  to  realize  a  modal  sensor  for  mode  r.  Note 
that  a  and  a  are  different  proportionality  constants  which  can  be  related  to  each  other  (Oz,  1996).  The 
same  form  of  the  solutions  given  by  Eqs.  (30)  and  (36)  establish  the  duality  of  piezoelectric  modal 
actuators  and  sensors. 

In  concluding  the  developments  above,  we  point  out  that  the  equality  of  the  capacitive  energy 
stored  and  the  direct  piezoelectric  coupling  energy  is  tantamount  to  the  electrostatic  EOM  generally 
identified  as  the  sensor  equation  for  an  r-th  piezoiayer  (Oz,  1996).  From  the  duality  of  the  piezoelectric 
modal  actuators  and  modal  sensors,  we  conclude  that  the  same  modal  piezoelectric  layer  designed 
according  to  Eq.  (30)  or  (36)  can  perform  both  as  a  modal  actuator  and  a  modal  sensor.  These  are 
referred  to  as  self-sensing  actuators  (Tzou  and  Hollkamp,  1994). 

5.  Concluding  Remarks 

Recently,  Lee  and  Moon  (1990)  presented  concepts  and  experiments  on  designing  modal 
sensors  and  actuators.  Lee  (1992)  specifically  points  out  the  connection  between  the  IMSC  technique 
and  control  and  sensing  by  using  modal  piezoelectric  actuator  and  sensor  distributions.  More  recently. 
Tzou  and  Hollkamp  (1994),  and  Tzou,  Zhong,  and  Hollkamp  (1994)  presented  the  concepts  and 
experimental  realization  for  one-dimensional  systems  of  independent  modal  control  and  orthogonal 
piezoelectric  modal  actuators  and  modal  sensors.  In  this  paper,  we  showed  for  multi-dimensional 
systems  that  these  recent  developments  in  independent  control  of  the  modes  of  a  DPS  with  orthogonal 
piezoelectric  actuators  and  sensors  indeed  represent  the  practical  implementation  of  the  general  theory 
of  distributed-IMSC  presented  and  advocated  by  Meirovitch,  6z,  Baruh,  and  Silverberg  during  the  last 
fifteen  years.  The  results  presented  in  this  paper  imply  that  the  modal  actuators  and  modal  sensors 
represent  continuous  layers  of  piezoelectric  elements.  The  reader  is  referred  to  (6z,  1996)  for  the  cases 
where  multiple  piezoelectric  patch  actuators  and  patch  sensors  are  to  be  used  to  affect  the  distributed- 
IMSC. 
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Abstract 

In  the  last  two  decades,  several  models  have  been  developed  for  the  simulation  of  gross  nonlinear 
motions  of  multibody  systems  which  incorporate  elastic  members  with  small  deformations.  Although 
these  models  represent  the  real  system  sufficiently  well  for  simulation,  a  closed-loop  controller  designed 
on  the  basis  of  such  models  may  result  in  instability  if  applied  to  the  real  system. 

In  this  paper,  the  value  of  a  model  consisting  of  superelements  for  control  synthesis  is  investigated. 
The  superelements  approximating  flexible  bodies  with  beam-like  structures  are  composed  of  a  series  of 
rigid  bodies  interconnected  by  joints  and  springs.  As  an  example,  the  nonlinear  equations  of  motion  of 
a  plane  flexible  robot  with  two  links  are  derived  and  linearized  for  control  synthesis.  A  first  controller 
is  synthesized  by  using  the  pole  placement  method.  Applied  to  the  ‘real  system’  represented  by  a 
highly  accurate  finite  element  model,  the  controller  leads  to  instability.  Therefore,  a  second  controller 
is  synthesized  by  using  left  coprime  factorization  and  Hoo-niinimization  resulting  in  robust  behavior. 

1  Introduction 

Industrial  robot  manipulators  have  to  serve  conflicting  goals:  Demands  on  high  velocities  lead  to  large 
dynamical  forces,  whereas  energy  efficiency  requires  light  weight  constructions.  Both  requirements  can 
only  be  met  by  allowing  flexible  deformations  at  normal  working  conditions.  However,  to  guarantee 
safety  and  accuracy,  open  and  closed  loop  controllers  have  to  be  applied  to  such  systems. 

A  basic  requirement  for  control  synthesis  is  a  mathematical  model  of  the  system  to  be  controlled. 
For  the  above  mentioned  structures  the  method  of  elastic  multibody  systems  has  been  established 
which  takes  into  consideration  a  gross  nonlinear  reference  motion  as  well  as  small  deformations.  For 
describing  small  elastic  deformations  different  approaches  are  available: 

•  finite  elements, 

•  continuous  systems , 

•  rigid  bodies  interconnected  by  joints  and  springs. 

A  controller  designed  with  these  models  may  fail  if  applied  to  the  real  system  due  to  modeling  errors 
and  spillover  effects,  see  Engell  [1]  and  Czaijkowski  et  al.  [2]. 

In  this  paper,  the  third  approach  will  be  considered  in  more  detail.  A  plane  two-link  flexible  robot, 
known  from  Klee’mann  [3],  Fig.  1,  is  modeled  by  6  rigid  bodies  interconnected  by  auxiliary  joints  and 
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springs.  On  the  basis  of  this  model,  called  design  model  in  the  following,  controllers  will  be  designed 
using  two  different  methods,  the  pole  placement  method  and  Hoo-niinimization.  To  check  the  influence 
of  modeling  errors  and  the  performance  of  the  controlled  system,  a  second,  highly,  accurate  model  on 
the  basis  of  a  finite  element  approach  is  generated.  This  will  be  called  the  plant  model  and  is  used  as 
a  representation  of  the  real  system.  In  Table  1  the  physical  properties  of  the  flexible  robot  are  given, 
see  Kleemann  [3]. 


body  1 

1  body  2 

geometry: 

left  joint  of  the  beam 

[m] 

0.115 

0.075 

right  joint  of  the  beam 

[m] 

0.1 

^  0.05 

flexible  beam 

[m] 

0.535 

0.625 

mass: 

left  joint  of  the  beam 

[kg] 

3.33 

1.1 

right  joint  of  the  beam 

[kg] 

4.44 

1.13 

flexible  beam 

[kg/m] 

2.51 

1.12 

moment  of  inertia: 

left  joint  of  the  beam 

[kg  m2] 

13  •  10-3 

1.6-10-3 

right  joint  of  the  beam 

[kg  m2] 

11.5-10-3 

0.51  - 10-3 

drive 

[kg  m2] 

0.45  ■  10-3 

0.14  - 10-3 

stiffness: 

beam 

3 

to 

1215 

218 

transmission: 

ratio 

105 

161 

Table  1:  Physical  properties  of  the  flexible  robot 
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2  Equations  of  motion 

The  equations  of  motion  for  the  design  model  can  be  found  from  the  well-known  multibody  systems 
approach.  The  equations  of  motion  for  the  plant  model  may  be  generated  either  from  a  multibody 
systems  approach  extended  by  finite  elements  with  small  displacements  or  from  a  pure  finite  element 
approach  including  gross  nonlinear  motion.  In  the  following,  the  first  approach  will  be  used. 

2.1  Design  Model 

In  rigid  multibody  systems,  fiexibility  is  represented  by  so-called  superelements.  A  superelement  con¬ 
sists  of  three  rigid  bodies  connected  by  revolute  joints  and  springs,  Fig.  2.  For  plane  motion,  a  free 
superelement  has  two  internal  and  three  external  degrees  of  freedom.  The  parameters  for  stiffness, 
inertia  and  geometry  have  been  identified  by  Rauh  [5]. 

The  model  for  the  plane  robot  consists  of  two  superelements  and  two  main  joints,  one  for  each 
elastic  arm,  resulting  in  6  degrees  of  freedom.  By  formulating  Newton’s  and  Euler’s  equations  for  each 
body  and  applying  d’Alembert’s  principle,  the  equations  of  motion  can  be  found  as 

M(q)q  +  k(q,  q)  =  h(q,  q,  t)  (1) 

where  M  is  the  mass  matrix,  k  is  the  vector  of  the  gyroscopic  forces,  h  is  the  vector  of  generalized 
applied  forces,  and  q  is  the  vector  of  generalized  coordinates  describing  the  motion  of  the  robot. 


Figure  2:  Superelement  of  a  two  dimensional  beam 


For  control  synthesis,  the  equations  of  motion  may  be  linearized  with  respect  to  the  final  position. 
The  resulting  equations  can  be  written  in  state  space  form: 

X  =  Ax  -h  Bu  ,  y  =  Cx  ^2) 

where  x  is  the  state  vector  summarizing  coordinates  q  and  velocities  q.  The  vector  u  contains  the 
two  inputs,  which  are  the  two  torques  acting  at  the  joint  of  each  body  and  the  vector  y  contains  the 
four  outputs,  assuming  that  the  joint  angles  and  the  tip  displacements  of  each  body  can  be  measured 
Fig.  1: 


^  r  jT* 

n  72  J  ,  y  =  [  <^1  (f>2  Wi  W2  ]  .  (3) 

2.2  Plaint  Model 

Following  the  approach  used  by  Melzer  [6] ,  the  equations  of  motion  for  a  multibody  system  with  elastic 
members  axe  derived  using  d’Alembert’s  principle,  too: 


Sr^(pa  -  f“ 


V 


Se^cr^dV 


=  0 


(4) 
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The  acceleration  vector  a,  the  virtual  strain  vector  Se^  and  the  virtual  displacement  vector  6t  are  found 
from  the  position  vector  of  a  material  point 

r  =  r(^,  q)  (5) 

using  shape  functions  ^  and  generalized  coordinates  q  =  [q^  where  qr  describes  the  rigid  body 

motion  and  q/  represents  the  elastic  deformations.  The  volume  integrals  in  Eq.  (4)  can-be  pre-computed 
using  a  finite  element  approach.  The  resulting  equations  of  motion  have  the  same  structure  as  Eq.  (1) 

•^re/(^re/)Qre/  ^refi^ref  y^ref)  “  frre/ (^re/j  Qre/j  (6) 

where  the  subscript  ref  denotes  the  use  of  Eq.  (6)  as  reference  model  for  the  real  system.  For  the  plant 
model  of  the  elastic  robot,  each  arm  is  discretized  by  40  finite  elements.  After  modal  condensation  we 
end  up  with  a  model  with  14  degrees  of  freedom. 


Table  2:  System  eigenvalues 


design  model 

plant  model 

0 

0 

0 

0 

0 

0 

0 

0 

-3.6744e-02  ±  3.6864e+01i 

-3.4140e-02  ±  3.7274e+01i 

-1.5428e-01  ±  7.7016e+01i 

-1.6228e-01  ±  7.7389e+01i 

-8.6413e-01  ±  4.3219e+02i 

-7.6067e-01  ±  4.5192e+02i 

-3.1699e+00  ±  6.6207e+02i 

-3.8222e+00  ±  7.8770e+02i 
-7.3933e+00  ±  1.5741e+03i 
-1.0993e+01  ±  2.5319e+03i 
-3.1359e+01  ±  3.3241e+03i 
-8.5318e+01  ±  5.7518e+03i 
-5.9892e+01  ±  6.0726e+03i 
-2.4022e+02  ±  9.2358e+03i 
-1.7411e+02  ±  1.1411e+04i 
-4.7205e+02  ±  1.8876e+04i 

Table  2  shows  a  comparison  of  the  eigenvalues  of  the  two  models  for  the  robot.  Obviously,  the  zero 
eigenvalues  due  to  the  uncoupled  rotations  of  the  arms  are  the  same,  while  the  nonzero  eigenvalues  of 
the  design  model  deviate  from  the  plant  model  due  to  modeling  errors.  Furthermore,  in  the  design 
model  not  all  eigenvalues  are  taken  into  consideration.  Both  errors  affect  the  overall  behavior  of 
controllers  based  on  the  more  simple  design  model. 

3  Controller  Synthesis 

Firstly,  the  robot  is  driven  from  the  start  position  =  -45^,  <^2  =  45"^  to  the  end  position  =  45'', 
(j)2  =  —45®  using  a  bang-bang  open  loop  controller  calculated  from  rigid  body  analysis.  The  results  of 
the  rigid  body  analysis  are  illustrated  in  Fig.  3.  In  the  final  position  a  closed  loop  controller  is  switched 
on  to  damp  out  the  vibrations  and  minimize  the  position  error.  The  closed  loop  control  design  is  based 
on  the  linearized  design  model. 

3.1  Pole  Placement 

For  state- variable  feedback  an  observer  has  to  be  applied,  Fig.  4.  The  feedback  matrices  R  and  E 
for  the  controller  and  observer,  respectively,  can  be  calculated  independently  by  the  pole  placement 
method  from  the  desired  poles  of  the  closed-loop  system.  This  was  done  by  using  the  software  package 
MATLAB  [7]. 


96 


J.  HAUG  AND  W.  SCHIEHLEN 


Applying  the  resulting  controller  and  observer  to  the  plant  model  leads  to  instability  due  to  positive 
eigenvalues,  Table  3.  Additionally,  this  result  is  illustrated  for  the  first  8  eigenvalues  of  the  closed  loop 
plant  model  in  Fig.  5.  A  detailed  error  investigation  shows  that  this  instability  effect  is  not  only  due  to 
truncation  of  modes  but  also  due  to  errors  in  the  eigenvalues  of  the  design  model.  Therefore,  a  robust 
controller  will  be  designed  in  the  following  section. 
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Figure  5:  Poles  of  the  open  and  closed  loop  system 


3.2  Robust  Controller 

Using  a  normalized  left  coprime  factorization  description  of  the  model  a  controller  can  be  designed 
giving  maximal  robustness  against  unstructured  model  errors,  see  McFarlain  and  Glover  [8].  The 
controller  is  computed  by  performing  Hqo  minimization. 

The  matrix  of  transfer  functions  corresponding  to  Eq.  (2)  is 


G(s)  =  C(l6S-A)-iB  , 

where  le  is  a  6  x  6  idendity  matrix.  A  normalized  left  coprime  factorization  can  be  written  as 
G  =  D-^N 


where 


(7) 

(8) 


N  =  C(l6S-(A  +  HC))-iB  and  D  =  C(l6  s  -  (A  +  HC))-iH  +  I4  .  (9) 

The  matrix  H  is  computed  by  solving  the  generalized  filtering  algebraic  Riccati  equation  [8].  With 
the  factorized  transfer  function  the  controller  K  can  be  calculated  from  the  following  minimization 
problem 


K 


inf 

stabilizing 


I4 

K 


(I4  +  GK)-iD-i 


00 


1 


Pmax 


where  the  maximal  stability  margin  p^ax  is  calculated  as 


Pmax  =  yi-||[N  D]||^ 


(10) 


(11) 
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using  the  Hankel  Norm.  This  problem  can  be  solved  by  using  standard  Hoo  minimization  [7].  Therefore, 
the  system  has  to  be  arranged  in  form  of  a  generalized  feedback  representation  shown  in  Fig.  6  where 
the  matrix  for  the  augmented  plant  P  is  given  as 


P  = 


-D-i 

0 

-D-i 


-G 

h 

-G 


(12) 


Figure  6:  Generalized  feedback  arrangement 


In  order  to  receive  a  good  performance  of  the  closed  loop  system,  a  desired  shape  of  the  singular 
value  plot  of  Q  =  GK  has  to  be  obtained.  This  can  be  accomplished  by  open  loop  shaping,  i.e. 
weighting  the  matrix  of  transfer  functions  G  as 


Gw  =  WoGW/ 


(13) 


where  for  the  given  example  the  weighting  matrices  are  chosen  to  be  constant: 

r  100  0  0  0  1 

100  0 
0  200  ■ 

0  0  0  300  I 


Wo  = 


100  0  0 

0  300  0 


Wi  = 


(14) 


In  Fig.  7  the  singular  values  of  the  design  plant  G(s),  the  weighted  design  plant  Giv(s)  and  the  matrix 
of  transfer  functions  Gw(s)ii!rw(s)  which  represents  the  quantitative  performance  of  the  closed  loop 
system  are  shown.  After  computing  the  controller  Kw  using  Eq.  (10)  on  the  basis  of  the  weighted 
plant  G^v  the  final  solution  for  the  original  plant  can  be  obtained: 


K  =  WiKwWo  .  (15) 

Applying  the  resulting  controller  to  the  plant  model  leads  to  a  stable  closed  loop  system,  Table  3. 
In  addition,  this  result  is  illustrated  for  the  first  7  only  negative  eigenvalues  of  the  closed  loop  system 
in  Fig.  8  in  contrast  to  the  first  controller,  which  has  shown  some  positive  eigenvalues.  Fig.  5.  Figure  9 
shows  the  time  behavior  of  the  system  without  closed  loop  controller,  characterized  by  strong  vibrations. 
Figure  10  represents  the  time  behavior  of  the  plant  with  bang-bang  open  loop  and  the  robust  controller. 
Obviously,  the  behavior  is  stable. 
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afG;[dB] -  a(G)[dB] 

a(G^vJ[dB] -  a{Gw)[dB] 

aiGy^K^m'B]  -  a{GwFry,)m] 


Figure  7:  Singular  values  of  the  design  plant  G(s),  the  weighted  design  plant 
Gw(s)  and  the  matrix  of  transfer  functions  Gw{s)Kw{s) 


Figure  8:  Poles  of  the  open  and  closed  loop  system 
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Figure  9:  Time  response  of  the  flexible  deformations  w\ ,  W2  and  the  displacement  of  the 
end  effectors  from  the  desired  position  j/i,  2/2  after  open  loop  control 


Figure  10:  Torques  tj,  r2,  angles  ^1,  (j>2  and  displacement  of  the  end  effectors  from  the 
desired  position  yi ,  y2  for  combined  open  and  closed  loop  control 


4  Conclusions 

In  this  paper,  a  flexible  robot  is  modeled  for  control  design  by  a  rigid  multibody  systems  approach 
using  superelements  for  approximating  elastic  beams.  Such  a  rough  model  simplifies  control  design  but 
it  may  result  in  erroneous  eigenvalues  compared  to  an  accurate  plant  model.  A  classical  state  feedback 
controller  designed  on  the  basis  of  such  a  simple  model  may  then  result  in  instability  if  it  is  applied  to 
the  real  system,  whereas  a  robust  control  design  yields  satisfactory  results. 
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Table  3:  System  eigenvalues 


poleplacement  controller 

L7oo-controller 

design  model 

plant  model 

design  model 

plant  model 

-llil.OOOi 

-35±1.000i 

-9±2.000i 

-30±12.00i 

-28±32.19i 

-7±36.19i 

-25±68.85i 

-5±76.85i 

-20±372.2i 

-3±432.2i 

-20±592.1i 

-2±662.1i 

-2.69655±1.35220i 

-1.05965±1.88077i 
-2.98403  ±1.57787i 
-26.4449±32.1089i 
1.09867±59.7810i 
-25.0116±69.1325i 
38.7776±75.1259i 
-97.4938±87.3932i 
-19.8063±385.126i 
-1. 26790  ±449.793i 
-20.4332  ±598.444i 
-5.23938  ±775.089i 
-758.149±1574.08i 
1.46803±2532.67i 
865.039±3324.26i 
3508.09±5751.34i 
290.554±  6074.10i 
39070.5±9238.93i 
167.051  ±11412.4i 
54678.2±18881.8i 

-50.1419 

-292.469 

-8.74732tl3.3253i 

-12.1852H5.1144i 

-26.9174±29.3775i 

-140.185i63.7447i 

-37.7267ifi5.0028i 

-40.7346t72.6638i 

-66.850(MB6.9316i 

-3.5575Ctb432.495i 

-3.62259M32.932i 

-13.61051fi62.148i 

-13.5747i662.374i 

-85.0004 
-279.327  . 
-16.5779t8.37190i 
-44.6019H5.7678i 
-6.1658afcl6.7730i 
-26.6622fc48.8267i 
-32.524Qtfil.8415i 
-160.57Q±84.7682i 
-37.428Qt85.4585i 
-4.38792t436.967i 
-1.44847±450.238i 
-5.167861fi64.929i 
-5.677021:786.447i 
-7.38658fctl574.13i 
-11.1672±2531.84i 
-31.3682t3324.07i 
-85.320at5751.82i 
-59.90521fi072.62i 
-240.219±9235.84i 
-174.1imi411.0i 
-472.054il8875.9i 
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Abstract 

In  this  paper,  a  control  command  for  flexible  robots  is  elaborated  by  using  a  non  linear  decoupling 
technics.  The  dynamical  model  is  obtained  by  a  modal  synthesis  method  and  a  feed  back  on  the  elastic 
variables  is  also  considered.  The  control  law  takes  into  account  the  dynamical  model  after  removing  the 
Lagrange  multipliers.  An  example  of  the  control  of  a  flexible  arm  is  investigated  and  shows  the  efficiency  of 
this  non  linear  control  law. 

1.  Introduction 

Weight  minimization  and  large  accelerations  in  many  robotics  applications  lead  to  an  increasing  tendancy 
for  elastic  vibrations.  Light  structures  in  robotics  allow  a  better  ratio  payload/weight  of  the  robots  and 
energetic  reduction  for  the  motors  in  the  joints.  In  space  applications,  the  very  long  and  slender  geometric 
dimensions  induce  important  vibrations.  Manipulators  arms  require  a  reasonable  accuracy  in  the  end-point 
positioning  of  the  arm.  This  accuracy  is  deteriorated  by  structural  deformations.  For  improving  the 
performance  of  these  flexible  robots,  the  elastic  deflections  must  be  taken  into  account  in  the  control  law,  in 
order  to  damp  their  motion.  Classical  control  laws  defined  for  rigid  robots  can  be  extended  for  flexible  robots 
but  they  will  not  have  the  same  ideal  performance  as  the  number  of  actuators  is  less  than  the  number  of 
variables  to  control. 

Several  different  methods  have  been  proposed  in  the  last  few  years  in  order  to  solve  this  problem  :  Inverse 
dynamics  and  computed  torque  applied  to  the  position  control  multilinks  elastic  robots  (Ref  1),  L  Q  R  method 
based  on  a  linearized  behavior  model  and  a  state  feed  back  (Ref  2),  singular  perturbation  methods  where  the 
elastic  and  the  rigid  motions  are  supposed  to  be  time  separable  (Ref  3),  non  linear  decoupling  methods  based 
on  the  dynamical  model  of  the  robots  (Refs.  4  -  5).  In  this  work,  the  last  method  is  used  because  the  non 
linearity  in  the  behavior  of  the  robots  seems  to  be  a  predominant  effect. 

2.  Modelisation  of  the  robot 

Let  us  consider  a  multibody  open  chain  robot  composed  of  NB  bodies  articulated  by 

(TVB-l)  joints 

Each  component  (5,  )  can  undergo  small  elastic  deformations  and  large  displacements.  In  the  past,  several 
methods  has  been  proposed  for  the  dynamical  analysis  of  flexible  multibody  systems  :  Analytical  methods 
(Refs.  6  -  7),  approximated  methods  using  non  linear  finite  elements  discretisation  (Ref  8)  ;  resolution  of  the 
motion  of  each  flexible  component  into  a  large  rigid  body  motion  and  a  small  elastic  displacement  (Ref  9).  In 
this  work,  this  last  method  is  used,  together  with  a  modal  synthesis  method  giving  for  each  flexible 
components  an  approximate  value  of  the  (small)  displacements  field  (Ref  1 0). 

2.  /.  Dynamical  model  of  one  flexible  component 

For  each  flexible  components  (S, )  of  the  robot,  the  motion  is  resolved  into  a  rigid  motion  of  a  reference 
configuration  (J^>^)  and  a  small  elastic  displacement  q  (Fig.  1). 
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The  inertial  position  u  of  every  material  point  M  is  given  by  : 

u  =  Oq  O  ->rOM'+  MM  =a+u^  +  x  +  Q  (1) 

where  ^  =  g(x,r)  is  the  elastic  displacement  field  related  to  an  undeformed  reference,  configuration 

(i/hr)  x  =  0  M  gives  the  position  of  the  point  M  which  is  assumed  to  be  rigidly  connected  to  the 
reference  configuration  gives  the  rigid  body  translation  motion,  or  is  a  constant  vector.  The 

choice  of  the  reference  configuration  will  be  given  later.  Let  us  introduce  the  orthogonal  matrix  P  giving  the 
position  of  the  local  frame  (Rf^  rigidly  connected  to  the  reference  configuration  (Jb^)  with  respect  to  the 

inertial  frame  (Ri„er)-  (  ‘P  =  P”' ).  P  defines  the  rigid  rotationnal  motion  of  the  body. 

The  column  matrix  of  the  inertial  components  of  vector  u  is  given  by  : 

u  =  a+u^^j.  +  P(x^  +  ^)  (2) 

where  x  and  are  the  column  matrices  of  the  local  components  of  vectors  x  and  o. 

The  local  motion  equations  of  the  flexible  component  are  :  ^ 

div(^S)+pQf  =  p^ii  in  (yto)  (3) 

where  (cHjo)  is  the  initial  configuration  of  the  body,  p^  is  the  initial  mass  density,  ^  is  the  second  Piola- 
KrichofF  stress  tensor,  {f  is  the  strain  gradient  defined  by  du  =  ^dx . 

=  /*(  f  +  V.  )  (  £  Unitarian  tensor) 

V  is  the  gradient  operator  with  respect  to  the  local  components  of  vector  X,  f  is  the  body  applied  force. 
Assuming  small  strains,  the  Lagrangian  strain  tensor  is  approximated  by  : 

-If,  =l/2('|Fr-F)3i=l/2(v.g'+ 'V.g') 

and  assuming  linear  constitutive  law,  the  stress  tensor  is  given  by  : 

5  =  (trace  E  +  2/^  ^ 

It  results  for  the  motion  equation  projected  in  the  local  reference  frame  (Rf  )  the  following  expression  : 

U(9'+2'/>Fc;'+-/>Fg‘>iaQ'] 

Ur  =  u^^^  +  Rx'^  gives  the  inertial  components  of  the  rigid  body  acceleration. 
k,  is  a  linear  differential  operator. 

By  application  of  the  virtual  works  principle,  with  a  virtual  displacement  J  Q* ,  we  obtain  : 
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f  A  ‘Sq'(q+2‘ppq‘+'pp  i^)dv 

L 

+  j  1  ‘S%‘(pof-Po‘PK)dv 


(5) 


Ih’ 


A  spacial  discretisation  of  the  reference  domain  (t^^  )  is  performed  by  means  of  finite  elements  method  . 

g^  =  AV)^ 

where  q  is  the  column  matrix  of  the  local  components  of  the  displacements  of  the  nodes  and  N(x^)  is  the 
interpolating  matrix. 

Assuming  a  virtual  displacement  of  the  body  in  the  form  S  =  NSq ,  the  virtual  works  principle  gives  the 
following  dynamical  equations : 


Mq  +  Cq  +  Kq  =  F^-F, 


(6). 


where  M  = 

c= 

K=K^  +  K, 

K,= 

•^1 

inT"  ' 

configuration 

(4,). 

5  J  dv  is  the  (constant)  structural  stiffness  matrix  ; 

Po  'N'PPNdv  is  the  dynamical  stiffness  matrix  ; 

dv  is  related  to  the  applied  forces  ; 


The  matrices  C,  and  are  time  variant. 

2.2  Incremental  motion  of  the  flexible  component 

The  motion  of  the  flexible  component  is  defined  by  an  incremental  method  (Ref  10)  :  in  each  time 
interval  the  reference  configuration  is  the  rigid  configuration  reached  at  the  time  and  the 

motion  equations  are  linearized  with  respect  to  the  increment  of  displacement  q^^  of  this  time  interval  (Fig.  2). 
The  increment  q^  is  splitted  into  a  rigid  increment  q"  and  a  flexible  increment^^  : 

(ln=q"r+q"ci 

Let  us  consider  the  matrix  X  giving  the  modes  shapes  of  the  body  assuming  that  the  reference 
configuration  (C/6^)  is  fixed.  A  is  a  constant  matrix  defined  by  : 
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where  N  is  the  total  degrees  of  freedom  of  the  nodes,  Xj  is  the  mode  shape  associated  with  the  pulsation 
COj.  The  modal  matrix  X  is  splitted  into  the  matrix  Xj,  of  rigid  body  mode  shapes  and  the  'matrix  X^  of 
deformation  mode  shapes. 

Assuming  that  the  increment  is  small,  this  increment  is  expressed  as  a  linear  combination  of  the  rigid  modes 
and  the  deformation  modes  : 


VjX, 


nd 

y-1 


X.  r  +  Y , 


F;  =  AT" 


(7) 


Y  = 


F 


gives  the  modal  amplitude  of  the  modes,  n  d  is  the  number  of  deformation  modes  chosen  :  in  most 


cases,  only  few  deformation  modes  are  used,  namely  low  frequencies  modes. 

The  new  generalized  variables  of  the  dynamical  model  are  defined  by  the  equations 


V„F"+g’„F''+wF''  =  3;-3/-’ 


(8) 


where  %.  =  'XK,X  is  the  generalized  stiffhess  matrix  ;  ^ ^  =  X  C^^X  is  the  generalized  damping 

matrix  ;  m=XMX  is  the  (constant)  generalized  mass  matrix  ;  ^”=X  F”  and  are 

related  to  the  applied  forces  and  to  the  residua!  inertia  forces  respectively. 


2. 3  Dynamical  model  of  the  whole  system 


The  dynamical  model  of  the  robot  is  deduced  from  Eq.  (6)  (Ref  10) ; 

jM^  +  C  t  +  K  q^F^-F„^T+‘P[jX]  (/) 
|g(f7)  =  0  07) 


q  is  the  column  matrix  of  the  local  components  of  the  displacements  increments  of  the  whole  system,  F  is  the 
column  matrix  of  the  local  components  of  the  forces  or  torques  produced  by  the  actuators,  F^  and  are 

the  column  matrices  of  the  applied  forces  and  residual  inertia  forces  for  the  whole  system,  M  X  X  ^ 

are  block-diagonal  matrices  defined  from  Mj , Cj ,  K-  and  Pj{]  ~  1 , . .  NB )  by  : 


Mr. 


NB 


At  last  X  is  the  column  matrix  of  the  Lagrange  multipliers  associated  with  the  constraint  equations  (/7)  in  which 

U  is  the  column  matrix  of  the  inertial  components  of  the  nodes  of  the  whole  system  and  J  is  the  Jacobian 
matrix  of  the  function  g. 

The  constraint  equation  (9)  (//)  is  linearized  on  the  time  interval  : 
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g((/  "•' )  =  g(U  ”) + [-0]  AU +4^  (7f )  =  0 
^J^AU=J„  -f7")  =  0 


From  the  incremental  motion  of  the  system  (Fig.  3),  we  deduce 

u"=u:^p„_,r, 

Ur  is  the  column  matrix  of  the  inertial  components  of  the  reference  motion  of  the  nodes  for  the  whole  system, 
is  the  column  matrix  of  the  local  components  of  the  flexible  increments  of  the  nodes.  By  projection  of  the 
constraint  equations  (//)  on  the  modal  basis  of  the  whole  system,  we  obtain 

=  00) 

where  is  the  column  matrix  of  the  modal  amplitudes  of  the  deformations  modes : 


Yj  is  of  the  same  size  as  Y 


O 


The  relation  between  and  can  be  written  in  the  following  form  : 


P.  =  P..,AP. 


where  A  P„  gives  the  small  rigid  rotation  increments  of  the  system.  It  results  that  the  constraint  equations  (10) 
take  the  form  : 


(11) 


On  the  other  hand,  the  generalization  of  the  equation  (8)  to  the  whole  system  gives  the  following  equation  : 

\K/"+t.P+mt"  =  x-3;-'+’xr 

l+v./i"  < 


2. 4  Numerical  integration 

The  numerical  code  used  is  the  PLEXUS  Software  (Ref  1 1)  in  which  a  Newmark  semi-explicit  scheme 
is  chosen  for  the  integration  of  the  motion  equations  : 
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7”+'  =  7"+zl/7”+  ±il_  7« 


7«  =  7'’->+^  (7’"-' +  7'’) 


From  these  formulas  and  from  the  constraint  equations  (1 1),  we  obtain  : 

f”  =  M„  Y^-Y"- At  F"-‘  -  —  f 

At^  L  2 


The  acceleration  7  "  is  computed  from  the  dynamical  equations  (10)  in  which  7  "  is  estimated  by  its  value  in 
the  middle  of  the  step  (Ref  11): 


7"  =  fF„+m-'  'Tu„X"+rn-^  ‘XT 
<W„=m-^  (3;-V-’-r„  7"-  „ 

Y^n-M2  _  I  ^  ^ 

2 

From  formulas  (13)  and  (14),  we  deduce  the  Lagrange  multipliers  : 


A  »« 

Y  ^  ^  Y 


;r„rn-^Xr 

where  H”  =  ;r„  m  ‘  ‘  7t„  is  a  square  matrix  of  dimensions  {n,  x  nj  {n^  is  the  number  of  scalar 
constraints)  which  is  supposed  to  be  non-singular. 

From  formulas  (14)  and  (15),  we  deduce  the  incremental  acceleration  at  time  t  : 


r  1- 

1  _ 

1 

\H'] 

L  ^  J 

"  "  At^ 

Y" +  ^  X r 


\z"  =  (e-hi)w„A  7; 


r -Y" -AtY"-' F"-' 


where  -  m  ^  k„  is  a  square  matrix  of  dimensions  ( TV  xiv)  {N  total  number  of  degrees 

of  freedom  of  the  whole  system) ;  £  is  the  ( TV  x  7^)  Unitarian  matrix. 

3.  Dynamical  control  laws  in  the  joint  space 

The  aim  is  to  choose  the  control  forces  or  torques  produced  by  the  motors  at  the  joints  in  order  to  obtain 
a  desired  trajectory  defined  in  the  joint  space  and  to  damp  the  elastic  vibrations.  The  main  difficulty  to  solve 
this  problem  is  that  the  actuators  act  only  on  the  rigid  body  degrees  of  freedom. 
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To  design  the  control  laws,  we  use  the  dynamical  model  (17)  in  which  a  split  of  the  rigid  variables  and 
the  deformation  variables  are  done  in  order  to  obtain  the  rigid  body  accelerations  : 


'V  =  2;  +  (<v,/x,  +  0’^/x,)r  (i) 

< 


We  define  the  following  control  vector  at  each  time  ; 


v"  =  u" +g:  u:-u: 


d  e 


u: 


(19) 


In  this  formula,  the  notations  U  and  U  give  the  relative  velocities  and  the  relative  accelerations  (in 
local  reference  frames)  of  the  components  of  matrix  u  . 

The  desired  trajectory  is  defined  by 


'U,,  =  0 


At  last,  G;  ,  G;  ,  G/  and  G/  are  gains  matrices.  These  matrices  are  chosen  in  order  to 
minimize  the  rigid  error  e='U-''U^  and  the  flexible  error  and  their  first  and  second 

derivatives  with  respect  to  time.  If  the  dynamical  model  (17)  is  used,  we  assume  the  following  relation  : 


F "  =  g;  =  Or  +  Or  +  z;  +  (x^  c.  ‘x, )  r 


from  which  the  control  torque  is  obtained  : 


r  =  A"  v-u 


z,  z; 


A’Ax,f„'x^  +  x,f^/xX 


Hence  the  obtained  torque  depend  on  the  control  vector  and  on  the  dynamical  model  and  includes  a  feed  back 
of  the  rigid  and  elastic  variables. 

For  practical  implementation  of  the  obtained  control  command,  only  some  special  nodes  will  occur  in 
the  expression  (19)  of  the  control  vector,  namely  the  nodes  where  the  actuators  lie  and  some  nodes  where  the 

deformations  have  to  be  damped.  It  results  that  in  the  feed  back  gains  matrices  G/,  ,  Ur  only  the 

terms  related  to  these  nodes  are  not  equal  to  zero. 

By  substitution  in  the  dynamical  model,  the  errors  on  the  rigid  and  flexible  variables  are  given  by  : 
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■^,  =  Li- ni  - m  (g;  ^ +g;  ^  +g/  ^ +g/  ^)- 

'^=(x,clfj/X,+X,0^,‘X,)A„ 

i^  =  ni{ur'+x,z’i^-x^z"j 


In  terms  of  the  error  on  the  state  vector  ^  the  formula  (20)  takes  the  form  : 


[L  =  -gax„ 


o  ^ 

0 

o 

1V= 

(0010  \ 
0  0  0  1 

I  I  I  I 

rn  rn  jn  rn 

M  H  ^1  y 

^g; 0  00  ^ 
o  G^O  o 
o  o  g;  o 

,000  G,^j 


The  obtained  equation  is  a  non-linear  equation. 


The  gains  matrix  G,  which  have  to  be  chosen  in  order  to  minimize  the  rigid  error  and  the  magnitude 
of  the  elastic  variables,  can  be  obtained  by  linearization  of  equation  (21)  in  the  vicinity  of  a  point  of  the  desired 
trajectory  (Ref  4)  and  by  using  standard  technics  of  computation  of  the  gains  matrix  for  linear  systems. 

4.  Test  example 

This  control  command  is  applied  to  a  single  planar  flexible  robotic  arm  (Fig.  3).  At  one  end  of  the  arm, 
there  is  a  rotational  Joint  acted  by  a  motor.  At  the  other  end,  a  concentrated  mass  m  is  rigidly  connected  to  the 
robotic  arm.  The  numerical  data  of  the  system  are  the  following  : 


Lenght  \L-\m 

Crossed  section  \  S  =  1,5 10“^ /w^ 

Concentrated  mass  :  m  =  5,9  kg 

< 

Mass  density  :  Po  =  7,810^  kg/w^ 

Young  modulus  :  £  =  210^  ^  ! np- 

Poisson  ratio :  v=0,35 

We  use  the  two  first  vibrations  modes  of  the  link  with  clamped-ffee  boundaries  conditions.  The 
associated  frequencies  are  /,  =  0,26//.  and  /j  =  1,1 1//..  In  this  simple  model,  there  is  only  one  rigid 
variable  6,  acted  by  the  torque  F ;  the  desired  trajectory  is  defined  by 
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% 


-T 

Vm  / 


-15 


-T 

vC  ) 


+  10 


^ I 

\^m) 


where  =  85'. 

For  the  elastic  variables,  we  choose  to  control  the  tip  of  the  link,  namely  the  transverse  deflection  and  the 
slope  . 

The  corresponding  feedback  gains  are  0^  =  100,  G;  =  20,  G^  ='[-20,20],  G,“' ='[20,-20], 

The  results  of  the  simulation  are  shown  on  the  Figures  5  -  8,  The  curve  (Fig.  5)  shows  that  for  the  rigid 
vanable,  the  desired  trajectory  is  well  followed.  The  curve  (Fig.  6)  shows  the  behavior  of  the  flexible  arm 
controlled  by  a  linear  PID  law  corresponding  to  the  control  gains  :  G^  =  9,  G,.  =  6,  G.  =  4.  The 
simulation  shows  that  in  this  case,  the  desired  trajectory  is  not  well-followed. 

The  curves  (Fig.  7  and  8)  show  that  with  the  non-linear  control  law  chosen,  the  elastic  deformations  at 
the  tip  of  the  arm  are  very  quickly  damped.  The  computational  time  necessary  to  obtain  the  control  torque  at 
each  time  step  takes  about  3.5  ms.  The  damping  of  the  elastic  variables  is  obtained  from  the  feed  back  of  these 
variables  in  the  control  command. 

5.  Conclusions 

In  this  work,  a  dynamical  model  for  flexible  robots  is  used  to  design  a  non-linear  control  law  in  order  to 
follow  a  desired  trajectory  in  the  joints  space  and  to  damp  the  structural  vibrations  of  the  links.  As  test 
example,  a  one  single  flexible  robotic  arm  is  chosen  ;  the  numerical  simulation  shows  the  efficiency  of  this  non¬ 
linear  control  law. 
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FRICTION  CONTROL  IN  MULTIBODY  SYSTEMS 


H.  Bremer 
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Munich,  GERMANY 


Abstract: 

Friction  is  an  important  factor  in  most  mechanical  engineering  applications.  It  may  either  cause  undesired 
behaviour  like,  for  instance,  stick-slip  vibrations  in  a  mechanical  clutch,  or  control  inaccuracies  in  fine  point 
robot  control.  Or  it  may  directly  be  used  for  energy  dissipation  like  in  turbine  blade  dampers  or  in  mechanical 
brakes.  The  main  difficulty  hereby  is  the  fact  that  friction  depends  on  actual  parameters  like  temperature, 
humidity  and  aging,  just  to  mention  the  most  important  ones. 

Since  the  first  experimental  results  from  the  17th  and  18th  century  (Amonton,  Euler,  Coulomb)  many  attempts 
have  been  made  to  derive  a  mathematical  theory  of  frictional  processes.  However,  general  mathematical  mo¬ 
dels  which  include  every  important  parameter  have  not  yet  been  found.  It  is,  therefore,  more  convenient  to 
get  information  on  the  friction  by  on-line  measurement  instead  of  numerical  precalculations.  The  necessary 
measurement  data  is  already  available  in  actively  controlled  systems. 


1  Introduction 


In 


Friction  forces  in  general  depend  on  normal  pressure  and  relative  velocity  at  the  contacts  points. 
case  of  dry  friction  it  is  known  by  experience,  that  sliding  friction  has  lower  values  than  the  maximum 
possible  sticking  forces,  which  causes  in 
some  CcLses  stick-slip  vibrations.  Howe¬ 
ver,  using  special  paper  lining  between 
the  contacting  bodies  may  also  lead  to 
smaller  sticking  than  sliding  force  coef¬ 
ficients.  This  is  commonly  used  in  au¬ 
tomatic  changeover  gears  which  operate 
with  a  mechanical  clutch.  In  any  case, 
the  amount  of  friction  may  be  charac¬ 
terized  by  a  velocity  dependent  coeffi¬ 
cient  fjL.  Assuming  smooth  transition 
from  stiction  to  sliding  friction  may  be 
represented  by 


dfjL 


i  =  (1) 


Fig.  1;  Friction  coefficient  over  relative  velocity 
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(A//  may  be  positive  or  negative).  The  common  way  to  describe  the  friction  coefficient  is  by  curve 
fitting.  One  corresponding  result  was  given  by 


A  '^rel 

fi  =  fj,^-  Afi - =- 

I  Vrel  I  +  — 

T 


(2) 


(see  [1])  which  represents  a  first  order  Taylor  expansion  of  eq,(l).  However,  such  an  experimental  result 
can  only  be  valid  for  a  given  set  of  actual  parameters  which  may  alter  during  operational  processes. 
Eq.(2)  is  therefore  used  as  an  input  for  numerical  calculations  but  treated  as  unknown  for  control 
calculations. 


2  Feedforward  Control  and  Reference  Path 


The  equations  of  motion  of  a  mechanical  system  read 


M{z)z  +  g{z,  z)  =  Bu  4-  f 

^  V  T  Tlniin 


Bu=y 


^in,i  d”  ^  y 
2  =  1 


dz 


(3) 


Control 


O 

O 

pp  cv 

o 

* 

o 


>>  o  I  1  I  1  I  I  1  I  I  I  i  I  I  I  I 

i  1.0  1.5  2.0 

X 

Fig.  2;  Scara  straight  line  (below),  control  (above) 


where  index  in  denotes  input  forces  and 
torques  while  d  represents  disturbances 
(friction  in  the  actual  case). 

Equation  (3)  yields  directly  the  open 
loop  control  input  for  the  desired  path 
Zo  when  z^  (and  derivatives)  is  inser¬ 
ted.  In  the  absence  of  friction  one  gets 

M{zo)zo  +  g{zo,  Zo)  =  Buo  (4) 


2,1  Scara  Robot 


The  simplest  representation  of  a  Scara 
robot  is  given  by  a  double  pendulum 
with  z  =  (a/?)^  being  absolute  coordi¬ 
nates.  The  equations  of  motion  read 


M{z)z  -h  g{z,  z)  =  JBw  +  / 
Bu=( 

tp 


f 


\  r  /  \ 

f  dv\  I  dv\  . 

I  ^  I  \5z/  \0z/ 


/  Ji mi$l m2p  m2S2h  <^os{a  — /3) 

V  m252/i  cos(a  —  /?)  J2  +  ?^252 


g  z=  m2liS2  sin(a  -  /?) 


(5) 
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The  maneuver  considered  is  drawing  a 
straight  line  beginning  with  (a^/^o)  = 
(20^160®)  and  ending  with  (ae/?e)  = 
(70®  110®).  The  results  are,  in  the  ab- 
sence  of  friction,  given  in  Fig.  2, 


2.2  Automated  Clutch 


In  case  of  a  sliding  clutch  the  equation 
of  motion  of  the  motor  coordinate  sim¬ 
ply  reads 


(pM  =  apM  +  /  +  P  (6) 

Jm  Jm 


where  Jm'-  motor  moment  of  inertia, 
a  =  k,/Jm-  «  is  assumed  known  from 
a  characteristic  field  and  is  a  charac¬ 
teristic  length.  For  a  known  p  one  gets 
an  optimized  clutch  torque  (not  shown 
here)  with  clutch  pressure  time  history 
according  to  Fig.  3.  The  pressure  is 
achieved  by  digital  control  with  AT  = 
10  [ms]  as  sampling  rate.  During  this 
time,  Mo  is  assumed  to  be  constant. 

2.3  Influence  of  Friction 


Clutch  Pressure 


Coeff.  Needed 


o 


Fig.  3:  Optimized  clutch  pressure  time  history 


It  is  obvious  that  the  automated  clutch  cannot  operate  with  unknown  friction.  It  was  shown  by 
numerical  calculation  that  the  changeover  process  gets  unstable  if  the  real  input  value  changes  too 
much  compared  to  the  nominal  input  value. 


X 


Fig.  4:  Scaxa  maneuver  with  friction  Fig.  5:  Path  deviation  for  the  elastic  robot,  compa¬ 

rison  of  reference  and  measured  strain  gauge 
signcds  (dashed) 


In  case  of  the  considered  scara  robot  a  straight  line  cannot  be  achieved  if  friction  (with  p=const.) 
occurs,  Fig.  4, 
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Finally,  to  mention  a  more  realistic  robot  case,  the  simulation  of  a  flexible  robot  (two  elastic  links)  has 
been  proven  by  experiments  [2]:  In  case  of  friction  the  desired  path  could  of  course  not  be  realized, 
Fig,  5, 


It  ist  therefore  a  demanding  question  to  estimate  friction.  This  can  be  achieved  adapting  classical 
observer  theory,  which  in  the  following  will  be  discussed  briefly. 


3  Friction  Observer 

3.1  General  Theory 


Observer  theory  will  here  be  discussed  for  linear  plant  representation  (deviation  from  reference  state, 
first  order  Taylor  expansion),  [3].  Aim  of  the  minimum  dimension  observer  is  to  estimate  nonmeasured 
state  variables.  Here  we  assume  that  every  state  variable  is  available.  Observer  theory  is  then  applied 
to  the  augmented  state  which  includes  friction  input.  Corresponding  equations  are  represented  by 


i  =  Ax  +  /GlR”,  y^Cx,  C  = 


(7) 


(E:  unit  matrix).  The  unknown  disturbance  /  is  represented  by  a  combination  of  basic  functions  e, 
which  are  solutions  of  the  first  order  linear  differential  equation 


f  =  He, 


(8) 


yielding 


f  i  \  _  f  A  H 
e  )-[  0  F 

X  A 


y  c 


(9) 


The  estimated  state  vector  x  G  IR^,n  =  n  +  r  is  cissumed  proportional  to  an  estimation  ^  G  IR’^ 
corrected  by  a  measurement  input  S^y- 


lE=Sii  +  S2y,  Si  G  IR”'’’ ,  52  G  IR”-” 

k  =  D^  +  Ly,  (lo) 
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Using  a  (still  unknown)  transformation  T  G  IR’"'”,  which  transforms  x  into  the  subspace  defined  by 
yields  the  following  condidions: 

(4  -  Tx) 0  (11) 

leading,  for  the  limiting  values,  to 

COND  1:  E-  SiT  -  S2C  =  0  G  IR”’”  (12) 

COND  2:  TA-DT-LC  =  0e  IR''’”  (13) 

Inserting  these  into  (^  —  Tx)  shows  that  for 


^(^-Tx)  =  £)($-rx) 


(14) 


it  is  a  necessary  condition  for  eq.(ll)  that  matrix  D  is  asymptotically  stable.  Following  [4]  one  may 
chose 


T=[-T*Er],  T*gIR^’", 


(15) 


{Ea  =  E  e  IR"’“Va:  identity  matrix).  Condition  1  (eq.(12))  is  then  fullfilled,  while  T*  is  still  arbitrary. 
From  condition  2  (eq.(13))  one  obtains 


D  =  TASi, 

L  =  TAS2  (16) 


The  estimation  then  reads,  with  eq.(7),  eq.(lO),  eq.(15) 


E  0 
T*  E 

A  0 
L  D 


D  =  -[T*H  -  F], 


T  =  -[T*(A+ HT*)  -  FT*]. 


(17) 

(18) 
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Transforming  eq.(18)with  eq.(17)  yields 


3.2  Basic  Disturbance  Functions 

The  estimation  ^  according  to  eq.(lO)  basicly  depends  on  eq.(8).  Chosing  F  as 


/  0  1  \ 


F  = 


VO 


1} 


eJRT 


(20) 


for  only  one  disturbance  input  yields  an  arbitrary  time  dependent  polynomial  vector 

=  (cir”^/(r  —  1)!  C2t^ fr\  ■  •  -Cr)^  with  coefficients  q  which  are  on-line  adjusted  by  the  estimation 
procedure.  With  this  statement,  any  disturbance  can  be  represented.  The  necessary  condition  for 
correct  disturbance  estimation  is 


A  = 


A  H 
0  F 


^  (i?,  F)  observable. 


(21) 


The  observability  condition 


Rank[JEZ'^  H'^]  i  r 


(22) 


assures  observability  for  every  dimension  r,  especially  r  =  1  yielding  F  F  =  0  i.e.  e  =  e  =  const. 
Augmenting  for  several  independent  disturbance  inputs,  one  may  chose  jP  =  0.  This  means  that  every 
disturbance  is  reconstructed  with  constants,  which  are  adjusted  to  the  real  disturbance  time  history  by 
the  observer  input,  mainly  due  to  the  feedback  of  real  and  estimated  measurement.  Although  F  =  0 
seems  to  be  a  quite  rough  approach,  most  applications  showed  a  very  good  disturbance  estimation 
(which  of  course  depends  on  T*),  see  for  instance  [5],  [6].  Hence,  using  F  =  0  yields 


D  =  -[T*H],  L  =  -[T*(A  -{-  HT^)] 


(23) 


and  demonstrates  the  asymptotic  approach  of  e  in  eq.(19)  with  =  D  being  asymptotical  stable 

according  to  eq.(14)  et  sequ. 


120 


FRICTION  CONTROL  IN  MULTIBODY  SYSTEMS 


4  Friction  Control 


4.1  Automated  clutch 


To  start  with  the  simplest  case,  the  automated  gear  is  considered  with  eq.(6).  Using  x  =  (pM  -\-Moj  Jm 
yields  the  onedimensional  state  equation  x  —  ax  +  f.  Along  with  h=l,e  =  /,e  =  0  one  has,  according 
to  eq.(9) 


a  1 
0  0 


:  ..=(10, : 


Chosing  T*  =  X  yields  for  eq.(15) 
r  =  (-Ai), 


5i 


With  correspondig  D  and  L 
from  eq.(23), 

=  L=-A(a4-A), 

one  gets  for  eq.(19) 


(25) 


(26) 


d  !  X 

dtl  / 


a  0 
0  -A 


/ini/ 


Fig.  6:  Estimation  scheme 


(24) 


yielding 


x{t) 

m 


Xoe'*'' 


fo^~ 


7/(^> 


—  at 


,xt 


(28) 


Le.  for  /  =  const  for  instance,  the  real  disturbance  is  asymptotically  estimated  with  /  =  f-\-foexp{—Xt) 
(A  sufficienty  high).  For  the  real  case,  p  is  recalculated  from  eq.(6)  for  every  sampling  rate  AT  in  which 
the  clutch  pressure  p  is  held  constant,  yielding  results  according  to  Fig.  7 
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Coeff.  Needed  Coeff.  Estimated 


240  280  320  240  280  320 

t  *10  t  +10 


Fig.  7:  Real  (left)  and  estimated  friction  coefficient  (right)  versus  time 


4*2  Scara  Robot 


Using  Uo  from  open  loop  control  yields  along  with  a;  =  -f-  A®  a  linear  (time  dependent)  state 
equation,  which  can  be  treated  with  eq.(18)  in  order  to  obtain  the  unknown  friction  torques.  This 
means  for  friction  control,  to  superimpose  u  ^  Up  —  f .  Here,  for  H  E  £  /  =  e  G  IR^  the 

result  is  depicted  in  Fig.  8. 


Path  Estimation  Error 


Fig.  8:  Friction  torque  rejection  for  drawing  a  straight  Hne 


The  two  friction  torques  for  the  a  and  (3  direction  are  estimated  separately,  although  only  one  of  them 
would  have  been  sufficient  to  recalculate  the  friction  coefficient  fx.  However,  in  this  special  case  fx  itself 
is  not  of  interest. 
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5  PD-Control 

5.1  Slipping  Friction 


The  usual  way  to  control  (in  particular  flexible)  robots,  is  to  off-line  calculate  an  open  loop  control 
for  the  desired  reference,  which  is  augmented  by  suitable  corrections  (see  [7]  for  instance)  and  then 
to  superimpose  an  on-line  linear  (PD-)control.  Friction  estimation  as  described  above,  however,  is  an 
on-line  procedure  and  can  therefore  not  be  calculated  in  advance.  On  the  other  hand,  because  the 
magnitude  of  friction  is  not  directly  of  interest  in  case  of  robot  control,  one  can  get  rid  of  it  by  a  simple 
on-line  PD-control: 

U  =  Uo  —  D{z  —  Zo)  —  K(z  —  Zo). 

The  results  are  shown  in  Fig.  9. 


Path  Deviation 


O 

O  -T- 
CM 


0) 

a 


<  0 
t 


J-i.j  I  I  I  I  I  I  [ 


Path 


Relative  Velocities 


Fig.  9:  PD-friction-control  for  drawing  a  straight  line 


Once  using  linear  on-line  control  schemes,  one  can  even  neglect  the  open  loop  part:  Linearizing  for  the 
end  position  (z  =  Zgnd+Az)  assures  asymptotic  stability  for  the  end  point  with  u  =  -DAz-KAz  due 
to  Lyapunov’s  stability  theorems.  The  path  between  the  initial  and  the  end  position  is  then  somewhat 
arbitrary.  The  straight  line  considered  here,  however,  can  be  achieved  without  much  loss  of  accuracy, 
see  Fig.  10. 
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The  main  drawback  of  the  direct  linear  control  without  open  loop  support  is,  that  much  energy  is 
needed  when  the  maneuver  starts.  If  the  control  input  is  bounded,  then  asymptotic  stability  is  still 
guaranteed,  but  path  tracking  becomes  inaccurate,  see  Fig.  11. 


5.2  Stiction 


As  a  matter  of  fact,  control  becomes  ineffective  when  no  measurement  signal  is  available.  This  may  occur 
in  case  of  stiction.  The  relative  velocity  is  then  equal  to  zero  and  the  actual  friction  force  is  anywhere  on 
the  vertical  axis  in  Fig.  1,  according  to  the  actual  balance  of  generalized  forces.  A  common  procedure 
for  this  case  is  to  superimpose  high  frequency  signals  to  the  control  input  in  order  to  change  from 
stiction  to  sliding.  A  comparable  procedure  is  the  following:  In  case  of  actively  controlled  systems  one 
may  look  for  nonzero  measurement  signals  from  anywhere  else  and  feed  these  back.  This  means  to 
pass  over  from  local  to  non-local  feed  back.  Of  course,  stability  then  has  to  be  carefully  investigated, 
see  [9],  [8].  An  example  is  shown  in  Fig.  12:  Strain  gauge  signals  demonstrate  joint  sticking  after  an 
impact  on  the  tip  of  an  elastic  link  robot  for  local  joint  feedback.  Augmentig  PD-control  by  non-local 
measurements  avoids  sticking,  see  Fig.  13.  With  this  concept  sticking  will  only  occur  when  all  available 
signals  become  zero  at  once  -  a  very  unusual  case. 


Fig.  12:  Elastic  robot:  strain  gauge  measurements  near  Fig.  13:  Same  case:  joint  PD-control  augmented  by 

shoulder  (solid)  and  near  ellbow  (dashed)  after  curvatiure  feedback  (strain  gauge  signals) 

an  impact  at  the  tip,  joint  PD-control 


6  Conclusions 


Mechanical  multibody  Systems  with  friction  may  be  treated  in  various  manners.  The  proceeding  chap¬ 
ters  demonstrate  a  simplification  from  case  to  case.  Main  differences  hereby  are:  if  friction  itself  is 
needed  for  control,  like  in  case  of  automatic  gears,  the  observer  theory  is  a  powerful  tool.  The  presen¬ 
ted  example  is  furthermore  useful  in  antiskid  brake  systems  for  instance:  Here,  no  ^‘motor  dynamics” 
arise  at  the  wheel  (i.e.  a  =  0)  yielding  a  very  simple  and  robust  procedure  for  determination  of  actual 
friction  (independent  of  aging,  temperature  etc.).  On  the  other  hand,  if  the  amount  of  friction  is  not 
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explicitely  needed,,  then  a  PD- control  should  preferably  be  used  to  cancel  disturbances.  Even  stiction 
does  not  cause  severe  problems  using  a  dislocated  PD-control. 


The  PD-control  may  be  regarded  in  two  ways:  the  first  one  is  to  superimpose  open  loop  control  by 
PD-feedback  in  order  to  cancel  out  whatever  disturbs  the  desired  path.  Because  these  disturbances  are 
small  in  general,  this  kind  of  control  does  not  need  much  energy. 


Regarding  basic  stability  considerations,  the  feedforward-feedback  combination  can  be  reduced  to  over¬ 
all  PD-feedback  only.  However,  the  diflFerences  are  significant:  Overall  PD-control  needs  high  power  at 
the  beginning  of  every  maneuver.  This  is  a  basic  quality  of  simple  PD  controls:  Starting  with  conside- 
ribly  high  control  input  the  trajectory  approaches  the  objective  position  exponentially.  Furthermore, 
a  desired  path  can  not  be  guaranteed  but  is  somewhat  arbitrary. 


Thus,  in  case  friction  is  not  needed  itself  but  only  friction  rejection  is  wanted,  preference  should  be 
given  to  an  off-line  precalculated  open  loop  control  superimposed  by  linear  feed  back.  If,  however,  the 
maneuver  path  is  not  of  interest  but  only  the  end  position,  then  a  simple  bounded  PD-control  works 
satisfacory. 
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Abstract 

A  testbed  to  study  attitude  control  of  two  manipulator  coupled  spacecraft  has  been  developed 
at  the  Marshall  Space  Flight  Center  (MSFC).  This  testbed  currently  consists  of  a  single  vehicle  that 
represents  an  actively  controlled  spacecraft.  The  base  of  the  manipulator  is  rigidly  attached  to  the  wall 
of  the  MSFC  flat-floor  facility.  Design  and  development  of  the  testbed  is  presented  herein  including 
the  tuning  of  the  testbed  simulators.  Selected  experimental  results  are  used  to  illustrate  the  use  of 
the  testbed  for  component  development.  Plans  call  for  a  second  vehicle  to  be  added  to  the  testbed. 
A  simulator  incorporating  this  second  vehicle  is  described  and  simulation  results  for  that  case  are 
presented. 

1.  Introduction 

The  handling  of  a  large  controlled  spacecraft  using  a  robotic  manipulator  is  an  important  technol¬ 
ogy  for  future  space  missions  and  is  presently  planned  for  early  Space  Station  assembly  missions. 
The  operations  planned  require  precision  telerobotic  maneuvering  of  large  payloads  by  the  astronauts 
using  the  Remote  Manipulator  System  (RMS)  of  the  Space  Shuttle.  The  focus  of  this  research  is 
aimed  at  controlling  the  motions  of  large  payloads  (on  the  order  of  the  size  of  the  Space  Shuttle  itself) 

during  the  start-up  and  stopping  transients  that  result  from  the  flexibility  of  the  manipulator-coupled 
system. 

During  start-up  and  stopping,  the  direction  of  motion  of  a  large  payload  is  difficult  to  predict 
because  of  start-up  transients  and  subsequent  vibration  in  the  system.  One  fix  for  this  problem 
is  to  conduct  the  operation  slowly,  in  steps,  and  minimize  the  excitation.  If  objectional  vibrations 
do  occur,  then,  extra  time  is  required  for  them  to  settle  out.  This  solution,  although  immediately 
implementable  with  no  new  technology,  carries  with  it  the  penalty  of  extending  the  time  required  for 
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operations.  As  long  as  the  time  required  to  accomplish  the  maneuvers  is  not  an  issue,  this  solution 
is  adequate,  barring  frustration  of  the  human  operator.  However,  the  cost  of  orbit  time  is  high  and, 
if  multiple  launches  are  required,  an  entire  launch  may  possibly  be  avoided  if  mission  time  lines  can 
be  accelerated  and  the  utility  of  the  current  RMS  can  be  expanded  to  include  additional  precision 
operations.  Hence,  NASA  continues  to  develop  telerobotic  technology  that  addresses  these  problems. 

Both  simulation  and  hardware  testbeds  have  been  developed  for  advancing  tele”robotic  technol¬ 
ogy.  In  simulation,  batch  and  man-in-the-loop  simulators  with  realistic  display  and  control  interfaces 
are  used.  Concerning  hardware  testbeds,  ground  testing  of  hardware  is  necessarily  compromised 
since  providing  the  zero-gravity  of  space  is  not  possible.  To  overcome  this  difficulty,  techniques  have 
been  developed  using  hybrid  simulators  wherein  the  interface  loads  to  specific  hardware  components 
are  computer  driven  to  simulate  the  external  space  environment  of  the  component[1].  Additionally, 
NASA  facilities  have  been  developed  for  planar  motion  that  allow  testing  hardware  in  essentially  a 
frictionless,  free-free  environment.  One  such  facility  is  located  at  the  G.  C.  Marshall  Space  Flight 
Center  (MSFC).  Using  the  MSFC  facility,  a  testbed  for  developing  hardware  components  and  control 
system  techniques  for  manipulator  technology  has  been  developed  [2].  At  this  time  the  testbed  con¬ 
sists  of  an  anthropomorphic  manipulator  with  the  shoulder  attached  to  a  wall  of  the  facility  and  the 
wrist  attached  to  a  large  payload.  The  payload  and  the  elbow  joint  of  the  manipulator  are  supported 
using  air  bearings.  The  next  phase  of  the  testbed  evolution  calls  for  construction  of  another  payload 
to  replace  the  wall  attachment  so  that  free-free  operation  can  be  evaluated.  This  paper  is  a  progress 
report  which  discusses  overall  problems  of  the  telerobotic  control  of  space  robots,  overviews  the 
development  of  the  testbed,  and  presents  results  of  hardware  component  testing  accomplished  to 
this  time  and  results  of  simulation  studies  on  the  planned  free-free  testbed. 

2.  Problems  Addressed  and  Solution  Concepts 

Two  problems  are  addressed  herein.  One  is  the  precision  maneuvering  problem  alluded  to  in 
the  Introduction.  This  is  depicted  on  the  left  side  of  figure  (1).  On  many  telerobotic  systems,  the 
payload  can  be  viewed  from  the  teleoperator’s  location  and,  additionally,  from  other  perspectives 
using  television  displays.  Hand  controls  and  switches  provide  the  operator  inputs  to  the  system. 
With  extensive  training  the  operator  can  master  the  mapping  of  the  motion  of  the  payload  to  his 
inputs.  Uniformity  and  predictability  of  payload  motions  with  respecct  to  operator  inputs  is  a  key 
to  a  teleoperator’s  competence  and  satisfaction  with  the  system  and  short  training  cycles.  System 
designs  strive  to  accomplish  this  result.  Generally,  it  is  possible,  given  precise  control  of  each  joint  in 
angular  position  and  velocity  and  adequate  geometric  information,  to  precisely  control  the  position  and 
velocity  of  the  payload  using  inverse  kinematics.  Unfortunately,  flexibility  of  the  structural  members 
and  realistic  motor  responses  lead  to  small  errors  in  positioning  and  velocity  of  the  payload.  These 
errors  cannot  be  compensated  for  in  a  system  that  has  no  feedback  of  payload  position  or  velocity 
with  simple  control  schemes,  e.g.  PID  of  joint  servos  with  inputs  based  on  inverse  kinematics,  in 
large  manipulator  arms,  attempts  to  derive  these  variables  from  joint  position  and  rate  sensors  are 
frustrated  by  structural  flexibility.  Thus,  to  null  these  errors  requires  an  advanced  distributed  modelling 
capability  and  an  accompanying  complex  control  scheme,  or  other  more  advanced  hardware  devices 
that  can  remove  these  small  errors  at  the  payload  interface,  e.g.  a  high  bandwidth,  dextrous  end 
effector. 

Load  control  is  another  problem  addressed  herein  and  indicated  on  right  side  of  figure  (1).  The 
figure  depicts  docking  of  a  large  payload  to  the  Space  Shuttle  using  the  RMS.  This  operation  is  to 
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PRECISION  PAYLOAD  MANEUVERS 


Figure  1-  Problems  addressed  in  this  paper. 

be  attempted  on  STS-74  in  September  1995.  The  current  plan  is  to  position  the  payioad  in  ciose. 
proximity  and  align  the  docking  ports.  The  reaction  control  system  (RCS)  on  the  Space  Shuttle 
will  then  be  fired  to  provide  the  closure  velocity  and  forces  required  for  capture  and  latching  of 
the  docking  mechanism.  When  large  objects  come  into  contact  with  each  other,  extremely  large 
loads  may  be  transmitted  through  the  interface  mechanisms.  These  loads  may  jam  or  otherwise 
damage  the  interface  mechanisms,  grapple  fixtures,  and  end  effectors.  As  with  prrecision  maneuvers, 
these  problems  may  also  be  solved  by  augmenting  the  system  with  necessary  sensors  and  by  using 
advanced  control  schemes  that  depend  on  complex  modelling  or  by  incorporating  an  advanced  end 
effector  that  has  load  control  capability. 

Thus,  an  active  inertial  device  that  will  allow  precision  payload  positioning,  active  monitoring,  and 
control  of  loads  transmitted  to  the  payload  is  desirable.  The  device  should  be  designed  to  solve  the 
problems  of  figure  (1)  with  little  or  no  impact  on  the  existing  RMS.  A  potential  hardware  solution  to  the 
problem  was  proposed  in  reference  [3],  see  figure  (2).  This  proposed  solution  involves  an  independent 
device  called  an  End-Point  Control  Unit  (EPCU)  that  interfaces  the  payload  and  the  end-effector  of 
the  RMS  and  actively  controls  loads  transmitted  to  the  payload  using  active  compliance  and/or  inertial 
load  relief.  Vibration  isolation  is  provided  through  active  compliance  and/or  inertial  load  relief  through 
inertia  devices  such  as  control  moment  gyros  (CMGs),  reaction  wheels,  or  reaction  mass  actuators. 
The  EPCU  would  be  a  tool,  stored  in  the  payioad  bay  until  needed,  picked  up  by  the  RMS  or  other 
compatible  telerobotic  manipulators,  and  used  to  grapple  the  payload.  Astronaut  inputs  would  be 
provided  via  a  Power/Data  Grapple  Fixture  (PDGF)  which  would  return  appropriate  signals  so  that 
the  astronaut  can  monitor  safe  operation  of  the  unit. 

Active  compliance  was  also  proposed  as  a  potential  solution  to  the  problem  in  [4].  Since  inertial 
load  control  devices  carry  a  heavy  weight  penalty,  if  active  compliance  alone  can  solve  the  problem, 
that  is  the  most  attractive  of  the  EPCU  options.  Active  compliance  was  investigated  in  [4]  using 
a  simulation  of  the  MSFC  testbed  [2].  The  results  of  [4]  were  promising,  so,  it  was  decided  to 
test  an  active  compliance  EPCU  in  hardware  on  the  MSFC  testbed.  The  next  section  overviews 
development  of  the  testbed. 
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INERTUL  DEVICES 


Figure  2.-  EPCU  concept. 


FIXED  BASE 
SHOULDER  MOUNT 


Figure  3.-  Schematic  diagram  of  the  current  testbed. 

3.  Testbed  Development 

The  testbed  and  its  software  support  tools  consists  of  the  physical  apparatus  at  MSFC  and 
simulators  available  for  component  and  control  law  preliminary  design.  The  physical  apparatus  was 
assembled  from  existing  components  and  stock  items  available  at  MSFC  and  consists  of  a  payload 
and  a  two-link  arm  with  the  shoulder  attached  to  the  wall  of  the  flat  floor  facility  as  illustrated  in 
figure  (3).  The  payload  was  an  existing  vehicle,  referred  to  herein,  as  air  bearing  vehicle  1  (ABV1). 
Features  of  ABV1  which  made  it  ideal  for  this  application  are:  a  3  point  air  bearing  mechanical 
support:  a  sensor  set  which  includes  1  rate  gyro,  2  accelerometers,  2  laser  scanners;  a  propulsion 
and  attitude  control  system  which  includes  24  cold  gas  thrusters  and  1  CMG;  an  onboard  48  VDC 
power  supply  using  10  NiCd  Batteries;  and  radio  communication  to  the  onboard  486-based  computer 
control  system.  The  unit  is  about  2  m  square  by  1 .5  m  high  with  a  mass  of  approximately  2000  kg. 

Available  joint  motors  had  been  purchased  earlier  by  MSFC.  Hence,  the  preliminary  design 
consisted  of  selecting  the  manipulator  arm  design  characteristics  to  achieve  control  responses  and 
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system  frequencies  of  interest. 


Testbed  Preliminary  Design  and  NASTRAN  Modelling 

The  preliminary  design  of  the  testbed  employed  elementary  analysis  models,  NASTRAN  models, 
and  two  simulators.  The  first  simulator,  the  Multibody  Simulator,  includes  the  effects  of  flexibility 
in  the  linkages  using  component  mode  analysis.  It  uses  modes  and  frequencies  obtained  from  a 
NASTRAN  model  of  the  testbed.  The  second  simulator,  the  Closed-loop  Control  Simulator,  was 
intended  primarily  for  development  and  checkout  of  control  laws  and  operates  in  an  interactive 
workstation  environment.  This  simulator  was  also  used  in  the  preliminary  design  of  the  facility, 
see  [5].  For  the  Closed-loop  Control  Simulator  the  linkages  are  assumed  rigid  with  flexibility  lumped 
at  the  joint  locations.  The  following  subsections  describe  elements  of  the  preliminary  design  studies, 
the  NASTRAN  model,  and  the  two  simulators. 

A  NASTRAN  model  of  the  two  link  manipulator,  flexible  joints,  motors,  and  rigid  air  bearing 
vehicle  was  constructed  from  the  overall  system  model  illustrated  in  figure  (3).  The  arm  linkages 
were  modeled  using  CBEAM  elements.  The  joints  were  modeled  as  shown  in  figure  (4)  to  produce 
the  appropriate  load  paths  between  the  arm  linkages,  motors,  and  harmonic  drives. 

A  series  of  models  were  then  studied  for  preliminary  design  with  varying  linkage  lengths,  cross 
sections,  and  joint  angles.  In  these  models,  the  system  was  either  cantilevered  to  the  wall  or  free 
floating,  attached  to  a  second  identical  air  bearing  vehicle.  The  motor  rotors  were  either  locked 
to  the  motor  housings  or  free  to  rotate.  The  following  trends  were  observed.  The  system  natural 
frequencies  were  lower  when  the  rotors  were  free  than  when  locked.  In  reality,  the  joint  controllers 
will  act  as  springs  between  the  rotors  and  housings.  The  system  natural  frequencies  were  also  lower 
for  the  cantilevered  system  than  the  free  floating  two  body  system. 

The  target  first  system  bending  mode  was  on  the  order  of  0.05  Hz  for  the  cantilevered  system 
with  the  rotors  locked.  This  was  to  provide  a  margin  to  allow  frequency  to  increase  when  the  joint 
controllers  are  installed  and  the  facility  evolves  into  a  two  body  system.  The  CMGs  will  also  be 
improved  to  raise  the  current  gimbal  rate  limits. 

The  preliminary  design  resulted  in  an  arm  linkage  consisting  of  two  2.74  m  long  aluminum  I- 
beams.  The  flanges  are  0.076  m  by  0.0032  m  and  the  webs  are  0.1  m  by  0.0032  m.  Table  1  lists  the 
cantilevered  system  natural  frequencies  of  the  final  design  for  various  joint  configurations  indicated 
in  figure  (5).  The  label  fixed  pertains  to  the  locked  rotors  while  the  label  pinned  refers  to  the  free 
rotor  conditions.  The  true  system  frequencies  will  depend  on  the  joint  control  laws. 

The  preliminary  design  called  for  a  single  air  bearing  support  at  the  middle  joint.  This  air  bearing 
would  be  about  12  inches  below  the  arm  centerline.  An  early  NASTRAN  model  was  modified  to  add 
the  offset  mass  of  the  air  bearing  to  the  middle  joint.  As  a  result  of  this  modification,  the  first  torsional 
mode  dropped  from  11.7  Hz  to  2.04  Hz.  The  top  view  of  this  mode  is  shown  in  figure  (6).  Note  the 
motion  of  the  air  bearing  in  comparison  to  the  elbow  of  the  arm.  A  three  point  air  bearing  support 
was  selected  to  provide  additional  torsional  resistance.  In  this  configuration,  if  the  air  gap  of  one 
bearing  increases  due  to  torsion  such  that  it  loses  functionality,  the  resulting  decreasing  air  gap  on 
the  other  bearings  will  cause  a  force  imbalance  resulting  in  a  restoring  torque.  This  restoring  torque 
will  re-seat  the  raised  bearing.  By  imposing  these  boundary  conditions  in  the  NASTRAN  model,  the 
first  torsion  mode  was  increased  to  12  Hz. 
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Figure  4.-  Joint  model  free  body  diagram. 
Table  1.  System  analytical  natural  frequencies. 
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Figure  5.-  Configuration  identification  and  nomenclature. 
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Figure  6-  Configuration  0,  2.04  Hz.  torsion  mode 
Multibody  Simulation  Description  and  Results 

A  multibody  simulation  of  the  planned  testbed  in  configuration  1  was  constructed  using  a  public 
domain  simulation  tool  [6].  Figure  (7)  is  a  block  diagram  of  the  simulation.  Joint  commands  are 
produced  from  a  desired  tip  trajectory  using  an  inverse  kinematics  algorithm.  The  joint  servos  operate 
in  a  current  command  mode,  generating  torque  from  a  controi  law  based  on  joint  position  error.  The 
joint  controllers  and  CMG  function  independently  in  this  study.  Since  the  system  state  model  was 
made  of  finite  dimension  and  had  all  stable  poles  for  the  CMG  gimbal  rate  command  to  angular  rate 
sensor  transfer  function  open  loop  characteristics,  it  is  expected  that  there  is  a  finite  range  of  CMG 
gain  that  will  produce  stability.  The  CMG  on  the  mobility  base  is  driven  by  a  vehicle  control  law  to 
dampen  out  vibrations. 

In  the  model,  the  arm  linkages,  air  bearing  vehicle,  motor  rotors  and  harmonic  gear  drives  are 
treated  as  separate  bodies  that  are  connected  through  constraint  forces  and  moments  derived  from 
free  body  diagrams.  The  model  has  six  rigid  body  degrees  of  freedom  representing  joint  rotations 
and  motor  rotor  rotations.  The  gear  box  flexibility  was  modeled  as  torsional  springs  placed  in  the 
appropriate  load  paths  as  shown  for  a  typical  joint  in  figure  (4).  The  inner  link  is  attached  to  both  the 
rotor  and  the  gear  box  housing  so  that  the  torque  reflected  back  to  the  inner  link  is  comprised  of  the 
motor  torque,  the  torque  from  the  gear  box  housing,  and  the  torque  transmitted  to  the  outer  link,  but 
reduced  by  the  gear  ratio.  Note  that,  consulting  figure  (4),  the  torque  output  of  the  rotational  spring 
between  the  gear  box  housing  and  outer  link  is 


Tk  =  KR(0j  -  S™/N) 

where,  Tk  is  the  spring  torque  developed  between  the  outer  link  and  the  gear  box,  0j  is  the  joint 
rotation  and  ©m  is  the  rotor  rotation. 

Initially,  the  arm  linkages  are  modeled  as  flexible  bodies  using  the  assumed  modes  technique 
[7].  Free-free  modal  data  generated  from  NASTRAN  models  was  used  in  that  early  model.  Later, 
constrained  and  fixed-interface  normal  modes  (Craig-Bampton)  were  used  to  lower  the  number  of 
modes  required  in  the  simulation.  The  arm  linkages  are  2.743  m  long  with  a  mass  of  11.135  kg. 
Lumped  masses  and  inertias  were  attached  to  the  beams  to  simulate  the  various  brackets,  air 
bearings,  motor  housings,  etc.  The  shoulder  and  elbow  joint  motors  have  a  torque  gain  of  .407 
N-m/amp  and  a  peak  torque  of  6.5  N-m.  For  this  model  the  air  bearing  vehicle  mass  was  1694.35 
kg  and  the  moment  of  inertia  about  the  vertical  axis  through  the  center  of  mass  was  802.63  kg-m^. 
The  CMG  was  modelled  with  a  maximum  gimbal  rate  of  50  deg/s  and  a  peak  torque  of  39.72  N-m. 

The  joint  angles  initial  conditions  for  configuration  0  were  used  and  the  rotors  were  locked  to  the 
motor  housings  on  the  inner  bodies.  Excitation  was  by  firing  air  thrusters  on  ABVl  to  generate  a 
lateral  force  perpendicular  to  the  arm  of  177.93  N  for  .5  s.  The  simulation  was  run  with  and  without 
the  CMG  to  damp  out  the  motion  of  the  mobility  base.  Figure  (8)  is  a  graph  of  the  simulated  angular 


133 


R.  C.  MONTGOMERY,  P.  A.  TOBBE,  J.  WEATHERS,  AND  T.  S.  LINDSAY 


velocity  of  ABV1  with  and  without  CMG  controi.  The  CMGs  did  not  exceed  their  rate  limit  in  the 
simulation.  For  the  CMG  ciosed  ioop  control  case,  feedback  is  from  the  ABV1  rate  gyro  to  command 
torques  to  CMG  steering  law  software.  These  results  show  that  the  CMG  has  . adequate  control 
authority  to  suppress  vibrations  seen  by  the  mobility  base. 


Figure  7.-  Block  diagram  of  the  multibody  simulation. 


with  CMG  control 


time,  8 


Figure  8.-  Payload  angular  velocity  vs.  time. 


Closed-loop  Control  Simulator 

This  simulator  was  developed  using  a  symbolic  manipulator  [8]  to  generate  the  equations  of 
motion  of  the  testbed.  Joint  motors  iocated  at  the  shoulder,  elbow  and  wrist  joints  are  simulated 
using  electrical  characteristics  provided  by  the  manufacturer  of  the  motors.  The  armature  is  attached 
to  a  harmonic  gear  drive  that  is  modeled  as  a  spring  and  damper.  The  torque  output  of  the  CMG 
is  modeled  by  projecting  rate  of  change  of  the  angular  momentum  vector  of  its  spinning  rotor  onto 
the  vertical.  The  spin  axis  of  the  rotor  is  controlled  by  a  gimbal  servo  motor  which  was  represented 
by  a  second  order  transfer  function  with  a  damping  ratio  of  0.7  and  a  natural  frequency  of  3  rad./s. 
These  gimbal  servo  motor  output  characteristics  were  assumed  to  be  achievable  by  the  servo  in  the 
preliminary  design.  The  dynamics  of  the  system,  comprised  of  the  arms,  payload,  motors  and  the 
control  moment  gyro,  were  simulated  on  a  commercially  available  software  package  [9]. 
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4.  Initial  Testbed  Operation  and  Simulator  Tuning 

The  facility  was  fabricated  and  assembled  using  beam  characteristics  determined  in  the  section 
III  and  initial  testing  was  undertaken  in  December  1992.  These  tests  were  designed  to  examine  the 
control  authority  of  the  controllers  and  the  quality  of  the  sensor  set.  Selected  results  from  these  tests 
are  reported  here.  Four  configurations  were  tested  as  shown  in  figure  (5).  For  each  configuration, 
two  joint  motor  feedback  cases  were  tested.  One  was  for  the  free  condition  (no  feedback)  on  all 
joints  except  the  one  being  tested  and  the  other  was  for  maximum  spring  stiffness  effect  provided  by 
proportional  feedback  from  the  joint  angle  sensors.  The  spring  stiffness  effects  of  the  motors  were 
empirically  adjusted  to  their  maximum  values  obtainable  without  visible  self-excited  bending  motion 
of  the  arms.  The  feedback  gains  determined  by  this  process  were  16.27,  8.14  and  6.78  N-m  per 
degree  for  the  shoulder,  elbow  and  wrist  motors  respectively.  These  were  limited  because  of  noise 
in  the  angular  position  sensor  electronics.  This  noise  exceeded  1  degree  at  a  frequency  that  was 
dependent  on  the  value  of  the  feedback  gain. 

Figure  (9)  shows  y  accelerometer  outputs  for  configuration  1 .  For  excitation  common  to  both 
time  histories,  the  y-axis  jets  were  fired.  First,  the  system  was  quiescent  for  2  seconds.  Then,  the 
y-axis  reaction  jets  were  fired  for  2  seconds,  in  the  positive  y-axis  direction  and  then  fired  in  the 
negative  y-axis  jets  for  next  2  seconds.  The  jets  were  turned  off  for  the  remainder  of  the  run.  The 
free  response  seen  on  the  left  side  of  figure  (9)  shows  a  residual  oscillation  after  the  jets  were  turned 
off  with  a  measured  frequency  of  .1429  rad/s.  When  maximum  joint  angle  feedback  was  used,  the 
right  side  of  figure  (9),  this  oscillation  is  suppressed  but,  at  the  expense  of  a  oscillation  at  about  6.3 
rad/sec.  found  to  be  caused  by  the  noise  in  the  angular  position  sensor  electronics. 

Redesign  of  the  sensor  electronic  lowered  sensor  noise  characteristics  to  below  the  acceptable 
5  parts  in  a  1000  of  full  range.  Also  the  joint  motor  control  law  was  redesigned  to  incorporate  derived 
joint  angular  velocity  feedback  to  simulate  the  tachometer  feedback  on  the  Space  Shuttle  RMS. 
The  redesign  used  a  simple  Ts/(1+rs),  discretized  for  the  sample  rate  of  the  onboard  computer,  to 
derive  angular  velocity  from  the  joint  angle  measurement.  Experiments  were  performed  to  determine 
the  best  time  constant  in  the  differentiator  based  on  obtaining  the  highest  gain  on  the  rate  term  of 
the  proportional/estimated  derivative  (FED)  controller.  A  value  of  .05  s  was  selected  based  on  these 
studies.  Thus,  in  the  current  joint  FED  controller,  a  torque  command  to  each  of  the  joints  is  computed 
using  a  control  law  with  position  feedback  coming  from  resolvers  on  each  of  the  joints. 


Free  Response  Joint  Angle  Feedback 


time,  ft  time,  ft 

Figure  9.-  Y-accelerometer  outputs  for  a  y-jet  firing  for  configuration  1. 
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The  simulator  was  tuned  to  the  testbed  so  that  control  laws  could  be  developed  and  initially  tested 
using  it  with  some  hope  that  they  would  perform  properly  on  the  testbed.  Results  from  the  initial  tests 
in  conjunction  with  additional  data  from  hardware  data  sheets  were  employed  in  tuning  the  simulator. 
Aerodynamic  damping  coefficient  of  .15  s'^  was  estimated  from  free-vehicle  acceleration  data  by 
fitting  an  exponential  curve  to  the  acceleration  time  history.  Also,  the  nonlinear  variation  of  gear  box 
torque  output  with  angular  displacement  was  modeled  as  a  piecewise  linear  variation  suggested  in  the 
data  sheets  from  the  manufacturer.  Harmonic-gear  efficiency  was  another  important  factor  taken  into 
account.  Since  gear  efficiency  data  on  the  harmonic  drives  used  were  not  readily  available  without 
conducting  detailed  component  tests,  they  were  estimated  using  output  matching  from  test  data.  For 
this  purpose,  the  test  data  were  post-processed,  digitally,  using  a  two-pass  fourth  order  low-pass 
Butterworth  filter,  see  [10],  to  remove  noise  above  2  Hz  while  maintaining  zero  phase  distortion. 

Figure  (1 0)  presents  results  from  two  simulation  runs  (with  and  without  air  damping  of  the  payload 
included)  of  configuration  0  and  two  test  runs.  As  in  the  tests,  simulations  were  run  with  torque 
command  to  one  motor  at  a  time  and  assume  a  gear  efficiency  of  50%  for  harmonic  drive  gear  boxes. 
The  tests  were  set  up  for  the  initial  conditions  of  the  simulation  runs  to  the  accuracy  achievable  on 
the  system  readout  display.  However,  noise  in  the  joint  angle  sensor  system  resulted  in  some  error 
in  the  initialization  of  the  configuration.  A  doublet  torque  command  to  the  wrist  motor  of  100  N-m  for 
2  seconds  was  followed  by  -100  N-m  for  the  next  2  seconds  with  null  commands  for  the  remaining  4 
seconds.  As  seen  in  the  figure,  the  predicted  motion  is  in  general  agreement  with  test  data.  Inclusion 
of  estimated  damping  lowered  the  peak  response  by  about  15%  to  yield  a  closer  agreement  with 
the  test  data.  Unfortunately,  for  this  case,  configuration  0,  the  signal  to  noise  ratio  of  shoulder  and 
elbow  angle  encoders  was  so  unfavorable  that  a  meaningful  comparison  with  simulation  for  those 
joint  motors  was  not  possible. 


0  2  4  6  8 

time,  s 


Figure  10  Wrist  Joint  Torque  Input  Gear  Efficiency  =  50%Wrist  Joint  Angle 

5.  Component  Testing  up  to  This  Time 

The  EPCU  concept  offered  promise  as  indicated  by  the  results  in  [4].  This  promise  was  confirmed 
when  the  one  degree-of-freedom  EPCU  was  simulated  using  the  closed-loop  control  simulator.  Figure 
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(11)  shows  the  nomenclature  and  the  geometry  of  the  installation  as  simulated.  The  line  of  action 
of  the  EPCU  is  from  the  wrist  joint  motor  center  through  the  geometric  center  of  ABV1.  A  shoulder- 
torque  doublet  was  used  to  obtain  the  results  of  figure  (12).  A  proportional  control  law  was  used  with 
a  gain  of  1000  N/m  on  the  axial  force  Fg  from  the  displacement  L.  Since  ABV1  was  modelled  as  a 
rigid  body,  the  displacement  L  is  representative  of  the  stroke  required  of  the  EPCU.  The  axial  force 
and  stroke  of  the  EPCU  was  ±4  N  and  ±10  mm  respectively  for  the  run.  Compare  the  vibratory  motion 
of  the  wrist  on  the  left  with  the  smooth  motion  of  the  payload,  ABV1,  on  the  right.  This  and  other 
results  led  us  to  believe  that  stable  operation  of  a  one  degree-of-freedom  EPCU  could  be  achieved 
and  vibratory  wrist  motions  could  be  effectively  isolated  from  the  payload.  Consequently,  a  one 
degree-of-freedom  active  compliance  EPCU  was  designed  for  testing  on  the  testbed  at  the  MSFC. 
The  goals  of  the  testing  were  restricted  to  seeing  if  the  device  could  improve  tracking  performance 
and  reduce  interface  loads.  This  limitation  in  the  scope  of  the  testing  was  necessary  since  the  testbed 
did  not  have  the  displays  and  controls  needed  to  study  precision  positioning  in  detail.  Hence,  fully 
automated  maneuver  sequences  were  planned. 


ABVl 


Figure  11.-  EPCU  installation  simulated. 

WRIST  MOTION  PAYLOAD  MOTION 


4.731  4.737  4.743  4.749  4.755  4.761  5.955  5.961  5.967  5,973  5.979  5.985 

X,  m  X,  m. 

Figure  12.-  An  X-Y  plot  of  the  simulated  wrist  and  payload  motions  with  an  EPCU  active. 

The  EPCU  design  consists  of  four  subcomponents:  a  drive  mechanism,  a  linear  motion  constraint 
system,  feed  back- sensors,  and  digital  control  hardware  and  software.  Figure  (13)  is  a  schematic 
diagram  of  the  device.  The  drive  mechanism  consists  of  a  motor  controller  and  a  5-phase  stepper 
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motor  with  a  2.54  cm  pitch  diameter  gear  driving  a  rack,  providing  linear  motion  control.  The  shaded 
elements  in  figure  (13)  can  move  linearly  relative  to  the  unshaded  ones  ±2.54  cm  subject  to  the  linear 
motion  constraint  system.  The  constraint  system  consists  of  a  round  shaft  riding  in.  a  linear  bearing 
block  and  a  pair  of  guide  wheels  running  on  linear  rails.  EPCU  internal  feedback  sensors  include  an 
encoder  mounted  directly  to  the  motor  shaft,  and  a  6-axis  force/torque  sensor.  The  encoder  has  1500 
counts  per  revolution,  read-in  quadrature,  so  that  there  is  an  effective  resolution  of  6000  counts  per 
revolution.  The  force/torque  sensor  has  a  load  limit  of  448  N  of  force  in  the  axis  of  motion,  which  is 
currently  the  only  axis  monitored.  The  digital  control  hardware  is  a  typical  VME-bus  based,  laboratory 
computer  system  with  a  real-time  operating  system.  It  provides  the  capability  of  advanced  control 
law  implementation  for  the  EPCU  in  the  C  programming  language,  the  system  level  interfaces  to  the 
EPCU  sensors  and  motor  controller  as  well  as  the  control  computer  for  the  testbed.  The  EPCU  digital 
control  cycle  is  free  running  with  a  sample  rate  of  approximately  160  cycles/second. 

From  simple,  linear  momentum  considerations  and  dynamics,  the  given  motor  the  output  torque 
specification  can  be  used  together  with  the  available  stroke  to  determine  the  maximum  constant, 
payload-input,  command  speed  for  which  stroke  saturation  will  not  occur  when  the  payload  is 
accelerated  from  rest  if  the  arm  is  assumed  to  move  at  the  payload-input,  command  speed.  This  is 
referred  to  as  the  EPCU  design  speed  and  has  been  calculated  to  be  .0244  m/s  for  this  system. 

PAYLOAD  MOUNTING 


Testing  of  the  EPCU  was  accomplished  in  May,  1994.  The  device  was  mounted  between  the 
wrist  joint  motor  and  ABV1.  An  air  pad  was  added  at  the  wrist  joint  to  support  the  additional  weight 
of  the  joint  and  arm.  The  computer  onboard  the  ABV1  operated  independently  from  the  EPCU 
controller.  Therefore,  a  digital  output  was  provided  to  the  EPCU  controller  to  allow  the  computers 
to  be  synchronized  at  the  start  of  runs.  Additional  analog  outputs  were  added  to  the  ABV1  onboard 
computer  so  that  payload  velocity  commands  for  x  and  y,  and  angular  velocity  commands  could  be 
communicated  to  the  EPCU  controller  for  various  control  law  applications. 

Although  the  primary  focus  was  tracking  and  load  control,  some  limited  information  on  precision 
positioning  was  obtained  by  commanding  the  joints  of  the  manipulator  arm  to  lock  in  configuration  1 
and  the  EPCU  to  move  from  its  parked  location,  see  figure  (13),  to  the  center  of  its  stroke,  a  distance 
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of  0.0254  m  in  approximately  2  seconds.  No  instabilities  were  observed  during  this  operation  which 
was  always  smooth  and  predictable  except  for  one  instance  when  the  set  screw  locking  the  pinion 
gear  to  the  motor  shaft  was  loose  and  needed  to  be  tightened. 

For  each  of  the  tracking  and  load  control  tests,  the  initial  configuration  of  the  testbed  was 
configuration  1.  The  first  step  in  the  test  procedure  was  to  unpark  the  EPCU.  Then,  the  arm  was 
commanded  to  retract  at  a  constant  rate  along  the  negative  x-axis,  figure  (14).  The  retracted  position 
was  held  for  10  seconds  and  then  the  arm  was  commanded  to  return  to  the  initial  position  at  the 
same  rate  at  which  it  was  retracted.  The  final  position  was  again  held  for  10  seconds.  Data  gathering 
was  terminated  and  the  EPCU  was  parked.  Both  long  and  short  test  runs  were  made  since  several 
minutes  were  required  for  a  full  retraction  and  many  conditions  and  several  control  schemes  had 
to  be  evaluated.  For  short  runs  the  retraction  distance  was  0.305  m.  For  long  runs  the  arm  was 
retracted  to  the  maximum  retraction  configuration  shown  in  figure  (14)  and  then  returned  to  the  initial 
conditions  of  configuration  1.  The  total  retraction  distance  was  2.134  m  for  this  case.  Long  runs 
covered  most  of  the  useful  configurations  of  the  arm.  Speed  of  maneuvers  was  also  studied.  Runs 
with  constant  retraction  rates  between  0.0244  m/s,  the  design  speed,  and  0.0457  m/s  were  made.  In 
no  case  was  an  instability  detected  or  did  the  EPCU  hit  its  stops,  saturating  its  the  deflection  limits. 
Selected  results,  taken  at  and  above  the  design  speed,  are  discussed  below. 


Figure  14.-  Maximum  retraction  configuration  for  long  test  runs. 

Testing  of  the  EPCU  was  limited  to  a  one  week  time  period  because  of  the  expense  of  bringing 
together  the  equipment  and  personnel.  Five  control  laws,  briefly  described  in  [11]  were  used.  These 
control  laws  ranged,  in  simplicity  of  implementation,  from  simple  active  spring  control  laws  to  a 
more  modern  fuzzy  logic  controller  designed  using  Allen-Bradley’s  Fuzzy  Logic  EXplorer,  A-B  FLEX, 
[12].  Only  the  control  laws  corresponding  to  data  presented  herein  are  described.  Both  tracking 
performance  and  a  load  control  results  are  presented.  For  all  runs,  by  rigidly  clamping  it  at  the 
EPCU’s  center  position,  the  hardware  easily  accommodated  comparison  runs  for  cases  with  and 
without  the  EPCU  active. 

Figure  (15)  is  a  comparison  of  the  tracking  performance  for  the  EPCU  “clamped”  vs.  the  EPCU 
active  using  one  of  the  control  laws  tested,  the  “meanfz”  control  law.  The  speed  for  this  run  was  the 
design  speed  of  0.0244  m/s.  The  “meanfz”  control  law  is  an  active  spring  controller,  force  command 
proportional  to  deflection  measured  from  the  center  position,  except  that  the  force  feedback  signal 
is  conditioned  by  subtracting  the  current  value  from  the  mean  value  of  the  past  N  readings.  N  is 
chosen  to  obtain  stable  operation  without  oscillatory  force  output.  The  value  of  N=75,  corresponding 
to  a  mean  value  time  base  of  approximately  0.47  s,  was  used.  This  was  designed  to  eliminate  the 
effects  of  constant  offset  forces  caused  by  gravity,  air  pad  thrust  misalignment,  and  the  effects  of 
drift  in  the  force  sensor  reading.  It  is  difficult  to  see  any  tracking  performance  improvement  from 
this  data.  However,  the  standard  deviation,  a,  of  the  x  displacement  error  is  0.02527  m  for  the 
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Figure  15.-  EPCU  value  added  in  tracking. 

“meanfz”  control  law  case  and  0.02601  m  for  the  “clamped”  case  indicating  that  some  improvement 
was  actually  obtained. 

A  load  control  result  is  presented  in  figure  (16).  Here,  a  V-input  controller  is  used  and  the  speed 
for  the  run  was  increased  to  .0366  m/s.  The  V-input  controller  augments  active  stiffness  control  with 
a  feedforward  signal  computed  from  the  desired  velocity  of  the  manipulator  arm,  to  provide  for  future 
telerobotic  operation.  A  change  in  feedforward  signal  produces  a  pulse  in  velocity  proportional  to  the 
change  which  is  designed  to  ioad  the  EPCU  with  the  desired  change  in  iinear  momentum,  modulated 
by  the  peak  force  output  of  the  EPCU  motor.  For  the  load  control  run  of  figure  (16)  the  standard 
deviation  of  the  x  position  error  was  0.02969  m  and  peak  force  was  45  N  for  the  V-input  controller. 
For  the  “clamped”  case  it  was  0.03005  m  and  peak  force  was  75  N.  The  difference  in  the  standard 
deviation  for  the  “clamped”  case  runs  is  attributed  to  the  speed  difference  in  the  runs.  Thus,  almost  a 
50%  reduction  in  load  was  obtained  while  simultaneously  providing  a  modest  improvement  in  tracking 
performance.  This  result  is  contrary  to  the  proposition  that  improved  tracking  performance  can  be 
obtained  only  at  the  expense  of  increased  interface  ioad.  This  shows  that  the  EPCU  is  capable  of 
simultaneously  increasing  the  precision  of  tracking  and  reducing  interface  ioads  and  that  the  concept 
warrants  further  development. 

6.  Free-free  Testbed  Simulations 

The  next  step  in  the  evolution  of  the  testbed  is  to  add  another  vehicle  and  make  the  testbed 
free-free  in  the  horizontal  plane.  Thus,  another  vehicle  is  to  be  instailed  and  has  been  sized  to  be 
approximately  455  kg.  It  will  be  placed  at  the  payload  end  of  the  testbed.  ABV1  will  be  moved  to 
the  shoulder  joint.  The  configuration  is  illustrated  in  a  sketch,  figure  (17).  The  closed-ioop  control 
simulator  has  been  modified  to  simulate  this  testbed  configuration.  Again  a  symbolic  manipulator,  [8], 
was  use  to  derive  the  equations  of  motion  using  a  Lagrangian  formulation  and  to  generate  Fortran 
code  for  the  simulation  which  ran  on  a  workstation  using  different  commercially  available  simulation 
software  system,  [13].  This  process  was  selected  since  the  code  generation  option  of  the  symbolic 
manipulator  is  not  provided  by  the  commercially  available  simulation  software  package  used.  The 
testbed  was  modelled  as  two  rigid  vehicles  coupled  by  a  two-link,  manipulator  arm.  The  arm  links 
were  assumed  rigid.  Simulation  runs  were  made  using  doublet  torque  inputs  at  the  shoulder,  elbow. 
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Figure  16.-  EPCU  value  added  in  load  control. 
MSFC  FLAT  FLOOR  FACILITY 


Figure  17.—  Sketch  of  the  planned  free-free  testbed. 

and  wrist  joints  to  examine  the  range  of  motions  (translations  and  rotations  of  the  two  payloads  and 
arms)  that  need  be  provided  for  on  the  testbed.  The  magnitude  of  the  doublet  was  the  maximum 
allowable  for  each  individual  joint  motor. 

Figure  (18)  shows  the  simulated  testbed  configuration  and  nomenclature  used  for  presentation 
of  results.  Figure  (19)  displays  time  histories  of  the  variables,  x,  y,  Gz,  and  a^.  These  are  typical  of 
the  other  torque  input  cases.  The  range  of  variables  covering  by  all  simulations  are;  x  and  y,  ±.1  m; 
^1,  -20°  to  5°;  02,  +45°  to  -8°;  a-\,  -8°  to  15°;  and  az,  ±8°.  In  addition  to  providing  for  the  range  of 
motions  listed,  because  of  the  masses  involved,  some  means  of  arresting  testbed  is  recommended 
other  than  stopping  air  flow  to  the  air  pads  which  would  damage  the  precision  flat  floor.. 

7.  Conclusions  and  Future  Plans 

Because  of  the  high  cost  operator  training,  orbit  time,  and  the  possibility  of  expanding  the 
operational  utility  of  current  space  systems,  NASA  continues  to  develop  telerobotic  technology 
directed  at  improving  telerobotic  operations  in  space.  This  report  has  overviewed  one  such  activity 
—  the  use  of  a  development  testbed  at  the  Marshall  Space  Flight  Center.  The  design  history  of 
the  testbed,  simulation  and  hardware  testing  and  analysis,  has  been  summarized  including  plans  for 
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Figure  18-  The  simulated  testbed  configuration  and  symbols  used. 
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Figure  19.-  Simulated  responses  due  to  a  51  N-m  doublet  at  the  wrist. 

adding  another  vehicle  to  the  current  testbed  to  make  it  free-free  in  the  spring  of  1996.  A  simulation 
study  of  the  resulting  free-free  testbed  configuration  has  been  made.  Simulation  results  from  the 
study  have  been  presented  that  identify  travel  limits  for  step  doublet  response  of  the  free-free  testbed 
joint  motors. 

The  testbed  can  be  used,  over  the  next  several  years,  for  the  advancement  of  telerobotic  and 
robotic  automation  technology.  In  this  report  we  have  presented  the  current  output  of  one  productive 
use  of  the  testbed  —  a  preliminary  evaluation  of  an  EPCU  component.  This  test  activity  was 
conducted  to  get  a  quick  look  at  the  capabilities  of  the  EPCU.  Because  of  the  desire  to  get  an 
early  evaluation,  the  unit  was  assembled  from  laboratory  parts  and  a  simplified  design  was  selected 
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providing  oniy  one  degree  of  freedom.  Testing  was  also  limited  to  three  days  because  of  the  cost. 
Nevertheless,  results  were  encouraging  and  suggest  that  a  more  detailed  look  at  the  concept  is 
warranted.  Hence,  additional  development  and  testing  is  planned. 
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Abstract 

This  paper  describes  a  new  type  of  adaptable  antenna,  wherein  directivity  is  varied  over  a  6°  range  and 
power  density  is  varied  over  a  6.Sdb  range  in  experimental  tests.  The  electrostatic  antenna  concq)t  presented 
here  can  be  regarded  as  a  compromise  between  the  low  performance  mechanical  method  of  adapting  the  far 
field  beam  pattern  and  the  high  performance,  but  often  prohibitively  complex  method  of  carrying  out  the 
adaptations  electronicly.  The  electrostatic  antenna  described  in  this  paper  is  shown  to  be  well-suit^  for  ^ace- 
based  applications. 

Introduction 

The  concept  of  deforming  a  thin  membrane  into  a  curved  reflecting  surface  using  electrostatic  forces  is 
old.  However,  until  1978  the  art  consisted  of  using  a  single  integral  electrode  to  generate  the  electrostatic 
field.  On  June  6, 1978  a  patoit  artided  ‘Controlled  Flexible  Membrane  Reflector”  was  issued  to  Charles  W. 
Perkins  [1].  The  patent  presented  the  possibility  of  controlling  an  optical  surface  reflector  by  means  of 
multiple  electrostatically  charged  electrodes.  It  also  employed  a  supporting  structure  which  consisted  of  a 
large  ring  on  which  the  membrane  was  stretched,  like  a  circular  trampoline.  Perkin’s  supporting  structure 
became  a  standard  design  over  the  next  decade.  The  membrane  tension  forces  had  the  Averse  effect  of 
requiring  voltages  up  to  400,000  volts.  In  addition,  due  to  malformities  in  the  rim,  servo  actuators  were 
installed  for  mechanical  compensation.  Perkin’s  electrostatic  antenna  was  later  studied  by  Lang  [2]  and 
Goslee  [3]  (see  Fig.  1).  The  feasibility  of  an  electrostatically  controlled  membrane  diminished  as  the 
complexities  grew  and  by  the  late  1980’s  all  known  research  had  ceased. 

The  concq)t  of  blessing  electrostatic  forces  for  membrane  shaping  surfaced  again  in  the  early  1990’s 
at  NCSU.  Dr.  Silverberg,  along  with  a  team  of  graduate  students,  independent  of  the  a  priori  work,  envisioned 
an  electrostatically  sh^ed  membrane  that  differed  from  Perkin’s  electrostatic  membrane  in  one  important 
feature.  Silverberg’ s  electrostatically  shaped  membrane  contained  no  supporting  structure.  This  concept 
variation  was  significant  enough  to  warrant  a  irew  patent  in  April  of  1994  entitled  “Electrostatically  Shap^ 
Membranes”  [4].  The  research  conducted  by  Silverberg’s  team  was  carried  out  in  the  following  progression: 
They  were  first  concerned  with  how  reliable  one  could  predict  electrostatically  induced  deformations  [5].  The 
next  step  was  a  general  formulation  for  predicting  the  dynamic  behavior  of  structures  subjected  to  electrostatic 
fields  [6].  Once  the  dynamics  of  electrostatic  structures  was  understood,  their  effort  turned  toward 
investigating  control  issues.  One  study  developed  a  modal  control  technique  for  shaping  the  antenna  surface  to 
maximize  the  far  field  power  density  [7,8]. 

This  paper  focuses  on  the  basic  principles  that  govern  the  overall  design  of  electrostatic  antennas.  The 
next  section  describes  the  performance  characteristics  that  are  achievable  with  the  electrostatic  antenna 
described  in  this  p^r  and  how  these  differ  from  a  fixed  shape  antenna.  In  particular  we  review  the  abilities 
of  the  electrostatic  antenna  to  control  directivity,  power  density  and  more  generally  the  beam  pattern 
distribution. 

The  third  section  provides  detailed  descriptions  of  the  experimental  set-up.  This  covers  geometry,  the 
membrane,  power  requirements,  type  of  feed,  piimed  boundary  conditions,  back  plates,  measurement  system, 
and  a  photo  of  the  experiment 

In  the  fourth  section  empirical  relationships  that  collectively  govern  antenna  performance  are 
developed.  Surface  deflections  are  expressed  as  a  function  of  applied  voltages,  and  the  far  field  beam  pattern 
of  the  transmitted  antenna  signal  is  then  calculated.  Voltage  resolution  and  surface  accuracy  are  then 
expressed  as  functions  of  the  transmission  wavelength. 


Professor,  Department  of  Mechanical  and  Aerospace  Engineering,  Box  7910. 

*  Graduate  Research  Assistant,  Department  of  Mechanical  and  Aerospace  Enginering,  Box  7910. 
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The  fifth  section  gives  experimental  results  that  demonstrate  the  performance  characteristics  of  the 
electrostatic  antenna  This  section  shows  how  well  the  antenna  beam  can  be  directed,  its  power  density  varied, 
and  its  surface  resolution  maintained  in  addition  to  other  engineering  performance  characx^tics.  In  keeping 
with  tradition  the  paper  closes  with  a  summary  and  some  suggestions  for  the  future. 


Figure  1.  Goslee's  electrostatic  antenna  [3] 


Antenna  Performance 

The  earliest  human  made  far-field  antennas  date  back  to  the  1920’s  with  the  ability  to  transmit  and 
receive  short  wavelength  signals  for  radio  detection.  Monopole  and  dipole  antennas  were  first  used  and  later 
directional  antennas  were  designed  to  yield  desirable  beam  patterns.  The  next  level  of  sophistication  in 
antenna  design  arose  with  the  introduction  of  ad^table  antennas  wherein  the  beam  pattern  is  ad^ted  in  real 
time.  Adaptable  antennas  are  currently  one  of  two  types;  mechanical  or  electronic  (pbased-airay).  This  paper 
describes  another  type  of  adaptable  antenna,  called  an  electrostatic  antenna,  that  is  particularly  well  suited  for 
^ace-based  ^plications. 

Unlike  the  mechanical  and  electronic  types,  the  electrostatic  antenna’s  beam  pattern  is  ad^ted  by 
varying  the  shape  of  the  antenna’s  surface,  specifically,  its  modes  of  deformation.  The  first  mode  of 
deformation  is  called  the  directivity  mode.  This  mode  is  responsible  for  beam  directivity.  The  directivity 
mode  oiables  the  antenna  to  scan  and  to  fimcticxi  as  a  surveillance  or  mapping  satellite.  The  second  mode  of 
deformation  controls  the'power  density  of  the  beam  pattern.  In  ^ace  applications,  the  power  density  mode 
controls  the  ground  swath  illuminated  on  the  Earth  by  the  antenna.  The  power  density  mode  is  useful  in 
communication  satellites  and  in  certain  military  applications.  Higher  modes  of  deformation  control  the  power 
distribution  of  the  beam  pattern. 

Within  the  context  of  space-based  ad^table  anteimas,  the  mechanical  types  tend  to  suffer  from  the 
following  limitations.  Their  beam  pattern  adaptability  is  restricted  to  directivity  (mode  one  deformation),  and 
the  associated  beam  pattern  time  constants  are  relatively  large  (T  >  500s).  On  the  other  hand,  the  electronic 
types  can  control  the  beam  pattern  rapidly  (T  <  1  millisec),  but  &e  manufacturing  complexities  have  inhibited 
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their  use.  The  electrostatic  antenna,  as  this  paper  demonstrates,  is  capable  of  controlling  the  first  two  modes  of 
the  beam  pattern  (directivity  and  power  density).  The  control  of  the  higher  modes  has  not  yet  been 
demonstrated  although  it  is  feasible,  in  principle.  The  associated  time  constants  are  smaller  than  for  the 
mechanical  (ype  and  larger  than  for  the  electronic  type.  The  relatively  small  beam  pattern  time  constants 
associated  with  the  electrostatic  antenna  (T  <  lOsec)  are  achievable  because  the  ^)erture  is  composed  of  a  low 
mass  membrane  that  is  weakly  coupled  to  the  satellite  dynamics. 

Setup 

An  electrostatic  antenna  works  on  the  basic  principle  that  like  charges  repel.  When  two  electrodes  are 
charged,  with  one  fixed  and  one  free  to  move,  the  free  electrode  will  move  apart  from  the  fixed  elecdode  so  as 
to  b^ce  the  elastic  restoring  force  and  the  electrostatic  force.  By  controlling  the  applied  voltages  the 
position  of  the  free  electrode  can  be  prescribed.  On  this  basis,  an  electrostatic  antenna  is  designed  here  to 
control  its  first  two  modes  of  deformation  which  in  turn  control  directivity  and  power  density  (see  Fig.  2). 

In  the  foUowing  experiment  the  fixed  electrodes  (see  2  and  4  in  Hg.  3)  are  referred  to  as  back  plates  and 
the  free  electrodes  (see  3  and  5  in  Fig.  3)  are  electrically  segmented  regions  on  a  7  mil  metalized  Mylar 
membrane.  Metalized  Mylar  was  chosen  because  it  is  elastic,  conductive  and  easily  segmented.  Metal 
between  segments  was  removed  using  a  liquid  solution  of  sodium  hydroxide  (NaOH)  (see  Fig.  4). 


Figure  2:  Electrostatic  antenna 


The  membrane  is  physic^y  constrained  by  a  magnetically  levitated  pinned  boundary  condition  (see  6 
in  Fig.  3).  The  boundary  condition  is  comprised  of  two  semi-cylinders  that  form  a  cylinder  when  brought 
together  (1  inch  diameter,  13  inches  long).  Attracting  magnets  secure  the  membrane  along  the  inteiproximal 
surface  (see  Fig.  5).  Along  the  long  axis  of  the  cylinder  there  exist  alternating  regions  of  insulative  and 
conductive  material  (see  7  and  8  in  Hg.  5,  respectively).  These  regions  provide  a  conductive  pathway  along 
which  the  membrane  segments  are  charged.  The  boundary  condition  is  constrained  in  the  horizontal  plane  by 
me^s  of  high  precision  ball  bearings  (see  9  in  Fig.  5).  In  the  vertical  direction  the  boundary  condition  is 
levitated  by  neod3nnium-iron-boron  magnets.  This  combmation  produces  a  near  frictionless  pinned  boundary 
condition. 

The  bads:  plates  are  composed  of  thin  aluminum  rectangular  plates  howevo*  just  about  any  conductive 
material  would  work,  '^e  number  of  back  plates  is  governed  by  the  number  of  controUed  modes  of 
deformation;  in  this  experiment  two.  As  a  general  rule,  the  number  of  independently  controUed  back  plates  is 
not  less  than  the  number  of  controUed  modes  of  deformation.  In  optical  appUcations,  the  surface  tolerance 
requirements  are  not  met  with  the  minimum  number  of  back  plates.  In  such  cases  more  back  plates  are  used 
until  the  desired  surface  accuracy  is  reached.  In  microwave  applications,  the  number  of  controUed  back  plates 
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is  on  the  order  of  the  numbo*  of  controlled  modes  of  defonnatioiL  This  is  the  case  treated  in  this  p^)er.  Also 
note  that  the  fixed  back  plates  may  be  eliminated  in  some  designs  by  instead  using  attached  back  plates  [4] . 

The  back  plates  along  with  the  boundary  condition  are  mounted  on  a  multi-puipose  high  voltage  test 
block*  The  test  block  consists  of  nothing  more  than  an  18^  x  12^  x  4^  block  of  acrylic  with  uniformly  ^aced 
holes  that  aoc^t  spring  loaded  RJ-8  coaxial  cables  from  0-30  kV  direct  current  power  supplies. 

Antenna  strface  test  measurements  where  gathered  with  a  linear  positioning  device  and  an  analog 
distance  sensor  with  a  resolution  of  .034  in.  The  analog  distance  sensor  rides  broadside  to  the  aperture  on  the 


1.  High  voltage  test  block 

2.  Left  side  bade  plate 

3.  Left  side  of  electrically  segmented 

metalized  Mylar 

4.  Right  side  ba(±  plate 

5.  Right  side  of  electrically 
segmented 

metalized  Mylar 

6.  Magnetically  levitated  pinned 

boundary  conditions 


Rgure  3:  Test  block  and  membrane  apparatus 


11.  Left  side  of  electrically  segmented  metalized  Mylar 

12.  Right  side  of  electrically  segmented  metalized  Mylar 


Figure  4:  Electrically  segmented  metalized  Mylar 
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linear  positioner  via  a  carriage.  By  recording  the  0-5V  analog  output  signal  from  the  sensor  at 
intervals,  the  antenna  surface  is  recorded  (see  Fig.  6). 


7.  Insulative  material 

8.  Conductive  material 

9.  High  precision  ball  bearing  and  magnet 
well 

10.  High  voltage  test  block  mounting  slots 


Rgure  5:  Magnetically  levitated  pinned  boundary  conditions 


13.  Stepper  motor 

14.  SAID  Analog  distance 
sensor 

15.  Drive  belt 

16.  Slider  rods 

17.  SAID  Sensor  line-of-sight 

18.  Metalized  Mylar  membrane 

19.  High  voltage  test  block 
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Engineering  Curves 

The  engineering  performance  of  the  electrostatic  antenna  is  described  by  relationships  (curves)  between 
the  ^plied  voltages,  the  surface  deformations,  and  the  beam  pattern.  Hist,  the  surface  deformations  are 
expressed  as  a  function  of  the  applied  voltages.  Next,  beam  pattern  parameters  are  expressed  as  functions  of 
the  surface  deformations.  Finally,  surface  rms  values,  and  resolution  issues  are  discussed. 

The  deformation  of  a  surface  cross  section  is  assumed  in  the  polynomial  form 

4 

y(x,Vi.V2)=^ar(Vi,V2)x',  Xi^x<xn  (1) 

r=0 

where 

ar(Vi,  V2)  =  br  +  Vi  Cr  +  V2  d,  +  Vf  e,  +  +  Vi  V2  gr  (2) 

in  which  bf,  C[,  df,  Cf,  fft  and  gr  are  undetermined  coefficients,  and  Vi  and  V2  denote  the  ^lied  voltage  pairs 
to  the  left  of  center  and  to  the  right  of  center,  respectively  (see  Fig.  4).  The  previously  described  measurement 

system  scans  the  membrane  and  records  surface  deformations  at  Xg  (s  =  1, 2 . N).  The  measurement  system 

scans  the  membrane  M  =  11  times;  each  time  the  applied  voltages  Vi  and  V2  are  updated  (see  Table  1). 
Deformation  curves  are  obtained  from 


Table  1.  Applied  voltages  fra-  each  scan  (M  =  11) 


V2(KV) 

0  5  10  15  20 

0 

X 

5 

X 

Vi(KV) 

10 

X  X 

15 

XXX 

20 

X  X  X  X 

the  data  in  two  steps.  The  first  stq>  determines  ar  (r  =  0, 1, ...,  4)  in  Eq.  (1)  for  each  scan.  The  second  step 

determines  bf,  Cr,  dr,  %,  fr,  and  gr  (r  =  0, 1 . 4)  as  a  function  of  Vi  and  V2.  The  first  step  yields  from  Eq. 

(1)  for  each  scan  the  set  of  linear  algebraic  equations 


Xa  =  y  (3) 

in  which  a  =  [aq  ai ...  a4]^,  y  =  [y(xi)  y(x2) ...  y(xN)]^  and 

1  xi  xj  xj  xf 

1  X2  x|  x|  Xj 

1  Xjij  x^  x^  x^^ 

The  least  square  estimate  of  a  is  given  by 

a  =  (x’^Xr^X^y  (4) 


Hie  second  step  yields  from  Eqs.  (2)  and  (4)  the  set  of  linear  algebraic  equations 
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Vzr=ar,  (r  =  0,l,...,4) 

in  which  a,  =  [a,  (1)  (2) . . .  a,  (M)]”^ ,  z. 

=  [bj.  Cj  dj.  Cj  f  J  gr]"^  and 

1 

Vi(l) 

V2(2)  Vf(l)  V2(l) 

Vi(l)V2(l) 

1 

Vi(2) 

V2(2)  Vf(2)  v2(2) 

Vi(2)V2(2) 

V  = 

1 

Vi(3) 

V2(3)  Vf(3)  V^(3) 

Vi(3)V2(3) 

1 

Vi(M) 

V2(M)  v2(M)  v2(M) 

Vi(M)V2(M) 

Finally,  the  least  squares  estimates  of  z j  (r  =  0, 1, . . . ,  4)  are  given  by 


Zr  =  (vTvrWTa,.  (r  =  0,l . 4)  (6) 


The  surfea  deformations  described  above  were  obtained  empirically  rather  than  predicted  from  a  physical 

model  of  the  system.  The  surface  deformations  of  electrostatic  structures  in  general  have  been  oredicted  in 
other  works  [6]. 

Having  expressed  deformations  as  functions  of  the  applied  voltages,  the  next  step  is  to  determine  the 
to-field  beam  patton  and  its  assorted  performance  parameters  (directivity,  power  density,  etc.)  as  a  function 
™  ^  deformations.  This  is  accomplished  using  physical  optics  by  one  of  several  commercially 

available  computer  subroutines;  in  our  study  we  used  POMESH  (Ref.  9). 

Another  useful  set  of  parameter  curves  governs  surface  deformation  sensitivity.  The  rms  value  of  the 
difference  between  the  actual  surface  deformation  and  the  desired  surface  deformation  is  determined  in  several 
steps.  The  surface  deformations  are  first  translated  to  a  set  of  axis  who's  origin  lies  on  the  vertex  of  the 
membrane.  A  weighted  average  of  the  directivity  of  the  surface  deformations  are  then  detennined  by 

j  N/2  N/2 

6=2  y(-  xi))xi !  X*? 

i=l  i=l 

N/2  N/2 

i=l  i=l 

in  which  Bj  =  (y(xi)  -  y(.  xi))/2xi  denotes  the  direction  angle  associated  with  xi  and  -  xj  (xi  >  0).  Note  that  0 

^*°vTM^^^^*****  squares  solution  obtained  by  minimizing  the  error  functional 

n/2 

^ “20Xi)  =  ]^[(y(xi)  — 0Xi)-(y(-Xi)  +  0Xi)]^.  The  translated  coordinates  are 
i=l 

now  rotated  an  amount  0.  The  desired  surface  deformatons  in  the  rotated  frame  are  given  by  the  general 
parabolic  form  yd  and  the  associated  rms  value  of  the  difference  between  the  actual  surface 

deformation  and  the  desired  surface  deformatiftn  is  given  by 
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rms^  = 


■  N 

^  S(y(*r.  Vi.  V2)  -  yd(xr.  Vi.  W2)f 

r=l 


iin 


(8) 


in  which  y(j(x,  V],  V2 )  denotes  the  desired  surface  deformation  as  a  function  of  x,  Vi  and  V2  in  the  rotated 
coordinate  system.  Another  rms  value  of  importance  is  associated  with  the  error  introduced  by  the  limiting 
resolution  of  the  t^plied  voltages  Vi  and  V2.  The  resolution  of  the  ^plied  voltages  are  denoted  by  AVi  and 
AV2,  respectively.  We  obtain 


rms2  = 


1  yf5y(x,.Vi.V2)  ,  ay(xr.Vi.V2) 


(9) 


in  which  the  inner  parenthetic  term  denotes  the  change  in  the  surface  deformation  Ay(xr,  Vi,  V2).  Both  rms 
errors  given  in  (8)  and  (9)  contribute  independently  to  the  total  rms  error 

ims  =  rmsi  +  nns2  (10) 

The  transmitted  or  received  signal  that  coherently  reflects  off  of  the  aperture  bounds  the  total  rms  by 

nns<-^  (11) 

in  which  X  denotes  the  signal  wavelength.  Equation  (1)  determines  the  surface  deformations  as  functions  of 
the  applied  voltages,  which  in  turn  are  related  to  the  beam  pattern  as  previously  described,  and  the  surface 
deformations  are  related  to  acceptable  rms  levels  as  indicated  by  Eq.  (1 1). 

Performance  Tests 

The  electrostatic  antenna  described  in  this  paper  was  designed  to  undergo  the  flrst  two  modes  of 
deformation;  the  directivity  mode  and  the  power  density  mode.  Upon  completing  M=ll  scans,  the  antenna 
deformations  (Eqs.  1  and  2)  were  computed.  The  results  are  given  in  Table  2.  The  antenna  transmitted  at  a 
frequency  of  1  GHz  (X  «  11.80  in),  and  employed  a  dipole  feed.  We  first  evaluate  the  directivity  mode.  As 
shown  in  Fig.  7  and  referring  to  Table  1,  the  rotation  of  the  antenna  is  proportional  to  the  difference  between 
the  applied  voltage  to  the  left  of  center  (Vi)  and  the  applied  voltage  to  the  right  of  center  (V2),  denoted  by 
8V  =  Vi  -  V2.  From  Fig.  7  the  antenna  rotates  approximately  T  every  8V  =  5KV.  The  associated  beam 
pattern  is  shown  in  Hg.  8.  As  shown,  the  directivity  also  increases  approximately  T  every  SV  s  5KV.  This 
corresponds  to  the  best  parabolic  fit  to  the  unchanged  pieshaped  membrane  (Vi  =  V2  -  0).  The  desired 
antenna  surface  was  assumed  to  be  parabolic  with  a  focal  length  of  fo  =  15.84  in.  The  rms  values 
corresponding  to  Hg.  7  are  imsi  =  (0.47,  0.54,  0.58,  0.62).  The  rms  values  for  the  other  test  cases  were 
similar.  The  rms  values  associated  with  the  voltage  resolution  determined  from  Eq.  (8),  were  small  compared 
to  the  rms  values  associated  with  the  parabolic  fit  The  implication  is  that  the  performance  of  the  power  source 
met  the  antenna  requirements.  From  Eq.  (10)  the  useful  transmitting  or  receiving  wavelengths  are  bounded 
below  by  Xmin  -  6.2  inches 


Table  2:  Deflection  coefficients  versus  r  (r = 0, 1, 2, 3, 4) 


0 

1 

^9  •/ 

2 

3 

4 

br 

1.3449e+01 

3.0670e-01 

-4.7906e-02 

3.8650e-03 

-1.4097e-04 

Cr 

-1.3185e-02 

4.1077e-03 

-7.8032e-05 

-5.6697e-05 

3.2718e-06 

dr 

.1.9472e-03 

7.6749e-04 

-5.4300e-04 

9.4436e-05 

-4.6386e-06 

et 

-8.7081e-04 

2.1771e^ 

-3.0525e-05 

3.3055e-06 

-1.3254e-07 

1.6006e-03 

-2.6937e-04 

-5.5771e-06 

2.9624e-06 

-1.6797e-07 

gr 

-1.3268e-03 

6.9404e-05 

7.9863e-05 

-1.2268e-05 

5.0688e-07 
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X-axis  (Indies) 


Rgure?  Directivity  mode 


-20  -15  -10  -5  0  5  10  15  20 

Ibetaiadegiees 

Figures  Beam  pattern  (directivity  mode) 

The  evaluation  of  the  power  density  mode  is  now  described.  As  shown  in  Fig,  9,  and  referring  to  Table 
1,  the  focal  length  is  inversely  proportional  to  the  uniformly  ^plied  voltage  V  =  Vi  =  V2.  From  Fig.  10,  the 
power  density  increased  by  approximately  6.5db  as  the  applied  voltage  increased  by  20KV,  As  before,  the 
desired  surface  was  assumed  to  be  the  best  parabolic  function  that  fit  the  uncharged  surface  of  the  momhr^np 
The  associated  nns  values  were  rmsi  =  (0.47, 0.51, 0.54, 0.70, 0.76).  Once  again  Tms2  « rmsi  and  the  power 
density  mode  met  the  antenna  wavelength  requirements  bounded  below  by  Xmin  =  7.6  inches. 

Summary 

This  paper  described  the  design  of  an  experimental  electrostatic  antenna  and  tested  its  performance. 
The  experimental  antenna  was  shown  to  be  capable  of  adapting  the  directivity  of  the  beam  over  a  6"  range  and 
the  power  density  over  a  6.5  db  range.  The  experimental  anteima  surface  was  sufficiently  accurate  to 
accommodate  wavelengths  bounded  below  by  ^proximately  7.6  inches. 

Future  efforts  could  extend  the  results  presented  here  to  the  design  and  testing  of  electrostatic  antennas 
^t  are  paraboloidally  preshaped,  and  to  increase  the  number  of  independently  applied  voltages  along  with  an 
increase  in  the  numb^  of  modes  of  deformation  that  are 
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Abstract 

This  manuscript  points  out  the  relationship  between  eigenstructure  assignment  methods  for  second 
order  mechanical  systems  and  the  inverse  eigenvalue  problem  for  second  order  matrix  polynomials.  The 
inverse  method  for  matrix  polynomials  is  then  used  to  derive  a  new  eigenstructure  assignment  method. 
This  method  is  shown,  by  example  to  yield  feedback  gains  numerically  equivalent  to  a  previously 
published  method  but  at  some  computational  advantage  via  an  alternate  matrix  manipulation. 

1.  INTRODUCTION  The  purpose  of  this  effort  is  to  point  out  the  natural  connection  between  the 
inverse  eigenvalue  problem  of  second  order  matrix  polynomials  and  the  eigenstructure  assignment  prob¬ 
lem  for  second  order  structural  models,  common  to  structural  control  of  linear  systems.  This  effort  rests 
on  several  assumptions.  First,  it  is  assumed  that  examination  of  structural  control  in  a  second  order 
mass-damping  and  stiffness  coordinate  system  (rather  than  the  usual  state  space  form)  will  result  in 
computational  savings  as  well  as  reveal  physical  insight.  Secondly,  it  is  assumed  that  making  a  strong 
connection  between  two  unrelated  fields  -  inverse  matrix  polynomials  and  eigenstructure  assignment 
theory,  will  encourage  others  to  find  more  fruitful  results  than  those  discussed  in  the  following.  Eigen¬ 
structure  assignment  methods  have  received  substantial  theoretical  development  as  well  as  practical 
applications.  Andry,  et  al.  (Ref.  1)  provided  both  a  literature  survey  (prior  to  1983)  and  an  adaptation 
of  eigenstructure  assignment  methodology  to  an  important  subclass  of  control  problems  consisting  of 
mechanical  systems  (Ref.  2) .  Mechanical  systems  are  those  which  are  naturally  represented  in  the  form 

Mx-hDx-hRrx  =  f(t)  (1) 

where  M,  D  and  K  are  n  x  n,  symmetric,  real  value,  positive  definite  (or  semi  definite)  matrices  repre¬ 
senting  a  system  mass,  damping,  and  stiffness  matrix  respectively,  x  is  an  n  x  1  vector  of  displacement 
with  time  derivatives  x  (the  velocity  vectors)  and  x  (the  acceleration  vector).  Equation  (1)  is  usefull 
describing  the  open  loop  response  of  a  variety  of  devices,  machines  and  structures. 

Equation  (1)  forms  the  basis  for  the  eigenstructure  assignment  methods  presented  here.  The 
objective  of  eigenstructure  assignment  is  to  develop  a  control  law  to  apply  to  the  right  hand  side  of 
equation  (1),  based  on  measurement,  that  will  move  the  eigenvalues  and  eigenvectors  (together  referred 
to  as  eigenstructure)  to  more  desirable  values.  The  thought  being  that  the  closed  loop  response  of 
the  system  is  shaped  by  the  system’s  natural  frequencies,  mode  shapes  and  damping  ratios  contained 
in  the  system  eigenstructure.  Many  approaches  to  eigenstructure  assignment  have  been  proposed  in 
the  literature  and  successfully  used  in  practice.  The  approach  presented  here  makes  use  of  the  matrix 
theory  associated  with  inverse  eigenvalue  problems  (Ref.  3). 

The  following  sections  review  three  eigenvalue  problems  associated  with  equation  (1),  the  inverse 
eigenvalue  problems  for  each,  formulates  the  eigenstructure  assignment  method  as  applied  to  mechanical 
systems  and  then  combines  inverse  eigenvalue  theory  with  the  eigenstructure  assignment  formulation  to 
produce  a  new  method  of  calculating  feedback  gain  matrices  to  achieve  a  desired  eigenstructure.  These 
sections  are  followed  by  examples  and  conclusion  sections. 

2.  THREE  EIGENVALUE  PROBLEMS 

The  eigenvalue  problem  associated  with  equation  (1)  becomes  (after  multiplying  by  M““^) 

L(A)x  =  (A^J  +  Affa  +  =  0  (2) 

*  Samuel  Herrick  Endowed  Professor,  Department  of  Engineering  Science  and  Mechanics 
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where  the  complex  scalar  A  is  called  an  eigenvalue,  and  x  a  right  eigenvector  (possible  complex  but  never 
zero).  The  matrix  polynomial  L(A)  is  referred  to  as  a  lambda  matrix.  Here  it  is  important  to  note  the 
difference  between  the  eigenvalues  and  eigenvectors  of  a  system  (2),  and  eigenvalues  and  eigenvectors 
of  a  single  matrix. 

Equation  (1)  is  written  in  the  standard  physical  coordinate  system  which  is  a  second  order  vector 
differential  equation  in  n  dimensions.  Two  other  formulations  are  used  as  mathematical  models  of 
vibrating  structures:  the  standard  state  space  formulation  common  to  control  theory  and  a  first  order 
formulation  in  pencil  form,  both  of  dimension  2n.  These  two  forms  are  summarized  next. 

To  examine  these  first  order  forms,  multiply  equation  (1)  by  (assumed  to  be  nonsingular) 
and  let  zi(t)  =  x(t)  and  Z2(t)  =  x(t).  Then  equation  (2)  can  be  written  as  the  two  equations 


Zi{t)  =  Z2(i) 

(3) 

Z2{t)  =  -H2Z2{t)  -  HzZlit)  +  i{t) 

(4) 

where  f{t)  =  M  ^F(t),  H2  ^  M  and  Hz  =  M  These  two  equations  are  combined  to  yield 
the  standard  state  space  form. 


z{t)  = 


0 

-Hs 


(5) 


or 

z{t)  =  Az{t)  +  Bu{t) 


where 


z(t)  = 


'zi{ty 

Z2{t) 

x(t) 

u{t)  =  f{t)  B  = 


(6) 


Here  z{t)  is  called  the  state  vector,  A  is  the  state  matrix  and  B  is  the  input  matrix.  Here  u(t)  is  the 
applied  force,  or  control  vector. 

Finally,  premultiply  equation  (5)  by  the  matrix 


N  = 


H2 

I 


I 

0 


This  yields  a  first  order  matrix  pencil 


iVv(t)  -  Pv(t)  =  g(t) 


(7) 


where 


0 

I 


Next  consider  solutions  of  equations  (5)  and  (7)  of  the  form  z{t)  =  and  v(t)  =  ve^^,  respectively, 
for  the  homogeneous  case  f(t)  =  0.  Then  equations  (5)  and  (7)  yield  the  two  eigenvalue  problems: 


1 

> 

II 

o 

(8) 

o 

II 

> 

1 

(9) 

where  the  constant  vectors  z  and  v  must  of  course  be  nonzero,  and  are  possibly  complex  valued. 

Equations  (2),  (8)  and  (9)  result  in  the  same  set  of  2n  eigenvalues  Aj,  which  contain  the  system’s 
natural  frequencies  and  damping  ratios,  and  the  complex  vectors  Xj,  z*  and  Vi  corresponding  to  each 
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eigenvalue  Xi.  Each  of  these  three  different  eigenvectors  are  in  some  way  related  to  the  system’s  mode 
shapes. 

Each  of  these  three  eigenvalue  problems  can  be  restated  as  a  matrix  equation  by  defining  the 
matrices  (the  dimensions  are  listed  paranthetically): 

Y  =  [xi  X2  . . .  X2n]  (n  X  2n) 

Z  =  [zi  Z2  . . .  Z2„]  (2n  X  2n) 

y  =  [vi  V2  . . .  V2ti]  (2n  X  2n) 
whose  columns  axe  the  associated  eigenvectors  and 


A  = 


rAi 

0 

0  ... 

0  - 

0 

A2 

0  ... 

0 

0 

0 

0  ... 

0 

.  0 

0 

0  ... 

aJ 

(2n  X  2n) 


consisting  of  the  system  eigenvalues.  The  matrix  A  is  upper  triangular.  Each  Jordan  block  Aj  is  of  the 
form 


Ai  = 


Here  a  =  1  if  a  particular  Aj  is  not  simple  (i.e.,  repeated  eigenvalue  and  dependent  eigenvectors); 
otherwise,  a  =  0.  Using  this  matrix  notation  the  eigenvalue  problem  stated  by  equations  (2),  (8)  and 
(9)  can  be  expressed  as  the  following  three  matrix  equations: 


[Ai 

a 

0 

...  0- 

0 

Xi 

a 

...  0 

0 

0 

0 

a 

.  0 

0 

0 

...  aJ 

XA^  +  H2XA  +  H3X  =  0 

AZ-ZA  =  0 
PV  -  NVA  =  0 

Note  that  the  vectors  Zj  are  related  to  the  eigenvectors  Xj  by 


Zi  = 


Xx 

AiXj 


for  each  i{i  =  1, 2, ...,  2n)  or,  collecting  these  in  augmented  matrix  form 


X 

XA 


(10) 

(11) 

(12) 

(13) 

(14) 


The  Jordan  form  of  the  state  matrix  A  is  given  by  the  usual  2n  x  2n  matrix 

A  =  Z-'^AZ 

which  follows  directly  from  equation  (11)  which  can  also  be  rewritten  as 

AZ  =  ZA 


(15) 
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The  left  eigenvectors  can  be  computed  from  the  right  eigenvectors  by 


where 


W  =  {Z-'^f 


=  [wi  W2...W2„] 


The  matrix  W  is  2n  x  2n  (same  dimension  as  Z).  Now  W'^Z  =  Z  ^Z  —  The  corresponding  statement 
to  equation  (15)  in  terms  of  W  is 

W'^A  =  NW'^  (17) 

These  three  related  eigenvalue  problems  and  their  matrix  equation  relationships  are  used  in  the  following 
section  to  discuss  the  inverse  eigenvalue  problem. 

3.  THE  INVERSE  EIGENVALUE  PROBLEMS 

This  section  introduces  the  results  of  the  inverse  eigenvalue  problem  using  the  three  eigenvalue 
problems  of  the  previous  section.  A  more  complete  account  can  be  found  in  Ref.  3.  To  this  end  a 
2n  X  2n  nonsingular  matrix  Q  is  introduced  which  satisfies 

QNZ  =  I  (18) 

The  following  product  can  be  used  to  calculate  the  matrix  Q: 


Bi  =  NAN-^  = 


Ho  I 


0  I 


I  0  I  -Fs  -H2\  j  -if2  ~  I  /  -H2 


0  --Hs 


which  can  be  expressed  in  terms  of  Q  by 


Bi  =  NAN-^  =  JVZAZ“^iV”^  =  Q-^AQ 


The  matrix  Q  can  be  partitioned  into  Q  —  [Qi  Q2],  where  both  Qi  and  Q2  are  2n  x  n  matrices.  Solving 
for  the  partition  Qi  yields 


Q,  =  Q\i]=Z-^N-^\i 


Here  the  matrix  Y  consists  of  the  left  eigenvectors  yj  of  the  physical  system,  yfL(A)  =  0,  where  L(A) 
as  defined  in  equation  (2),  i.e., 

Y  =  [yiy2...  y2n] 

Equation  (20)  can  be  now  solved  for  the  partition  Q2,  i.e. 

QBi  =  AQ 


0  \I 

I  -M-^D  0 


=  AQ 


=AQi 
Q2  =  AQi 

Hence,  Q  can  now  be  represented  in  the  partitioned  form 


Q  =  [Y^  AY^] 
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Next,  formulas  are  derived  which  specify  the  coefficient  matrices  K  and  D  in  terms  of  the  spectral 
matrices,  X,  Y  and  A  for  the  system  in  second  order  form.  Recall  that  the  matrix  A  can  be  represented 
as 

A  =  ZAZ-^  = 

Substituting 

Z-i  =  QN  =  [Y^AY^] 


H2  I 
I  0 


=  [Y'^H2  +  AY^  Y^] 


(25) 


X 

XA 


AZ 


-1 


XAZ-i 

XA^Z-^ 


0  I 

-Ei  -H2 


(24) 


(note:  here  a  relation  between  the  left  eigenvectors  W  —  (Z~^)^  of  the  state  matrix  A  and  the  left 
eigenvectors  Y  of  the  physical  system  is  given)  into  (24)  yields  the  inverse  formulas 


■  XA{Y^H2  +  AY^)  XAY^  ' 

r  0  I  ] 

XA^iY^H2  +  AY^)  XA'^Y^ 

\ 

1 

or,  upon  equating  the  4  partitions  of  each  matrix: 

XA{Y'^H2  +  AY^)  =  0 
YAY^  =  I 

XA^{Y'^H2  +  AY^)  =  -H3 
XA^Y'^  =  -H2 

Rearranging  the  last  three  equations  yields  the  inverse  formulas 


H2  =  -XA^Y^  (27) 

H3  =  Hi  -  XA^Y'^  (28) 

and  the  normalization  condition 

XAY^  =  I  (29) 

Thus,  the  coefficient  matrices  H2  and  Hz  can  be  specified  in  terms  of  normalized  modal  vectors  (i.e., 
X,  Y  such  that  XAY^  =  J)  and  sets  of  natural  frequencies  and  damping  ratios  (A).  Equations  (27), 
(28)  and  (29)  represent  the  solution  to  the  inverse  eigenvalue  problem  as  detailed  in  Ref.  3  and  are 
in  agreement  with  those  originally  developed  in  Ref.  4  for  the  case  of  nonsingular  coefficients.  Here 
however,  the  inverse  of  the  matrix  A  does  not  have  to  be  calculated  in  order  to  compute  H2  or  Hz-  In 
particular,  systems  with  rigid  body  modes  (for  which  A  is  singular)  can  be  treated  using  equations  (27), 
(28)  and  (29).  In  fact,  the  solution  to  the  inverse  eigenvalue  problem  presented  here  does  not  require 
calculation  of  the  inverse  of  any  matrix. 

Equations  (27)-(29)  can  be  partitioned  to  render  them  useful  for  eigenstructure  assignment  pro¬ 
viding  a  connection  between  the  two  fields  of  study.  To  this  end,  rearrange  A  and  define 


'Ai 

ai2  . . . 

0  - 

0 

A2 

0 

Ai  = 

0 

0  ... 

.  0 

0  ... 

Am 

^m+l 

^(m+l)(m+2) 

... 

0 

0 

Am+2 

... 

0 

0 

0 

.  . .  a^2n 

.-l)2n 

.  0 

0 

\2n  -1 

(30) 


(31) 
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where  ai(j+i)  =  0  or  1  depending  on  whether  or  not  a  particular  eigenvalue  is  simple, 
partitioned  as 


0 

A2 


Hence  A  is 
(31) 


Likewise,  the  matrices  X  and  Y  are  partitioned  as 


X  =  [Xi  X2]  (32) 

Y  =  [Y^  F2]  (33) 

Substitution  of  these  partitioned  matrices  into  equations  (27),  (28)  and  (29)  yields 

H2  =  -  {XyK\Y^  +  ^2  Air/)  (34) 

Hs  =  Hi  -  (XiA?r/  +  X2Air/)  (35) 

I  =  Air/  +  X2A2r/  (36) 


which  represent  a  partitioned  form  of  the  solution  of  the  inverse  eigenvalue  problem.  These  expressions 
render  the  inverse  eigenvalue  problem  compatible  with  the  eigenstructure  assignment  problem  where 
Xi,  Ai,  and  Yi  are  considered  to  be  that  part  of  the  eigenstructure  which  is  acceptable  and  X2,  A2  and 
Y2  will  become  the  desired  eigenstructure. 

4.  THE  EIGENSTRUCTURE  ASSIGNMENT  PROBLEM 

The  eigenstructure  assignment  method  presented  here  is  taken  from  Andry  et  al.^.  The  method 
was  derived  for  a  general  control  system,  however  it  is  applied  specifically  to  vibrating  structures 
described  in  second  order  vector  differential  equations  of  interest  here.  There  are  a  variety  of  different 
eigenstructure  assignment  methods  available  in  the  literature.  The  method  of  Andry  et  al.^  is  chosen 
because  is  represents  that  eigenstructure  assignment  method  which  appears  to  be  most  comparable  to 
the  method  proposed  here.  Those  readers  familiar  with  eigenstructure  assignment  may  wish  to  skip 
this  section  and  proceed  to  the  next  section. 

The  control  formulation  is  the  standard  linear  time  invariant  system  described  by  the  equations 

X  =  Ax{i)  +  Bu(i)  (37) 

y{t)  =  Cx{t)  (38) 

where  x(f)  is  the  2n  x  1  state  vector,  u{t)  is  the  nxn  control  input  vector  and,  y{i)  is  the  r  x  1  output  vec¬ 
tor.  The  matrices,  B  and  C  are  real  constant  matrices  of  the  appropriate  dimension  such  that  rank(j5)  = 
m  /  0,  rank(C7)  =  r  7^  0.  The  system  is  assumed  to  be  controllable;  rank([jB  AB . .  .A^'^~^B])  =  2n 
and  observable,  rank([(7^  . . .  {A'^)^^~^C'^])  =  2n. 

Simply  stated  the  eigenstructure  assignment  problem  is  (see  for  instance  Ref.  1).  Given  a  self¬ 
conjugate  set  of  scalars  {Af },  i  =  1, 2, . . . ,  r  and  a  corresponding  self-conjugate  set  of  vectors  {vf },  i  = 
1, 2, . . . ,  r,  find  a  real  (m  x  r)  matrix  G  such  that  r  of  the  eigenvalues  of  {A  -1-  BGC)  are  precisely  those 
of  the  set  {Af },  with  corresponding  eigenvectors  {vf}. 

Here  G  is  the  feedback  gain  matrix  and  the  control  law  for  output  feedback  is  of  the  form 

u(f)  =  Gy{t)  (39) 

First  consider  the  case  where  the  desired  eigenvector  vf  is  completely  specified.  Consider  the  closed 
loop  system 

±={A-hBGC)x{t)  (40) 

Assume  the  desired  closed  loop  eigenvalues  are  given  and  is  the  closed  loop  eigenvector 

corresponding  to.Af.  Then  we  have  for  an  eigenvalue/eigenvector  pair,  A*  and  v^, 

(A  +  RG(7)vi  =  AiVi  (41) 
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or 


Vi  =  {XiI-A)-'^BGCvi 

(42) 

Define  a  vector  mj  as 

m,  =  GCvi 

(43) 

Combining  equation  (42)  and  (43)  yields 

Vi  =  (AjJ  -  A)~^Bini 

(44) 

This  implies  that  the  eigenvectors  Vi  must  be  in  the  subspace  spanned  by  the  columns  of  (AjJ  -  A)~^B, 
an  important  restriction. 

Since  in  general,  a  desired  eigenvector  vf  will  not  be  in  the  prescribed  subspace,  a  “best  possible” 
choice  for  an  achievable  eigenvector  is  made:  this  best  possible  eigenvector  is  the  projection  of  vf  onto 
the  subspace  spanned  by  the  columns  of  {XiI-A)~^B.  Thus  an  achievable  eigenvector  Vjx  is  computed 
by 

ViA  =  Li{LfLi)~^Lfvf  (45) 

where 

Li  =  {\il-A)-^B  (46) 

In  many  situations,  an  eigenvector  is  only  partially  specified,  e.g. 


X 


LVifi  J 


(47) 


where  Vij  are  designer  specified  components  and  a:  is  an  unspecified  component.  In  this  case  reorder  vf 
in  the  following  way 


ri 

di 


(48) 


where  the  symbol  denotes  the  reordered  vector,  rj  is  a  vector  of  specified  components  of  vf  and 
dj  is  a  vector  of  unspecified  components  of  vf.  Reorder  the  rows  of  the  matrix  (AjJ  -  A)~^B  in  the 
same  way  and  write 


{(Ai7-A)-'B}«‘ 


(49) 


Following  the  same  steps  as  before  (to  obtain  Zj)  with  rj  replacing  vf  and  Z,  replacing  Li,  yields 


ViA  =  Li{LTLi)-^ifTi  (50) 

For  an  output  feedback  law  of  the  form  u(t)  =  Gy{t),  the  closed  loop  system  is 

X  =  (A  +  BGC)x{t)  (51) 


Here  it  is  necessary  to  transform  the  input  matrix  B  into  the  following  form: 


(52) 


where  Im  is  the  n  x  n  identity,  m  being  the  number  of  control  inputs.  Define  a  transformation  matrix 
T 


T  =  [B  P] 


(53) 
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where  P  is  any  matrix  such  that  rank(T)  =  n.  Consider  the  change  of  coordinates. 


X  =  rx 

Thus  the  open  loop  system  is  transformed  to 

x(t)  =  Ax{t)  +  Bu{t) 
y{t)  =  Cx{t) 


(54) 

(55) 

(56) 


where 


A  =  T-^AT 
B  =  T-'^B  = 


Im 

0 


C  =  CT 


The  eigenvalues  of  the  original  system  are  identical  to  the  eigenvalues  of  the  transformed  system  and 
the  eigenvectors  of  the  two  systems  are  related  by 


=  Vi 


(57) 


In  the  following  is  assumed  that  all  matrices  and  eigenvectors  have  been  transformed  to  obtain  the 
necessary  structure  of  the  matrix  B  so  that  the  specified  components  of  the  desired  eigenvectors  appear 
first,  and  the  0  notation  will  be  suppressed  for  convenience. 

For  a  closed  loop  eigenvalue  Aj  and  its  associated  eigenvector  Vj,  the  following  must  hold: 


{A  +  BGC)-Vi  =  XiVi,  i  =  l,2, ...,r 


or 


iXil  -  A)vi  =  BGCvi 

Partition  equation  (59),  using  the  special  structure  of  the  B  matrix: 


Xilm  All 

1 - 

<N 

1 

Zi 

■/m' 

GC 

*  Zi  “ 

— A21 

Xiln—m  A22  J 

_  0 

(58) 

(59) 

(60) 


where 


Vi  = 


Zt 

Wi 


^12 

^22 


axe  partitioned  appropriately,  and  Jn-m  is  the  identity  matrix  of  dimension  n  —  m. 
Consider  the  first  matrix  equation  from  the  partitioned  form 


[Ai/tti  Axi 


Zi 

Wi 


(61) 


Expanding  this  expression  yields 


{Xilm  -  Aii)zi  -  Ai2Wi  =  Xilm^i  -  {AnZi  +  Ai2Wi)  =  AiZi  -  AiVi  =  GCwi  (62) 


where  Ai  =  [An  A12].  Equation  (62)  can  be  rewritten  as 

(Ai  +  GC)vi  =  AiZi  (63) 
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This  equation  holds  for  each  desired  eigenvalue/achievable  eigenvector  pair,  and  can  be  written  as  the 
matrix  relation 


{Ai  +  GC)V  =  Z 


(64) 


where 

y  =  [vi  V2  . . .  Vr],  is  (n  X  r) 

Z  =  [AiZi  A2Z2  . . .  ArZr],  is  (m  x  r) 
The  feedback  gain  matrix  G  can  be  calculated  from  equation  (64)  to  be 

G  =  {Z  -  AiV){CV)-'^ 


(65) 


which  is  the  appropriate  gain  matrix  as  calculated  in  Ref.  1,  written  in  notation  compatible  with  the 
results  presented  here.  A  Matlab  program  for  implementing  this  gain  calculation  appears  in  Ref.  5. 

5.  EIGENSTRUCTURE  ASSIGNMENT  VIA  INVERSE  METHODS 

In  this  section  the  inverse  method  is  used  to  develop  an  eigenstructure  assignment  method  and  an 
outline  of  the  algorithm  is  provided.  Recall  that  the  state  matrix  used  in  the  inverse  model  is 


A  = 


0 

-Hs 


I 

-H2 


(66) 


where  Hz  and  Hz  axe  defined  in  partitioned  form  by  equations  (34)  and  (35)  respectively.  If  ATi,  Ai, 
and  Yi  are  viewed  as  that  portion  of  the  eigenstructure  which  is  acceptable  and  Xz,  Az  and  Yz  is 
that  eigenstructure  which  is  to  be  assigned  the  matrices  Hz  and  Hz  can  be  described  in  terms  of  their 
corresponding  matrices  of  the  original  system,  and  M~^K,  respectively,  plus  an  incremental 

matrix: 

Hi  =  +  AHi  (67) 

Hs  =  M-'^K  +  AHa  (68) 

where  AHz  and  AHz  represent  the  changes  in  the  mass  weighted  damping  and  stiffness  matrices  as 
calculated  using  the  inverse  eigenvalue  theory.  The  question  of  interest  here  is  how  to  apply  this  inverse 
eigenvalue  problem  formulation  to  create  a  feedback  system  of  the  structure 


x(i)  =  Ac^x(i)  =  (A  +  BGC)x(t) 


(69) 


where  Ad  is  the  closed  loop  state  matrix,  A,  B,  and  C  are  the  open  loop  state  matrix,  the  input 
matrix,  and  the  output  matrix,  respectively,  and  G  is  the  feedback  gain  matrix.  In  this  section  the 
inverse  eigenvalue  formulas  of  equations  (34)  and  (35)  subject  to  equation  (36)  are  manipulated  to 
determine  the  matrix  expression  BGC  and  hence  the  matrix  Ad  in  a  control  formulation  compatible 
to  eigenstructure  assignment. 

Consider  the  closed  loop  system  of  the  form 


Ik{t)  +  i?2x(t)  +  Hz'x.{t)  —  jBou(i) 
and  its  corresponding  state  space  formulation 


i(t)  = 


0  I 

-Ha  -Hi 


z{t)  + 


0 

Bo 


n{t) 


where  z{t)  =  [x^(i)  x^(f)]^.  Next,  define  the  re  x  1  vector  of  outputs  y{t)  of  the  system  as 


y(t)  =  Cz{t)  =  [Co  Cl] 


x(t) 

x(t) 


=  Cox(t)  +  Cix(t) 


(70) 


(71) 


(72) 
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where  Co  and  Ci  represent  position  and  velocity  measurements  respectively.  Consider  output  feedback 
of  the  form 

u(t)  =  Gy{t)  =  GCz{t)  (73) 

After  some  rearrangement  the  closed  loop  system  becomes 

z(t)  =  Acez{t)  (74) 


with  the  closed  loop  state  matrix  is  now 

Act  = 

Now  the  inverse  eigenvalue  approach  yields 

z{t)  = 

where  H3  and  H2  and  defined  by 


0  I 

-H3+B0GC0  -H2  +  B0GC1 


-Hz  -H2 


z{t) 


Hz  =  M-'-K  -  BoGCo 
H2  =  M-'^D  -  BoGCx 
Solving  this  for  the  unknown  terms  yields 

BoGCo  =  M-'^K  -Hz  =  M'^K  -  Hi  +  XiAlY^  +  XzAlY^ 

BoGCi  =  M-'^D  -  i?2  =  +  XiA\Y^  +  XzAIy^ 

Alternately,  using  equations  (67)  and  (68)  yields 


(75) 


(76) 

(77) 

(78) 

(79) 

(80) 


AFs  =  -BoGCo  (81) 

ABa  =  -BoGGi  (82) 

or 

[ABg  AB2]  =  -BoG[Co  Cl]  (83) 

and 

BoGC  =  [-AHz  -Affa]  (84) 

In  order  to  solve  for  the  feedback  gain  matrix  G,  the  matrices  Bq  and  C  have  to  be  defined.  In  general, 
for  output  feedback  the  matrices  Bo  and  C  are  not  square  matrices,  so  that  the  inverses  of  these 
matrices,  required  to  solve  for  G,  do  not  exist.  However,  a  left  generalized  inverse,  defined  by 

Bl  =  {Bl  Bor^B^  (85) 

and  a  right  generalized  inverse,  defined  by 

G^  =  G’’(G  G^)-^  (86) 


can  be  used  to  solve  (84)  for  G  using  the  generalized  inverse,  the  gain  matrix  becomes 

G  =  -Bl[AHz  AH2]C^  (87) 

where  AHz  and  AH2  are  defined  by  the  partitions  given  in  equations  (34),  (35),  (77)  and  (78).  Thus,  a 
closed  loop  system  can  be  constructed  that  uses  the  results  from  inverse  eigenvalue  formulas  discussed 
earlier. 
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Since,  in  general,  the  matrices  Bo  and  C  are  non-square  matrices,  the  pseudo-inverses  give  only  a 
best  possible  result.  That  means  that  if  Bo  and  C  are  non-square  matrices,  G  in  equation  (87)  can’t 
be  solved  exactly  such  that  {A  +  BqGC)  =  Ad-  In  other  words:  the  problem  that  arises  is  that  GqGC 
won’t  be  fully  populated.  This  implies  that  the  eigenvalues  and  eigenvectors  of  a- closed  loop  system 
where  Bo  and  C  are  non-square  matrices  won’t  be  equal  to  the  desired  closed  loop  system  values  and 
the  other  (supposedly  unchanged)  ones  will  be  shifted  as  well. 

A  major  problem  in  adopting  inverse  eigenvalue  problem  methods  to  eigenstructnre  assignment  is 
to  find  an  effective  output  feedback  method.  One  approach  is  to  use  smart  structures  (Ref.  6)  to  force 
the  matrices  C  and  Bo  to  be  square.  The  control  theory  problem  remains  to  adopt  output  feedback 
methodologies  such  as  those  suggested  by  Datta  (Ref.  7)  and  Datta  et  al.  (Ref.  8)  to  capitalize  on  the 
inverse  eigenvalue  problem  formulation  and  solutions. 

A  comparison  between  the  inverse  approach  and  other  approaches  to  eigenstructure  assignment  is 
made  for  the  case  that  Bo  and  C  are  square  matrices.  For  Bo  and  C  being  nonsingular  square  matrices, 
equation  (87)  simplifies  to 

AFaJC-i  (88) 

For  the  special  case  that  Bo  and  C  are  identity  matrices,  this  equation  can  be  further  simplified  to  the 
partitioned  matrix 

G  =  -[AB3  AB2]  (89) 

In  either  case  the  closed  loop  state  matrix  is  then  calculated  to  be  Ad  =  (A  -h  B^GC).  A  Matlab  code 
for  computing  G  can  be  found  in  Ref.  4. 


6.  EXAMPLES 


For  the  sake  of  comparing  the  proposed  “inverse”  approach  with  existing  approaches  consider  two 
examples.  First,  a  3  degree  of  freedom  system  shall  have  the  following  mass,  damping  and  stiffness 
matrices,  respectively 


■3 

0 

O' 

5 

-2 

0  ■ 

M  = 

0 

2 

0 

,  D  = 

-2 

3 

-1 

0 

0 

1 

0 

-1 

1 

The  eigenvalues  of  this  system  are 


A 


open  loop 


-1.2817  ±0.9595i 
-0.6521  ±  0.9375i 
-0.1496  ±0.5261i 


A  closed  loop  controller  will  be  designed  such  that  the  last  two  eigenvalues  and  their  corresponding 
eigenvectors  are  changed  to 


A4/6C/  =  -0.5  ±  0.5i,  [v5c;  V6ci]  = 


0.5 

0.5 

0.5 

0.5 

1.0 

1.0 

while  the  other  eigenvalues  and  eigenvectors  remain  unaffected. 

First,  coefficient  matrices  are  determined  from  the  inverse  eigenvalue  formulation.  This  yields 


5.0000 

-2.0000 

0.0000  ■ 

■  4.6527 

-2.4750 

-0.3388' 

H2  = 

-1.3054 

3.9500 

-0.3223 

,  Hz  = 

-1.5369 

3.6333 

-0.5482 

0.2315 

-0.6833 

1.2259 

0.0000 

-1.0000 

1.0000 

The  system  described  by  these  matrices  has  the  desired  eigenvalues  and  eigenvectors. 

Next,  a  closed  loop  system  is  constructed  that  contains  the  same  eigenvalues  and  eigenvectors  as 
the  corrected  system.  The  input  and  output  matrices  are  square  matrices  defined  by 


Bo 


0  -1' 
0  10 
0  0  1 


-1  0  0  0  0  0- 
0  10  0-10 
0  0  1  0  0  0 

0  0  0  1  0  0 

0  0  0  0  1  0 

.0  0  0  0  0  1. 
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Calculating  G  from  equation  (88)  and  by  using  AH2  =  M  —  H2  and  ALTs  =  M  —  H3  yields 


■  0.1158  0.1583 

G=  -0.2315  -0.3167 
0.0000  0.0000 


0.1129  -0.2315  -0.1583  -0.2259 

-0.2259  -0.3473  -0.7916  -0.3388- 
0.0000  -0.2315  -0.3167  -0.2259 


Now  the  closed  loop  state  matrix  Ad  =  A  +  BoGC  can  be  calculated.  A  comparison  between  the 
eigenvalues  of  the  closed  loop  system  shows  that  they  are  exactly  as  assigned: 

■ -1.2817  ±0.9595i' 

X  =  Xd=  -0.6521  ±  0.9375i 
_ -0.5000  ±0.5000i_ 

The  same  is  true  for  the  closed  loop  eigenvectors:  the  set  of  closed  loop  eigenvectors  consists  of  the  two 
assigned  eigenvectors  and  the  open  loop  eigenvectors  that  were  not  supposed  to  be  changed. 

As  a  second  example  consider  a  four  degree  of  freedom  system  having  the  following  mass,  damping 
and  stiffness  matrices 


10  0  0 
0  10  0 
0  0  10 
0  0  0  1 


This  open  loop  system  has  eigenvalues: 


3-200 
-2  5-3  0 

0-3  7-4 

0  0-44 


,  K  = 


10  -5  0  0 

-5  10  -5  0 

0  -5  10  -5 

0  0-55 


- -9.2009 
-2.7115  ±1.9926i 
A=  -1.2893  ±2.1265i 
-0.1110  ±0.7768i 
.-1.5755 

The  eigenvalues  Ai  and  As  and  their  corresponding  eigenvectors  shall  be  changed  to  a  pair  of  complex 
conjugate  eigenvalues  and  eigenvectors.  The  new  eigenvalues  and  eigenvectors  will  have  the  following 
values 

'1  +  i  1  —  i  ■ 

Anetu  —  3.5  i  i2.0i,  [V2neu)  Vgnett;]  —  j  ^ 


The  inverse  algorithm  yields  the  following  coefficient  matrices 


■  3.4736 

-4.5842 

3.5695 

-1.4021- 

-1.3321 

1.6515 

3.7567 

-4.0419 

0.1254 

-3.6209 

8.3151 

-4.8145 

.  0.5991 

-3.2051 

0.8846 

1.7835  . 

12.0537 

-6.5454 

-5.8406 

5.5284  • 

-2.4501 

2.4368 

5.9787 

-5.6044 

0.4695 

-6.5649 

12.5778 

-6.4124 

2.5232 

-3.1102 

-8.2628 

9.1160  . 

which  has  the  desired  eigenvalues  and  eigenvectors. 

Now  a  closed  loop  system  will  be  constructed  that  will  contain  the  same  eigenvalues  and  eigenvectors 
as  the  corrected  system.  The  input  and  output  matrices  are  square  matrices;  define  Bq  and  C  as  Ax  A 
and  8x8  identity  matrices,  respectively.  Then  equation  (87)  simplifies  to  (88) 


G  =  [Aff3  AF2] 
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AHz  and  AH2  can  be  determined  from  AH2  =  M  —  H2  and  AHz  =  M~^K  —  Hz  and  the  feedback 
gain  matrix  G  can  be  determined 


- -2.0537 

1.5454 

5.8406 

-5.5284 

-0.4736 

2.5842 

-3.5695-  1.4021- 

-2.5499 

7.5632 

-10.9787 

5.6044 

-0.6679 

3.3485 

-6.7567  4.0419 

-0.4695 

1.5649 

-2.5778 

1.4124 

-0.1254 

0.6209 

-1.3151  0.8145 

.-2.5232 

3.1102 

3.2628 

-4.1160 

-0.5991 

3.2051 

-4.8846  --2.2165. 

Finally,  the  closed  loop  state  is  calculated  matrix  and  a  A  comparison  between  the  specified  eigenvalues 
and  those  of  the  closed  loop  system  shows  that  they  are  exactly  the  same  (this  applies  also  for  the 
eigenvectors) : 

-2.7115  ±1.9926r 
-1.2893  d=2.1265i 
-0.1110  ±0.7768z 
-3.5000  ±2.0002. 

In  both  examples  the  reader  can  verify  that  exactly  the  same  gain  matrix  results  from  the  method 
of  Andry  et  al.^  given  by  equation  (65)  for  both  examples  but  about  1/3  the  computational  time  as 
measured  by  Matlab’S  flops  command. 

7.  CONCLUSION 

An  eigenstructure  assignment  method  has  been  presented  based  on  using  the  matrix  manipulation 
for  inverse  eigenvalue  problems.  The  resulting  gain  matrix  calculation  derived  by  inverse  methods 
does  not  resemble  that  obtained  by  conventional  eigenstructure  assignment,  but  appears  to  produce  the 
same  numerical  values  for  several  different  example  problems.  The  computation  using  inverse  eigenvalue 
methods  is  faster  than  that  of  Ref.  1  when  programmed  in  Matlab  for  these  examples.  In  addition, 
the  proposed  method  allows  both  the  open  loop  structure  and  the  closed  loop  system  to  have  rigid  body 
modes  often  useful  in  aerospace  structures.  The  remaining  modes  are  stable  because  of  the  partitioning 
offered  by  the  inverse  eigenvalue  approach.  In  fact,  if  the  inverse  approach  is  used  with  full  state 
feedback  the  unassigned  eigenstructure  is  the  same  in  the  closed  loop  system  as  it  is  in  the  open  loop 
system. 

Often  in  eigenstructure  assignment  it  is  not  possible  to  replace  a  specific  eigenvalue  or  a  pair  of 
eigenvalues.  The  method  proposed  here  allows  specific  eigenvalues  to  be  changed,  leaving  the  others 
unchanged.  See  Ref.  8  for  an  alternative  approach.  Some  traditional  eigenstructure  assignment  methods 
do  not  guarantee  that  the  closed  loop  system  is  stable,  i.e.  it  is  possible  that  some  closed  loop  eigenvalues 
are  unstable.  This  is  certainly  undesired. 

It  is  not  claimed  that  the  method  proposed  here  is  superior  than  that  of  Ref.  1  or  even  some  other 
recent  approaches  (Ref.  8),  but  rather  is  a  different  approach  which  may  lead  to  better  understanding 
or  improved  computational  performance.  An  important  point  in  Ref.  1  is  the  understanding  gained  by 
analyzing  equation  (59)  which  implies  that  the  desired  eigenvector  “must  lie  in  the  subspace  spanned 
by  the  columns  of  {Xil  —  j4)~^B”,  where  Xi  is  the  desired  eigenvalue  and  in  particular  that  not  every 
eigenvector  can  be  assigned.  This  condition  applies  for  output  feedback  and  collapses  in  the  full  state 
feedback  case  considered  here  (i.e.  B,  and  C  are  nonsingular)  allowing  all  elements  of  an  eigenvector  to 
be  assigned.  A  related  statement  can  be  made  by  examining  equations  (84),  i.e. 

BoGCi  =  +  XiAlY^  +  ATsAIy/ 

B0GC2  =  M~^K  -  Hi  ±  X2AIY^  ±  X2AIY^ 

Andry ’s  et  al.^  result  implies  that  there  exists  desired  values  X2,  A2  and  Y2  such  that  these  equations 
have  no  solution  for  specific  nonsingular  Bo,  Ci  and  C2.  No  such  direct  restriction  exists  in  inverse 
eigenvalue  problem,  but  rather  the  normalization  stated  by  equation  (36)  must  hold  which  implies  a 
relationship  between  the  (open  loop)  original  systems  eigenstructure  and  the  desired  eigenstructure.  The 
major  difference  here  being  that  the  restriction  on  achievable  eigenvectors  using  the  inverse  approach 
is  not  as  transparent  because  the  left  eigenvector  is  also  assigned. 


X  —  Xqi  — 
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Three  differences  appear  to  hold  between  conventional  eigenstructure  assignment  as  summarized 
by  Andry  et  al.^  and  the  inverse  eigenvalue  approach  proposed  here  in  the  full  state  feedback  case.  First 
the  eigenvalues  and  eigenvectors  not  assigned  by  the  inverse  method  are  not  changed  by  the  closed  loop 
control.  Secondly,  the  inverse  method  appears  to  compute  the  gain  matrix  G  in  about  1/3  the  time. 
Thirdly,  both  the  open  loop  and  closed  loop  system  may  contain  rigid  body  modes.  It  is  also  important 
to  note  that  the  eigenvectors  assigned  in  the  inverse  approach  are  those  from  the  physical,  coordiante 
system  in  the  second  order  form,  while  the  theory  forming  the  results  of  Ref.  1  is  the  assignment  of 
state  space  eigenvectors.  Also  the  inverse  eigenvalue  approach  to  eigenstructure  assignment  uses  both 
the  left  and  right  eigenvectors  of  the  physical  system  (i.e.  of  the  lambda  matrix).  These  differences 
may  render  the  proposed  approach  more  suitable  for  use  with  vibrating  structures. 

A  short  version  of  the  above  result  appears  as  Ref.  9.  The  significance  of  an  inverse  eigenvalue 
problem  approach  to  feedback  control  may  be  in  the  adoptation  to  control  of  the  method  of  Ref.  10 
which  ensures  that  the  resulting  inverse  solution  is  symmetric  and  positive  definite.  This  would  render 
a  quarantee  of  closed  loop  stability  if  applied  to  the  eigenstructure  assignment  problem.  However,  the 
method  still  requires  full  state  feedback  while  others  (Ref.  8)  do  not. 
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Abstract 

The  H.  robust  controller  of  the  expendable  launch  vehicle  in  the  presence  of  system  parameter  uncertainty  and 
wind  gust  disturbance  is  studied  using  the  Normalized  Left  Coprime  Factorization(NLCF)  plant  description.  In 
order  to  meet  the  design  requirements  of  both  the  robust  stability  and  performance  objectives,  the  'loop  shaping' 
procedure  is  introduced  within  the  H.  robust  controller  design  of  the  NLCF  framework.The  system  performance 
and  robustness  are  compared  in  the  fi-equency  domain  and  the  time  domain  for  different  H.  robust  controllers 
due  to  the  different  shaping  functions.  The  comparisons  indicate  that  the  performance  and  robustness  of  the  H. 
robust  controller  with  a  one  order  zero-pole  points  shaping  function  is  much  better  than  that  of  the  H.  robust 
controller  with  a  PID  shaping  function  or  with  no  shaping  function. 

1.  Introduction 

In  order  to  achieve  the  zero  steady  error  for  the  control  system  of  the  expendable  launch  vehicle,  the 
popular  design  method  we  can  think  of  at  first  is  to  use  the  PID  controller.  But  if  we  have  to  consider  the  effect 
of  the  flexibility  and  parameter  uncertainty  of  the  large  launch  vehicle  on  the  vehicle  stability,  the  robust 
controller  in  the  presence  of  system  parameter  uncertainty  and  system  unmodelled  dynamics  should  be 
considered  for  the  expendable  launch  vehicle. 

The  robust  stabilization  problem  of  finding  a  single  feedback  controller  can  be  solved  using  the  H. 
optimization  methods.  The  solution  to  H.  optimization  problems  are  typically  iterative  in  nature.  It  has  been 
shown  thatt'>^’  the  use  of  normalized  coprime  factor  plant  descriptions,  in  which  the  plant  perturbations  are 
defined  as  additive  modifications  to  the  coprime  factors,  lead  to  a  closed-form  expression  for  the  mavimum 
perturbation  radius.  The  maximum  radius  can  be  computed  directly  in  terms  of  the  design  model,  thus  allowing 
optimal  and  suboptimal  robust  compensators  to  be  found  without  the  usual  y  iteration  of  the  H.  controller  design. 

The  paper  describes  an  application  of  the  Glover-McFarlane  theory'’’^'  to  the  robust  control  of  the 
expendable  launch  vehicle  system.  In  order  to  meet  the  design  requirements  of  both  the  robust  stability  and 
performance  objectives,  the  well  know  'loop  shaping'  procedure  is  introduced  within  the  H.  robust  controller 
design  of  the  Normalized  Left  Coprime  Factorization(NLCF)  framework.  In  this  approach  the  loop  shaping 
principle  is  used  to  introduce  performance/robustness  trade-offs,  while  the  application  of  the  NLCF  robust 
stabilization  method  is  to  guarantee  closed-loop  stability. 

2.  Review  of  H.  Robust  Controller  Design  Using  Normalized  Coprime  Factor  Descriptions 
2.1  The  statement  of  the  problem 

It  is  assumed  that  the  system  transfer  function  matrix(stable  or  not),  G(s),  is  given.  As  we  know  now 
that  any  (stable  or  not)  transfer  function  matrbc  G(s)  can  be  represented  in  terms  of  a  pair  of  asymptotically 
stable,  real-rational,  proper  transfer  function  matrices  that  are  left(or  right)  coprime.  For  a  left-coprime  factor 
form  with  (M,  e  RH. ,  N|6  RH. ),  we  have 
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G  =  M-^N 

(1) 

G^  =  (M*AM)-\N*AN) 

(2) 

with 

AG  =  [AM,  ,  AN;\  e  RH, 

(3) 

This  uncertainty  model  can  be  represented  as  an  upper  Fig.l  Feedback  control  of  uncertainty  model 

linear-fractional  transformation(  Fig.  1). 


G,  =  F^(P,AP)  - 


where  det(I-P,,  aP)  *  0,  and 


0  I  / 
m;'\g 

- i - 

m;'  I G 


(4) 


(5) 


AP  =  [A^;  ,-AM,] 


(6) 


The  closed-loop  transfer  function  matrix  for  the  normal  plant,  G  ,  and  compensator,  K,  can  be  given  by  the 
lower  linear  fractional  transform,  i.e., 


F^P,K)  -  P„.P,^(/-P,^-'P,, 


K 

I 


n-GK)-'M-^ 


(7) 


By  employing  Fig.l,  the  robust  stabilization  problem  can  be  posed.  From  viewing  perturbed  models  for  a 
given  class  of  perturbations,  aP,  one  can  seek  a  single  compensator  K(s)  that  stabilizes  not  only  G  but  all 
members  of  the  G^  family.  If  aP  belongs  to  a  class  of  admissible  perturbations  defined  as  the  union  of  the  set  of 
stable  bounded  perturbations(RH.)  and  the  set  of  perturbations  in  RL^  for  which  G  and  G^  have  an  equal  number 
of  closed  right  half  plane  poles,  then  the  following  theory  can  be  established 
Robust  Stabilization  Theorem 

For  any  P22  of  P  given  by  equation  (5)  with  stabilizable  and  detectable  state-variable  realization,  the  compensator 
K(s)  of  Fig.l  stabilizes  G^=Fu  (P,  aP)  for  all  admissible  values  of  aP  such  that  ii  aPil  ^  e  if,  only  if, 

(1)  K  stabilizes  G 
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(2)  iiF,(P,K)iu.€‘’ 

The  parameter  e  in  the  theorem  can  be  viewed  as  a  measure  of  robust  stability  for  a  given  closed-loop  system. 
The  problem  of  finding  the  largest  level  of  robust  stability  is  termed  the  optimal  robust  stabilization  problem  and 
is  formally  stated  as  follows. 

Optimal  and  Suboptimal  Robust  Stabilization  Problem 

Find  the  largest  strictly  positive  number  such  that  for  all  admissible  aP  values  satisfying  ii  aPiu  ^  e,  a 
single  controller  exists  that  stabilizes  aP).  From  the  robust  stabilization  theorem, 

=  l^;TOIL  =  (8) 

where  K  is  chosen  fi-om  all  controllers  that  stabilize  G. 

The  suboptimal  robust  stabilization  problem  can  be  posed  as  follows:  if  a  y  (^Ymin)  is  given,  it  is 
required  to  find  the  controller  K  such  that 

(1)  K  stabilizes  G 

(2)  iiF,(P,K)il^Y 

for  all  admissible  values  aP  such  that  n  aPil  ^  y'^  • 

2.2  The  solution  for  the  optimal  and  suboptimal  robust  controller 

(1)  The  maximum  robust  stability  margin  e^^ax  is 

=  y1  =  [HN^,\\lV^  >  0  (9) 


where  |[.[|h  denotes  the  Hankel  norm. 

An  alternative  formula  for  is 

(10) 

As  we  know  that  if  G  has  stabilizable  and  detectable  realization  (A,B,C,D),  the  state-variable  realization  of  the 
Ni  M|  are  given  by  (1 1) 


A-HC  B-HD  H 

_R.mc  R-yiJ)  R-V2 


(11) 


he  X  and  Y  are  the  solutions  of  the  generalized  control  algebraic  Riccati  equation(GCARE)(12)  and  the 
generalized  filter  algebraic  Riccati  equation(GFARE)(13),  respectively. 

(A-BS  -’£>  ^CfX*X{A-BS  ^Q-XBS  '5  ^X*C  ''i?  ‘C  =  0  (12) 

(A-BS-^D  ^C)Y*Y{A-BS-^D  ^Cf-YC  ^R-^CY^BS'^B  ^  =  0  (13) 

where 

S-I^-^D^D  (14) 
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H=(JC  F=S'\B  ^X.D 


(2)  The  suboptimal  controller  which  satisfies  the  following  norm  criterion  for 


Y  ^Yn 


\\FjiPJC)U 


y-GK)-^M'X^Y 


and  its  construction  is 

where 


Ln 

Ln 

A-BF 

-F 

C-DF  DS-^'^ 

-(y"-1)-*'"7?-'" 

(15) 


(16) 


(17) 


(18) 


and  4  is  arbitrary  in  RH.as  long  as  ||$||.  s  1. 


W  =  (y'-1)MT  (19) 

When  $  =  0,  (17)  gives  the  lowest  order  suboptimal  controller  which  is  also  called  the  C(  oiler.  This 

controller  always  satisfies  the  norm  criterion  (15),  but  it  is  a  stabilizing  controller  if  and 

When  Y=Ymin  it  corresponds  to  the  optimal  controller.  The  construction  of  the  optimal  C'  n  be  found 

in[l-3]. 

3.  Loop-Shaping  Design  Procedure 

The  Normalized  Left  Coprime  Factorization(NLCF)  robust  stabilization  problem  1  in  section 

2  is  a  particularly  simple  approach  to  robust  controller  design.  The  trade-off  for  this  simpl  ver,  is  that 


there  is  no  scope  for  design  inputs  and,  in  particular,  performance  objectives  cannot  be  included. 

The  loop-shaping  design  will  introduce  a  procedure  which  allows  performance  requirements  to  be 
specified  within  the  NLCF  framework,  and  allows  the  designer  to  trade-off  between  performance  and  robust 
stability  objectives. 

The  NLCF  robust  stabilization  method  with  loop-shaping  design  procedure(NLCF/LSDP)  uses  the  well 
known  'loop  shaping'  principles  to  introduce  performance/robustness  trade-offs,  while  using  the  NLCF  robust 
stabilization  method  as  a  means  of  guaranteeing  closed-loop  stability.This  approach  is  similar  in  philosophy  to 
the  Loop  Transfer  Recovery  approach  to  LQG  problem.  The  procedure  is  briefly  outlined  below: 

(1)  Loop  Shaping:  Select  an  open-loop  pre  and/or  post  compensation  weighting  function(W,  and/or 
W2),  the  singular  values  of  the  nominal  plant  G  are  shaped  so  that  the  singular  values  of  the  Gg  =  WjGW,  give 
a  desired  open-loop  shape.  If  this  is  not  possible,  adjustments  will  have  to  be  made  to  the  specifications,  to  the 
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plant,  or  to  both. 

(2)  Robust  Stabilization:  A  feedback  controller  which  robustly  stabilizes  NLCF  of  the  shaped  plant 
WjGW,  is  synthesized.  The  synthesis  procedure,  in  fact,  is  to  determine  the  optimal  stability  margin  Y„i„  or 

suboptimal  stability  margin  ysY™i„ .  If  the  resulting  value  of  Y„i„  is  too  high,  modify  the  shaping  functions  W, 
or  W2  and  repeat  until  a  satisfactory  compromise  is  found.  Once  a  loop  shape  that  produces  an  acceptable  Yn.m 
has  been  obtained,  compute  the  corresponding  optimal  or  suboptimal  controller,  Ks ,  from  (.16). 

(3)  Weight  Absorption:  Because  Wj  or  W,  are  not  part  of  the  plant,  they  must  be  absorbed  into  the 
controller  by  replacing  Kg  with  K=  WjKsWj .  The  final  controller  degree  will  be  bounded  above  by  the  degree 
of  the  plant  plus  twice  that  of  the  weight. 

4.  The  Mathematical  Model  of  the  Expendable  Launch  Vehicle 

The  vehicle  is  treated  as  a  long  slender  beam,  only  the  pitch  plane  motion  and  the  transverse  bending 
are  considered,  and  both  booster  as  well  as  sustainer  engines  can  be  gimbaled  for  the  guidance  and  control  during 
the  ascent  and  the  sustainer  engine  is  assumed  to  be  gimbaled  at  a  ratio  of  0.6  of  that  of  the  booster 
engine(Fig.2).The  dynamical  equations  of  the  vehicle  are  given  in  [4]. 


Fig.2  Simplified  two-dimensionl  model  of  the  Expendable  Launch  Vehicle 


4.1  The  state  equations 


The  state  equations  are  given  by 


where 


X  =  Ax  *  56„  *  GW 

g  g 


0 

1 

0 

0 

0 

0  ^ 

0 

0 

*^41 

0 

^42 

0 

^43 

^43 

^2 

0 

A  = 

0 

0 

0 

1 

0 

B  = 

0 

0 

X  = 

= 

4 

^51 

0 

«S2 

^53 

^53 

^4 

4 

0 

0 

^33 

.^J 

^33 

(20) 
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4.2  Observation  output  and  measurement  equations 

It  is  assumed  that  a  position  gyro  and  two  rate  gyros  are  used  to  measure  vehicle  attitude.  The  two  rate 
gyros  are  located  at  the  forward  and  aft  body  of  the  vehicle.  The  information  from  the  two  rate  gyros  will  be 
mixed  according  to  the  ratio  a:(l-a).  Therefore  the  rotational  position  at  the  position  gyro  location,  e„  and  the 
rotational  rate  at  the  two  rate  gyro  locations,  0^,  can  be  written 


0. 


’'dis 


1  0 
0  a 


0 

(!-«]. 


1 

0 

0 


0  O'  0  0 

P 

1  0  0 
1  0  O'  0 

ra 


(21) 


where  is  the  slope  at  the  position  sensor,  and  (|)„'  are  the  slopes  at  the  foward  and  aft  body  rate  sensor 
locations,  respectively. 

Considering  the  sensor  dynamics^'*' 


(i) 


0 


0, 


0. 


0. 

_2L  0 

9, 

0 


(22) 


and  measurement  error 


n  =  W  (j)ti 

sen  sen'^  ^  ^sen 


w 


0.0003 


IWO.Ol 

Us/0.5 


0.0003 


Us/0.01 


Us/0.5 


(23) 


The  measurement  outputs  of  the  position  gyro  and  rate  gyros  can  be  written  as  follows: 


(24) 


4.3 


Actuator  dynamics 

It  is  assumed  that  the  actuator  dynamics  can  be  described  by  the  following  transfer  fimction^''^ 


^BS  _  ^CBS 


(25) 


176 


Hoo  Robust  Controller  Design  for  ELV 


where  6bs  -gimbal  angle,  Kcbs  =  booster  and  sustainer  control  gain, 
also, 

^cBs 


(26) 


where  6  egg  =the  output  of  the  controller. 


W  (s)  = 


'BS 


'CBS 


S„o 


) 


(27) 


4.4 


Wind  gust  disturbance 

The  disturbance  due  to  the  wind  gust  is  modelled  according  to  the  following  periodic  ftmetiont'’’ 

=  ^/l-costo^O  (28) 


where  Ag  =amplitude  of  the  wind  gust(ft/sec),  u  g=the  frequency  of  the  wind  gust(rad/sec). 

4.5  The  parameter  uncertainty  model  by  using  Internal  Feedback  Loop  technique 

It  is  assumed  that  the  perturbed  system  can  be  represented  by  the  additive  parameter  pertubation  as 


X  =  (A+aA)x  *  (B+aB)5^^  +  GJV^ 
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0 
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0 
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0 

aB  = 

0 

0 

aa^2^a^2 

^^55^^55 

663.6*3. 

0 

0 

0^336033 

663.663. 

(29) 


(30) 


where  the  aajj  are  the  maximum  amplitude  of  the  parametric  uncertainly  a^j ,  the  bbij  are  the  maximum  amplitude 
of  the  parametric  uncertainty  bij . 

The  aA  and  aB  can  be  written  by  using  the  ntemal  feedback  technique  as  follows: 


AA  -  W,  A 


AB-W,  A 


(31) 


where 
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Fig3  The  iotercoonection  structure  of  the  ELV  control 


system 


A  dicig[  6  ^4  j  j  6  ^?42j  S  ^435  6  j,  6  6 


(34) 


The  system  equations  can  be  written  as  follows: 

X  =  Ax  .  (35) 


The  perturbed  output  equation  is 

yper  “  *  ^SR^BS 


(36) 


Fig.4  Feedback  control  of  ancertainty  model 


while  the  open-loop  transfer  matrices  are  as  follows: 
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P  P  P 

P  P  P 

P  P  P 

,31  ^32  33 


(37) 


10  r  -■  PID  Shaping  Plant 

-  T  Shaping  Plant 


Frequency(Rad/Sec) 


Fig.S  The  plant  and  shaped  plat 


Fig.  3  shows  the  interconnection  structure  of  the 
expendable  launch  vehicle  control  system.  The 
feedback  control  of  the  uncertainty  model  for  the 
expendable  launch  vehicle  is  shown  in  Fig.  4, 

5.  Numerical  Design  and  Results 

5.1  Plant  frequency  properties 

The  frequency  property  of  the  launch 

vehicle  plant  is  shown  in  Fig.S  .  It  is  evident  that  the 
gain  in  the  low  frequency  region  is  too  low  so  that  the 
system  performance  will  not  be  satisfactory.  In  order 
to  improve  system  performance  and  system 
robustnesSjthe  loop-shaping  procedure  is  used 

5.2  The  selection  of  the  loop-  shaping 

functions 


The  Open-Loop  of  H-inf  Controller  for  Different  Shaping 
_ - - - 
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Fig.6  The  open-loop  frequency  property  for  different  shaping  plant 
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Two  kinds  of  shaping  weighting  function  are 
selected  to  shape  the  frequency  property  of  the  plant, 

(1)  PID  shaping  weighting  function: 
W,  -I,W2=[K;,(S+K,)/S,KaKJ 

(2)  Forward/lag  phase  shaping 

function:  Wj  =1,  W2  = 

[Kai{S+Ku)/(S+0.001),Ka2(S+K22)/(S+0.0001)] 

The  shaped  plant  by  the  PID  or  T 
function(i.e.  forward/lag  phase  weighting  function)  is 
shown  in  Fig.5.  It  is  indicated  that  the  best  is  the  plant 
shaped  by  T  weighting  function. 

5.3.  The  calculation  of  the  controller 
parameters 

Three  kinds  of  controllers,  i.e,,  PID  shaping, 
T  function  shaping,  and  no  shaping  controllers  are 
designed.  First  of  all  the  stability  margin  of  the 
system  for  each  shaped  plant  is  calculated.  The 
stability  margin  can  be  adjusted  by  the  selection  of 
the  parameters  for  shaping  the  weighting  functions, 
until  the  stability  margin  is  satisfied.  The  open-loop 
frequency  properties  are  shown  in  Fig.  6.  It  is  seen 
that  the  best  open-loop  frequency  property  is 
associated  with  the  system  for  which  the  plant  is 
shaped  by  the  T  function. 

5.4  The  sensitivity  and  complementary 

sensitivity  for  three  kinds  of  H„  robust  controllers 

The  sensitivity  and  complementary 

sensitivity  for  three  kinds  of  H.  robust  controllers  are 
shown  in  Fig.7  and  Fig.8,  respectively.  Fig.7  and 
Fig.8  show  that  the  best  one  of  the  three  kinds  of 
robust  controllers  for  both  system  performance  and 
robustness  is  the  system  for  which  the  plant  is  shaped 
by  the  T  function  . 

5.5  Simulations 

Simulations  are  used  to  certify  the  validity 
of  the  system  design.  The  transient  time  responses  of 
the  robust  control  system  with  parameter 
uncertainty(  10%  parameter  error  assumed  in  all 
parameters)  and  wind  gust  disturbance  are  simulated 
for  three  kinds  of  H.  robust  controllers  in  Figs.9- 1 1 . 
Fig.9  shows  that  the  theta  angle  response  of  the 
launch  vehicle  system  when  the  system  is  disturbed 
by  10%  parameter  uncertainty  and  wind  gust  (wind 
gust  frequency  is  assumed  as  the  rigid  body 
frequency,  3.25  rad/sec,  wind  gust  amplitude  is 
15ft/sec).  It  is  evident  from  Fig.9  that  the  time 
response  vibration  amplitude  labeled  by  the  solid  line 
is  much  less  than  that  of  the  other  two  kinds  of 


Fig.7  The  sensitivity  for  different  H,  robust  controllers 


Fig.8  The  complementary  sensitivity  for  difl'crent  H.  robust  controllers 
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robust  controllers.  This  indicates  that  the  robust 
performance  of  the  robust  controller  for  which  the 
plant  is  shaped  by  the  T  function  is  much  better  than 
that  of  the  other  two  kinds  of  robust  controllers. 

In  order  to  test  the  robust  stability,  the  time 
responses  of  the  launch  vehicle  system  attitude  when 
the  system  is  disturbed  by  the  wind  gust  and  various 
different  error  ratios  of  the  parameter  uncertainty  are 
simulated  in  Fig.  10.  It  is  shown  in  Fig.  10  that  the 
stability  margin  of  the  three  kinds  of  controllers  are 
different.  The  controller  with  no  plant  shaping  only 
allows  the  parametric  uncertainty  error  to  be  less  than 
8%  of  the  normal  parametric  values.  The  controller 
with  PID  plant  shaping  allows  the  parametric 
uncertainty  error  to  be  less  than  12%  of  the  normal 
parametric  values.  The  controller  with  the  T  function 
plant  shaping  can  allow  the  parametric  uncertainty 
error  to  be  more  than  12%  of  the  normal  parametric 
values. 

Finally  the  robust  stability  of  the  robust 
controller  with  the  T  function  plant  shaping  is 
compared  with  that  of  the  classic  PID  controller  in 
Fig.l  1.  This  shows  that  the  PID  controller  can  allow 
a  parametric  uncertainty  error  less  thant  20%  of  the 
nominal  values,  but  that  the  robust  controller  with 
T  function  plant  shaping  can  tolerate  a  parametric 
uncertainty  error  more  than  40%.  Fig.l  1  also  shows 
that  the  robust  performance  of  the  robust 
controller  with  the  T  function  plant  shaping  is  much 
better  than  that  of  the  PID  controller. 

6.  Conclusions 

1 .  The  robust  controller  for 
expendable  launch  vehicles  using  the  Normalized 
Coprime  Factor  Plant  Description  theory  has  been 
designed  without  the  usual  y  iteration  of  the 
controller  design.  The  validity  of  the  design  is 
certified  by  simulations. 

2.  The  design  process  indicates  that 
the  loop-shaping  procedure  for  the  robust  control 
system  design  is  a  very  important  step.  The  selection 
of  the  shaping  weighting  function  is  directly  and 
closely  related  with  the  system  performance  and 
robustness.  Three  kinds  of  various  weighting  shaping 
functions  are  compared.  Their 
sensitivity/complementaiy  sensitivity  and  simulations 
in  the  time  domain  show  that  the  differences  in 
performance  and  robustness  for  the  three  kinds  of 


Theta  Angle  Response  of  the  Perturbed  System  for  the  Wind  Gust  Disturbance 
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controllers  due  to  different  shaped  plants  can  be  significant. 

3.  Simulations  show  that  both  the  robust  performance  and  robust  stability  of  the  H,  robust 
controller  with  the  T  fimction  plant  shaping^are  much  better  than  those  of  the  other  two  different  weight  shaping 

H.  robust  controllers.  The  stability  margin  of  the  H.  robust  controller  with  the  T  function  plant  shaping  can 
tolerate  a  parametric  uncertainty  error  more  than  40%,  but  the  stability  margin  of  the  other  two  H,  robust 
controllers  and  the  PID  controller  are  less  than  8%,  12%,  and  20%,  respectively. 
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Introduction 

I  first  came  upon  rhis  result  in  my  work  in  the  area  of  control  of  distributed  systems.  I  was  studying  the 
manner  in  which  the  natural  modes  of  vibration  of  simple  beams  are  altered  by  attaching  to  them  concentrated 
^ring  and  damping  elements.  The  result  has  since  been  distilled  into  an  unproven  theorem,  presently  being 
called  the  orthogonal  function  theorem. 

Orthogonal  Function  Theorem^ 

Let  (r  =  1, 2, ....  n+1  )bean  ordered  set  of  real  orthonormal  functions  defined  over  the  interval  [a 
b].  The  zeros  of  the  n+l-th  orthonormal  functions  are  Xf(r  =  1, 2, ....  n).  Then  an  orthonormal  set  of  n  real  n- 
dimensional  orthonormal  vectors  can  be  constructed  from  the  orthonormal  functions  by  evaluating  the  lowest 
n  orthonormal  Junctions  at  the  zeros  of  the  n+l-th  orthonormal  function.  The  orthonormal  vectors  are  vo-  = 
[w i^Axi)  W2  ^Ax2)  ...  Wn  ^X„)f.  (r  =  1. 2. ....  n),  in  which  w](r  =  1. 2, ....  n)  are  positive  numbers. 

The  above  described  orthogonal  function  theorem  is  both  imusual  and  a  paradox.  It  is  unusual  because 
the  zoos  of  the  n+l-th  orthonormal  function  influence  the  construction  of  orthonormal  vectors  from  the  lowest 
n  orthonormal  functions.  The  orthogonal  function  theorem  is  a  paradox  for  reasons  described  in  the  next 
section. 

The  Paradox 

Let  us  now  more  closely  examine  the  orthogonal  function  theorem.  The  orthonormality  conditions  that 
the  functions  <|)i(x)  satisfy  are  given  by 

Jjj^r(x)<|)s(x)dx  =  8R ,  (r,s  =  l,2,...,n  +  l)  (1) 

where  6rs  is  the  Kronecker-delta  fimction  (^s  =  0  when  r  ^  s  and  Sn-  =  1)  and  where  x  is  defined  over  the 
interval  [0, 1].  The  za:os  of  <t)n+l(x)  satisfy 


<l'n+l(xt)  =  0.  (t  =  l,2,...,n)  (2) 

It  is  implied  by  (2)  that  <|)n+i(x)  has  n  zeros.  The  n-dimensional  orthonormal  vectors  are  stated  in  the  theorem 
to  satisfy  the  orthonormality  conditions 

¥s  =  8is  .  (r.s  =  1. 2, ....  n)  (3) 


^  Professor*  Department  of  Mechanical  and  Aerospace  Engineering,  Box  7910* 

^  Since  the  orthogonal  function  theorem  is  unproven,  the  use  of  the  term  theorem  in  this  context  is  strictly  a  contradiction, 
but  the  author  was  unsatisfied  with  the  alternatives  so  the  term  is  being  used  with  some  reluctance.  Furthermore,  as  an 
unproven  theorem,  it  is  incomplete  in  that  its  restrictive  conditions  have  not  been  given  in  the  statement  of  the  theorem. 
An  intelligent  list  of  restrictive  conditions  has  not  yet  been  compiled. 
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where  Vr  =  [wi^xi)  W24i!t(x2)  •••  Wn(|)i(Xn)]'^  in  which  Wf  shall  be  referred  to  as  weighting  constants.  The 
paradox  arises  when  we  recognize  that  (3)  represents  a  set  of  linear  algebraic  equations  in  terms  of  the 

unknowns  w^.  (r  =  1, 2, n).  The  number  of  equations  is  equal  to  n^  and  the  equadon  corresponding  to  the 
pair  of  indices  (r^)  is  identical  to  the  equation  corresponding  to  the  pair  of  indices  (S4').  Therefore  the  number 
of  independent  equations  is  N  The  paradox  lies  in  that  the  number  of  equations  is  larger  than  the 

number  of  unknowns  (when  n  >  1).  Indeed,  the  existence  of  an  exact  solution  to  an  overdetermined  set  of 
linear  algebraic  equations  is  all  together  unexpected.  Without  an  available  explanation,  the  presence  of  an 
exact  solution  can  be  regarded  as  a  paradox. 

The  Sine  Functions 


Without  a  proof  of  the  orthogonal  function  theorem,  we  now  resort  to  verifying  the  theorem.  The 
verification  is  given  in  order  to  provoke  insight  that  could  lead  to  a  proof  of  the  theorem  at  a  later  date.  The 
verification  could  also  illuminate  restrictive  conditions  to  which  the  theorem  is  subject  We  first  consida*  the 
ortbontxmal  set  of  sine  functions 


4>r(x)  =  '^sinrjix,  (r  =  l,2,...,n+l) 


(4) 


The  zoos  of  <|>n-t-l(x)  are 


=  (t  =  l,2,...,n)  (5) 

n+1 

The  weights  w,  (r  =  1,  2, ...,  n)  associated  with  the  orthonoimal  vectors  \\ff,  (r  =  1,  2, ...,  n)  are  obtained  by 
letting  r = s  in  (3).  This  yields  the  set  of  n  linear  algebraic  equations 

n 

5^<|>r(xt)w^  =1,  (r  =  l,2,...,n)  (6) 

t=l 

Letting  r  ^  s  in  (3)  yields  the  unpjoven  identities 

n 

^il)r(xt)<|>s(xt)Wt  =0,  (r?ts  =  l,2,...,n)  (7) 

t=l 


Substituting  (4)  and  (5)  into  (6)  and  (7),  we  get 

^2sin2^^jwf  =  1,  (r  =  L2,....n) 
and 

(r,ts  =  L2....,n) 

As  an  illustration,  let  n  =  3,  in  which  case  (8)  and  (9)  reduce  to 


(8) 


(9) 
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Observe  that  the  first  and  third  equations  in  (10a)  are  identical  to  each  other.  The  general  solution  to  (10a)  is 

22222112 

then  expressed  in  terms  of  as  (Wj  W2  Wg)  =  (w^  j  j  ‘^i)-  Substituting  the  general  solution  to  (10a)  into 

(10b)  verifies  (10b)  when  wi  =  1/2.  The  verification  of  (9)  for  values  of  n  ranging  from  1  to  10  was  carried 
out  elsewhere  (Refs.  1, 2). 

At  this  point  in  the  verification,  one  might  speculate  that  the  satisfaction  of  (9)  is  peculiar  to  the  sine 
functions  given  in  (4).  Lets  look  at  another  orthononnal  set  of  sine  functions,  given  by 


2(3^ +  Y^) 

<t>rW  =  -.  -2 . ^  "2 - sin3rX,  3rCOt3r  +  y  =  0,  (r  =  l,2....,n  +  l) 

y3r +Y  +Y 


(lla,b) 


in  which  y>  0  (Ref.  3).  The  zeros  of  4>n+l(x)  satisfy 

Jt 


^Pn+l 


(2t-l).  (t  =  l,2,...,n) 


(12) 


in  which  3n+l  is  obtained  from  (11b).  Substituting  (11a)  and  (12)  into  (6)  and  (7)  yields 


^  2(p;  +  y^)  .  2 

X  —  * _ evTi  * 


^Pj  +  y2  +  y 


sm 


^p^^(2t-l)  ]w^  =  l,  (r  =  1.2 . n). 


(14a) 


and 


4(P?-bY^)(P.?  +  Y^) 


+Y' 


+  y)(Ps +Y^+Y) 


sm 


Pr 


n 


Pn+l  2 


(2t-l) 


sm 


7C 


lPn+1  2 


(2t-l) 


w?=0. 


(14b) 


(r  9^5  =1,2,  ...,n) 

As  an  illustration,  let  n  =  5  and  y  =  2.  From  (Hb)  we  obtain  Pi  =  2.2889,  P2  =  5.0870,  P3  =  8.0962, 
P4  =  11.1727,  P5  =  14.2764  and  P6  =  17.3932.  From  (12)  the  zeros  of  <|)6  are  given  by  xi  =  0.1806, 
X2  =  0.3612,  X3  =  0.5419,  X4  =  0.7225  and  X5  =  0.9031.  By  inversion  of  (14a)  we  obtain  the  weighting 
constants  wi  =  0.5158,  W2  =  0.4950  W3  =  0.4700,  W4  =  0.4433,  and  W5  =  0.4144.  Substituting  these  values 
into  the  left  side  of  the  unproven  identities  (14b)  completes  the  verification  of  the  orthogonal  function  theorem 
for  the  sine  functions  given  by  (11b)  restricted  to  n  =  5.  The  verification  of  (14b)  for  values  of  n  ranging  from 
1  to  15  was  carried  out  elsewhere  (Ref.  3). 

The  veriHcation  given  above  considered  two  orthonormal  sets  of  sine  functions.  A  list  of  the  sets  of 
orthononnal  functions  for  which  the  orthogonal  function  theorem  has  been  verified  is  given  in  Table  1.  The 
orthogonal  function  theorem  was  violated  when  the  set  of  orthononnal  functions  was  associated  with  free-free 
beams  (Ref.  1).  This  set  is  a  mixed  set  of  two  polynomial  functions  and  the  remaining  are  transcendental  func¬ 
tions.  Observe  in  Table  1,  that  the  orthogonal  function  theorem  was  satisfied  for  another  mixed  set  (case  4). 
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Tianscendental  Functions 


1.  (|>r(x)  =  V2  sinncx,  0<x<l,  (r  =  l, 2,...,n  +  l;n  =  l,2,...,10) 


(Refs.  1, 2) 


<l)r(x)  =  V2  sin  ,  0  < X  <  1 ,  (r  =  1, 2, n  + 1;  n  =  1, 2. 10) 


J2(B^  +  Y^) 

- sinpjX,  PrCotPr  +  y  =  0,Y  =  2,0<x<l, 

P^+Y-^  +  Y 


(r=  1, 2, n+1;  n  =  1, 2, 10) 

4»o(x)=  1 ,  <|>i.(x)  =  cos  (nix) ,  0  <  X  <  1 ,  (r  =  1, 2, ....  n  +  1;  n  =  1, 2, ....  10) 


(Ref.  3) 


J2(B^  +  Y^) 

j - cosprX,0<x<l,Pr  tanPr  =Y.Y  =  1/5. 

Pr +Y^  +  Y 


(r  =  1, 2, ....  n+1;  n  =  1, 2, ...,  10) 


<t'r (3c)  =  [ Pr  \sin  PfX  -  sinh  PfX)  +  cosh  Pj 

sm  Pi-  +  sinh  p^  j 


X-COSPi-X, 


1  +  cos  Pj.  cosh  Pr  =  0 ,  0  <  X  <  1  ,(r  =  1, 2, n+1 ;  n  =  1, 2, 10) 
Polynomial  Functions 

7.  <1.1  (X)  =  1.  <l>2(x)  =  2V3  X.  <t.3(x)  =  6V5  (x2  - 1  / 12),  (t.4(x)  =  20V7  x(x2  -3/20) 

(|>5(x)  =  210(x'^  - 3x^  714  +  3/ 560) ,...,-l/2<x<l / 2(Legandre polynomials), 
(n  =  l,2,...,  10) 


(Ref.  3) 


(Ref.l) 


(Ref.  1) 


Node  Control  Theorem^ 

We  now  restate  an  application  of  the  orthogonal  function  theorem  to  the  control  of  distributed  systems 
in  the  form  of  the  node  control  theorem.  The  node  control  theorem  was  first  presented  in  Ref.  1  and  is 
presented  again  here  to  show  how  the  orthogonal  function  theorem  can  be  used  to  determine  control  gains  and 
to  determine  control  input  locations  in  direct  state  feedback  control  of  one-dimensional  systems.’ 


’Those  readers  uninterested  in  the  application  of  the  orthogonal  function  theorem  may  wish  to  skip  this  section. 

’The  node  control  theorem  has  been  used  to  control  transient  temperatures  in  conducting  media  in  Ref.  3  and  to  control 
vibration  in  two-dimensional  plates  and  membranes  in  unpublished  work  by  the  authors  of  Ref.  2. 
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I 

Consider  the  partial  differential  equation  that  governs  the  transient  vibration  of  a  one-dimensional 
uniform  bar 


_  a2u(x,  t)  ^  „  S^uCx,  t) 
m  o  AE  o  —  *  0 


at^ 


ax" 


(15) 


where  u(x,  t)  is  a  longitudinal  displacement  at  0  <  x  <  1  and  time  t  >  0,  f(x,  t)  is  the  control  force  distribution, 
m  is  the  mass  distribution  and  AE  is  the  stiffness  distribution.  Both  m  and  AE  are  positive  constants.  The 
uniform  bar  is  subject  to  the  boundary  conditions 


-kiu(0,t)+^!i^  =  0,  k2u(l.t)  +  ^HM  =  o 

OX  ox 

in  which  ki  and  kz  are  nonnegative  constants.  The  control  force  distribution  is 


f(x,  t)  =  -  ^ ^giU(x.  t)  +  hi  -  Xi ) 


(16) 


(17) 


in  which  5(x  -  xi)  is  a  ^atial  impulse  at  the  undetermined  location  Xj  and  gi  and  hi  are  undetermined  control 
gains.  The  eigenfunctions  of  the  uniform  bar  solve  the  eigenvalue  problem 


X2m(t)(x)  -  AE  =  -  y  (gi  +  Ahi )  (t)(x)5(x  -  Xi ) 


(18) 


subject  to  the  homogeneous  boundary  conditions 


-  ki<l)(0)  +  =  0  and  k2(t)(l)  +  ^  =  0 

dx  dx 

Hiere  exists  a  countably  infinite  number  of  eigenfunctions  (|)r(x)  (r  =  1,  2, ...,)  and  associated  eigenvalues  Xr 
which  solve  (18).  In  the  absence  of  feedback  control  (letting  gi  =  hi  =  0,  (i  =  1,  2,  ...,  n)  in  (18))  the 
eigensolutions  are 


<|)°  (x)  =  Nf  (ki  sin  P^x  +  Pj  cos  p,  x) ,  X®  =  iP, 


(r  =  1.2....) 


(19) 


in  which  Pj.  satisfy  the  characteristic  equation  0  =  (kik2  -  ^)  tan  Pr  +  (ki  +  k2)Pr,  the  normaliza-tion  constants 

[l  2  2.  r-^NPrl  kA  r 

are  Nf  =  1^2  (1^1  +  PP  + 1 — 2pr+-^  (1  -  cos  2P,)  J  ,  and  the  superscript  0  designates  quantities 

associated  with  the  uncontrolled  system.  The  eigenfunctions  of  the  uncontrolled  system  are  also  referred  to  as 
natural  modes  of  vibration.  The  eigenfunctions  of  the  controlled  system  are  also  called  controlled  modes  of 
vibration.  The  locations  of  the  forces  Xi,  (i  =  1,  2, ....  n)  and  the  control  gains  gi  and  hi  (i  =  1,  2, ...,  n)  are 
determined  on  the  basis  of  the  following  Node  Control  Theorem; 

Node  Control  Theorem 


A  uniform  bar  with  homogeneous  boundary  conditions  in  which  the  lowest  n  natural  modes  of  vibration 
participate  significantly  in  the  system  response,  when  subject  to  n  direct  state  feedback  forces  placed  at  the 
zeros  of  the  n+l-ih  natural  mode,  can  be  controlled  in  a  manner  that  satiates  the  following  three  properties: 
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(1)  Mode  invariance.  The  n  controlled  modes  of  vibration  are  identical  to  the  natural  modes  of  vibration. 

(2)  Frequency  invariance.  The  frequencies  of  oscillation  of  the  n  controlled  modes  of  vibration  are  identical 
to  the  natural  frequencies  of  oscillation. 

(3)  Uniform  damping.  The  damping  rates  of  the  n  controlled  modes  of  vibration  are  identical  to  each  other. 

The  desirability  associated  with  these  three  properties  was  described  in  detail  in  Ref.  4.  In  short,  the 
first  two  properties  minimize  the  magnitude  of  the  direct  feedback  control  forces.  Control  forces  increase  in 
magnitude  when  tasked  to  effectively  change  the  bar's  natural  modes  of  vibration  and  to  change  the  bar's 
natural  frequencies  of  oscillation.  We  can  see  that  the  third  property  is  desirable  when  we  consider  the 
alternatives.  The  allowance  of  one  decay  rate  to  be  lower  than  the  others  yields  a  response  that  in  time  is 
dominated  by  that  mode.  Furthermore,  the  magnitude  of  a  control  force  inaeases  with  the  decay  rate.  It 
follows  that  Ae  control  forces  will  be  unnecessarily  large  when  one  decay  rate  is  either  smaller  or  l^ger  than 
the  rest  The  level  of  uniform  damping  is  then  selected  on  the  basis  of  how  much  overall  effort  associated  with 
the  control  forces  the  designer  is  willing  to  expend. 

Let  us  now  show  how  the  node  control  theorem  follows  from  the  orthogonal  function  theorem.  We  first 
express  the  n  lowest  controlled  modes  in  terms  of  the  lowest  n  natural  modes  as 


<l)rW  =  Z4>?Wc„,  (r  =  l,2,...,n) 
s=l 


(20) 


in  which  c^s  (r,s  =  1, 2, ...,  n)  are  called  coupling  coefficients.  Equation  (20)  is  tantamoimt  to  assuming  that  n 
modes  participate  in  the  system  response  and  that  the  participation  of  the  remaining  modes  is  negligible. 

Substituting  (20)  into  (18),  premultiplying  by  —  f  <|)9  (x)(  )dx  and  applying  the  orthoncmnality  conditions 

m  ■'0 

(1)  yields  the  eigenvalue  problem 


s=l 


^r^st  +  ^r  ~ 
m 


^  n 


2hi(t)0(Xi)(l)?(Xi) 

Vi=l 


025.  + 


s  “st 


m 


X8i‘{*s(xi)<l)?(xi) 
U=1  J) 


>c 


rs’ 


(21) 


(r,t=  1,2 . n) 

It  follows  from  the  orthogonal  function  theorem  that  the  parenthetic  summations  in  (21)  can  be  reduced  to  the 
foim 


5^hi(t)?(xi)(t)?(xj)  =  h5st,  Xgi<!’s(xi)(t)?(xi)  =  g5st,  (s,t  =  l,2,...,n)  (22) 

i=l  i=l 

Substituting  (22)  into  (21)  we  get 

0  =  fx?  ^  Xr  -  +  +  -i-lcrt  =  0 ,  (r,t  =  1, 2, ...,  n)  (23) 

V  m  my 

Solving  (23)  yields 

Crt  =  5rt  (r,t  =  l, 2,...,n)  and  Xi.=-a±ic0r  (24) 
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in  which  a  is  the  uniform  decay  rate  and  \  ^  is  the  r-th  natural  frequency  of  oscillation. 
Indeed,  (24)  is  a  statement  of  the  three  properties  predicted  by  the  Node  Control  Theorem. 

Summary 

This  paper  introduced  an  unproven  theorem  about  orthogonal  functions.  The  theorem  leads  to  a 
paradox  that  is  currently  unresolved.  The  application  of  the  theorem  to  the  control  of  distributed  systems  is 
also  presented  in  the  form  of  a  node  control  theorem. 
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Abstract 

Equations  of  motion  are  developed  for  a  DC  voice-coil  Qqte  force  actuatcnr.  Typk:ally,  the  dynamics 
of  a  ^ical  force  actuate  are  assumed  to  be  those  of  a  linear  second  (Hxler  syst^.  Ibis  paper  dmves  the 
complete  set  of  actuator  equations  for  a  prototype  force  actuator.  Included  are  the  effects  of  a  localized  PD 
(Position  Deri\^tive)  control  loop  which  provides  a  user  desired  actuator  break  (natural)  frequency  and 
damping  charactoistics.  The  model  also  takes  into  account  the  effects  of  viscous  Motion  and  coil 
char^teiistics  such  as  back  emf  voltage  and  inductance.  The  resulting  fourth  ordor  syst^  can  then  be  shown 
to  reduce  to  a  simpla*  seccmd  order  system  widi  careful  assumpticHis. 

For  control  purposes  the  effects  of  the  actuator  break  frequoicy  is  examined  fcr  a  single  mode  model 
The  effects  of  actuator  dynamics  are  included  with  a  PPF  (Positive  Position  Feedback)  control  law  to  show  the 
significance  of  actuator  dynamics  for  the  combined  system  model 

Experimentally,  the  linear  actuator  model  is  used  in  ccMijunction  with  a  tendon  controlled  flexible 
structure.  Using  a  PPF  control  scheme,  the  first  two  bending  modes  in  two  orthogonal  planes  of  the  structure 
show  damping  increases  fixun  tqqrroximately  500%  to  11(X)%. 


1.  Introduction 

The  equations  of  motion  for  a  simple  linear  vrace-cdl  type  electro-mechanical  actuator  are  developed 
fully  by  including  all  of  the  inherit  properties  of  the  actuator  including  the  viscous  damping  and  inductance. 
This  formulation  also  includes  a  PD  ctmtroller  in  the  forward  loop  and  examines  the  resultant  4di  cuder  syston 
and  a  simplified  2nd  order  model  which  has  similar  response  iqr  to  the  actuatCH'  Ixeak  frequency. 

PPF  is  used  in  conjuncdtHi  with  voice-coil  ty^  linear  actuators  and  rigid  ^Headers  to  form  a  tendon 
actuated  truss-like  structure  which  is  ccuitrolled  in  2  cuthogonal  planes.  Tendon  actuation  schones  have  been 
shown  to  be  an  effective  means  of  structural  ctmtrol  using  various  types  of  state-feedback  (Murotsu,  Okubo, 
and  Terui  1989;  Murotsu,  Okubo,  Srada  1991;  Lu  et  al,  1994)  for  controlling  multiple  modes  of  beam-like 
structures.  Hus  truss  was  used  as  a  proof  of  concept  model  fw  the  ACES  (Active  Control  Evaluation  for 
Structures)  boom  located  at  NASA's  Marshall  Spaceflight  Center. 
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Positive  Position  Feedback  has  been  shown  to  be  an  effective  means  of  vibration  control  (Dosch, 
Inman,  and  Garcia,  1992;  Fanson  and  Caughey,  1987)  for  complex  structural  systems.  However  these  woiks 
have  not  addressed  the  issue  of  ccxitrol  for  larger  more  flexible  structures  with  low  modes  of  vibration  such  as 
Large  Space  Structures  (LSS).  The  original  paper  on  PPF  (Goh  and  Caughey,  1985>  states  that  actuator 
dynamics  can  be  neglect^  for  circumstances  such  as  high  actuator  bandwidth.  Hence  the  successful  use  of 
piezoelectric  elements,  with  their  high-bandwidth,  allow  the  actuator  dynamics  to  be  insignificant  in  the 
model  formulation.  This  paper  concerns  itself  with  the  case  in  which  electromechanical  actuators  are 
implemented  in  a  PPF  control  scheme  and  the  actuator  dynamics  interact  with  system  dynamics. 


2.  Actuator  Dynamics 

Consido’  the  electro-mechanical  representation  shown  in  Fig.  1  which  models  a  typical  DC  linear 
^tuator  or  rotary  motor. 


Figure  1 


For  this  system  KirchofTs  law  yields  for  the  circuit  loop. 


di,(t) 

dt 


"a  "a  "^a 


(1) 


where  Va  is  the  actuator  voltage,  Vb  is  back-emf  voltage,  Ra  is  resistance  of  the  coil,  and  La  is  coil's 
inductance.  The  force  developed  in  the  actuator  is  proportional  to  the  current  by. 


F.(t)  =  K.i.(t) 


and  the  back-emf  voltage  by. 


V,(t)  =  K, 


dx(t) 

dt 


Applying  Newton's  law  for  the  moving  actuator  mass  gives. 


(2) 


(3) 


dt^  M.  •  M.  dt 


M. 


-F.(t) 


(4) 


where  Ca  is  the  viscous  damping  coefficient  and  Ft  is  the  force  due  to  external  loading  or  the  transmitted 

force.  Converting  Eqs.  (l)-(4)  into  the  Laplace  domain,  with  zero  initial  conditions,  the  transfer  function 
between  actuator  volt^e  and  movement  of  tte  mass  becomes  (Kuo,  1991); 


X(s)  _  K, 

V,(s)  as^-i-Ps^-Fys 
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where  a  =  M,L,.  P  =  M,R,  +  C.L.,  and  y  =  KjK^  +  C,R,.  Now  consider  the  same  system  with 

closed  loop  position  and  derivative  control  as  shown  in  Fig.  2,  where  the  position  X(s),  cm  be  measured 
experimentally  by  means  of  an  LVDT  (Linear  Variable  Displacement  Transducer)  or  other  petition  transducer. 
The  KlvdT  is  the  associated  LVDT  gain,  Kp  is  the  position  gain,  Kd  is  the  doivative  gain,  and  Vc(s)  is  a 

command  voltage. 


Figure  2 

For  the  system  shown  the  transfer  function  between  command  voltage  and  positiem  is  now, 

X(s)  KdS  +  ^ 

Vc(s)  as^  +  Ps^  +  y's + 5 

where  Kp  =  KpR^Kj,  =  K^K^Kj,  y'  =  y  +  KjKlvdt*  and  5  =  KpKLVDT-  For  “any  electro¬ 
mechanical  servo  jpplications,  it  should  be  noted  that  La«l  (i.e.  a«l).  Thus  the  effective  damping  and 
sdffiiess  of  the  actuator  can  be  approximated  by  the  relation, 

s"+^s+^  =  s"-i-2C.cd.s+(d.''  (7) 


and  therefore  the  associated  gains  can  be  qrecified  for  a  desired  and  (0,  within  lirmtations  of  the  hardware. 
To  find  the  force  available  extonally,  Ft(s),  let  the  open  loop  transfer  function  Eq.  (5)  be  Nj/Di  and  the  closed 
loop  equation  Eq.  (6)  be  NJD2.  By  rearranging  Eq.  (1),  die  actuator  force  becomes. 


F.(s)  = 


K,(V.(s)-V,(s)) 

L.s-J-R. 


(8) 


With  the  addition  of  PD  control  and  considaing  the  forces  on  the  actuator  (Fig.  2),  Eq.  (4)  becomes, 

(as"-i-ps=‘-i-y's-F6)X(s)  =  ^^^^^i^^^^^^-F,(s)  (9) 

L.s  +  R. 


Now  let  the  transfo'  function  between  conmand  signal  voltage,  Ve(s),  and  acuiator  voltage,  V,(s),  become. 


V,(s)  _  V,(s)  X(s) 
V,(s)  X(s)  V,(s) 


D1N2  ^ 

— - — Therefore, 

NA 

V.(s)  = 


Ml 

NA 


V,(s) 


(10) 


and  similarly. 
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Vk(s)  =  K,s^V.(s) 

^2 


(11) 


Substituting  Eq.  (10)  and  (11)  into  Eq.  (9),  substituting  forNi,  N2,Di,  and  D2,  and  solving  for  the  transfer 
function  between  conunand  voltage  and  transmitted  force  gives; 

F, (s)  _  +  7s)(KdS  +  Kp)  KiKb(KdS^  +  KpS) 

V^(s)  (LaS+Ra)(as^  +  ps^  +  Y's+5)  (LaS  +  Rji)(as^  +  ps^+Y's+6) 

(as^  +  Ps^ + y's + 5)(KdS + KpXL^s + R^) 

(LgS + Ra  )(as^  +  Ps^ + y's + 5) 

If  expanded,  the  third  term  in  Eq.  (12)  gives  the  5th  order  tom  K^L^os^.  It  becomes  obvious  when 

considering  the  small  value  of  the  inductance  squared  (Le.  L.cx),  that  this  term  can  be  neglected.  It  should  be 
noted  that  Eq.  (12)  gives  a  DC  force  (i.e.  s=0)  which  equals  -  Kp.  In  other  words,  the  applied  force  at  DC  is 

proportional  to  the  electronic  spring  force  provided  by  the  closed  loop  actuator  control.  This  is  expected  since 
an  applied  voltage  produces  a  force  with  this  actuator  in  contrast  to  reaction  mass  actuators  whose  force  output 
depends  on  the  acceleration  of  the  actuator  mass  (Zimmerman  and  Inman,  1990). 

Typically  when  considering  a  system  for  control  purposes  the  models  are  reduced  to  a  Iowct  order  by 
neglecting  the  “fasr  poles  of  the  system.  These  are  the  roots  which  have  steady  state  responses  which  die  out 
quickly  and  have  negligible  influence  upon  the  dominate  poles’  refuses.  Generally  when  a  system  has  a 
characteristic  equation  similar  to  Eq.  (12),  the  time  constant,  L^R,,  is  small  giving  credence  to  neglecting  the 
effects  of  the  motor  or  actuator  inductance.  Also  the  viscous  damping  coefficient,  Ca,  can  usually  be 
neglected  in  the  case  of  an  actuator  with  small  ‘‘pumping”  losses  due  to  movement  of  the  armature  within  the 
magnet  assembly.  Also  another  simplification  can  be  made  by  considering  the  DC  force  produced  by  this 
actuator  in  conjunction  with  the  relationship,  F(s)=KdcX(s),  wh^  Kdc  is  found  firom  Eq.  (12)  when  s=0.  This 
simplification  gives  Kjx:  =  — Klyot^p  force  equation  to: 

Ft(s)  ^  -KlvdtKp 
v<,(s)  ps^+ys+s 

It  is  important  to  note  that  this  simplification  eliminates  the  effects  of  the  zeros  in  the  closed  loop  transfer 
function  whose  effect  is  to  smooth  out  the  response  of  die  actuator  near  the  break  frequency. 

Consider  a  prototype  Unear  actuator  whose  characteristics  are  given  in  Table  I. 

Table  I  -  Prototype  Actuator  Constants 


(on=2n  30  Hz 

Ca=0.17 

Klvdt  =196.85  VAn 

Ra=2.68i2 

Kamp  =3.5  VoltsA^olt 

La  =0.782  mH 

Ki=4.45N/amp 

Ca  =0  N-s  An 

Kb=4.45V-sec/m 

For  these  values  the  simulated  frequency  responses  for  the  original  fourth  ord^  system  and  die  reduced  second 
order  system  are  shown  in  Fig.  3.  Up  to  the  break  frequency  of  the  actuatCH-,  the  magnitudes  and  phases  of  the 
two  systems  are  similar  giving  confidence  in  neglecting  die  terms  from  Eq.  (12)  when  the  actuator  is  to  be 
used  under  it’s  break  frequency. 
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FtbqHz 

Figures 


3.  Structural  Modeling 

A  popular  way  to  lepresoit  distributed  parameter  systems  is  as  a  discrete  model  by  using  die  finite 
elemrat  method  with  equations  in  the  form: 

Mx  +  Dx  +  Kx  =  Bf  F(t)  (14) 

where  M,  D,  K  are  the  nxn  mass,  damping,  and  stiffness  matrices,  and  Bf  an  nxl  input  mauix,  withx  ivnng 
die  nxl  degrees  of  freedom  of  the  stracture.  Tbe  stiffness  matrix  K=  Km+Ka+Kq,  wh«e  reflects  the 
structure’s  stiffness,  Kx=  f(F(t))  the  destabilizing  effect  of  axial  loading,  and  Ko  the  stiffening  effect  of  a 
uniform  gravity  field.  ]^.  (14)  can  be  rewritten  in  modal  coordinates  as, 

Iq  +  =  S„'^BfF(t)  (15) 

Where  I  is  the  identity  matrix,  Aq  =  and  yljj  =  where  the  ^  and  (o„  are  the  modal 

damping  ratio  and  natural  frequencies  corresponding  to  the  modal  coordinates,  q.  Letting  Zj  =  q  and 
*2  ~  *1  ~  4  3“^  rewriting  Eq.  (15)  in  matrix  form  gives  the  state  space  reixesrataticHi, 


y  =  c{|L}+Du(t)  (16) 

Now  consider  the  discrete  system  with  a  set  of  rigid  spreaders  and  inextendable  tendons  which  now 
apply  two  point  loads  (one  at  Xl  and  one  at  Xj)  and  a  moment,  M(t),  due  to  the  effects  of  a  time  dependent 
applied  tension  (Ti(t)-T2(t))  in  the  tendon  as  in  Fig.  4.  Note  that  t^  representation  would  now  include  a 
time  varying  axial  load,  P(t),  which  consequently  would  produce  a  time  dqiendent  stiffness  matrix,  K*. 
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Figure  4 


Fig.  5  shows  the  FJE.M.  representation  of  a  truss  for  bending  in  the  XZ  and  YZ  planes  with  22 
degrees  of  freedom. 


Figures 

The  FEM  model  was  constructed  using  ANSYS  5.0  (Swanson  Analysis  Systems,  Inc.).  The  truss 
elements  were  modeled  as  3-D  beam  elements  with  6  degrees  of  freedom  at  each  end  and  the  nodes  as 
lumped  masses  with  rotational  inertia  with  nodes  1,  2,  and  3  fixed  with  respect  to  all  translations  and 
rotations..  The  plan*-  and  mounting  hardware  which  couples  the  spreaders  to  die  truss  woe  modeled  as  a  pl^ 
ftiffinftnt  with  the  mass  and  rotational  inolia  of  the  spiders  included.  An  additional  plate  element,  which 
repres^ted  the  end  mountings  and  tensioning  keys  for  die  tendons,  was  added  to  the  end  of  the  model.  The 
Guyan  reduced  wder  FEM  model  also  included  the  stiffening  effects  of  a  uniform  gravity  field,  howeva-  *e 
time  varying  axial  loading  was  excluded  due  to  its  minor  effect  iQxin  the  structural  response  (Le.  the  axial 
loading  was  well  below  the  buckling  load. 

The  input  matrix  B  and  the  ou^ut  matrix  C  in  Eq.  (16)  could  be  determined  directly  from  the 
expoimental  setup  with  Bp  containing  the  point  force  locations  at  die  translational  degrees  of  freedom  at  the 
seventh  and  tmth  bays,  and  the  moment  location  at  the  rotational  degree  of  freedom  of  the  sevMith  bay.  Hie 
ouqiut  matrix,  C,  ctmsists  of  die  modal  displacements  for  the  first  two  targeted  modes. 


4.  Positive  Position  Feedback 

PPF  (Positive  Position  Feedback)  was  first  suggested  by  Goh  and  Caughey  (1985)  as  an  answer  to  the 
stability  problem  of  velocity  feedback  with  actuator  d3mamics  included.  In  brief,  it  wm  shown  that  the 
inclusion  of  actuator  dynamics  would  cause  certain  modes  of  a  system  to  become  ^tentially  unstable  as  a 
trade  off  to  increase  the  damping  of  other  modes.  PPF  was  then  proposed  by  positively  feeding  the  mo^ 
displacement  of  a  structure  through  a  seccmd  order  tuning  filter  and  actuator.  However  the  actuator  dynamics 
were  shown  to  be  insignificant  for  sufficiendy  high  bandwidth.  Considering  a  single  degree  of  freedom  case, 
with  the  block  diagram  repres^tation  in  Rg.  6a,  gives  equations  of  the  form  (Fanson  and  Caughey  1987): 
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I  +  2^0)4  +  CD^  =  gCO^T]  (17) 

fi  +  2^50)^11  +  COf  =  (Of  ^  (18) 

where  ^  and  T)  denote  structural  and  filter  coordinates,  respectively.  By  observing  the  root-locus  for  this 
system  as  in  Fig.  6b,  it  becomes  obvious  that  as  the  filter  loses  damping  the  structural  poles  move  farther  into 
the  left  half  plane  with  a  corresponding  gain  in  damping. 


.  NoAelualor 


RulAids 


Figure  6a,b 

For  comparison  of  a  case  with  the  addition  of  actuator  dynamics,  different  effects  can  be  ^n 
depending  on  values  of  actuator  break  fi'equency.  Considw  the  blodk  diagram  representation  of  a  combined 
actuator-structural  mode-PPF  filta"  in  Fig.  7. 


R(s) 


Rgure? 

A  generic  single  degree  of  fieedom  model  was  constructed  and  combined  with  an  actuator  with  a  set 
damping  ratio  of  0.17  and  die  natural  frequency  was  varied  to  allow  it’s  effects  to  be  studied  for  cases  when 
the  actuator’s  natural  fiequency  is  far  above,  close  to,  or  &r  below  that  of  the  controlled  mode.  The  actuator 
model  was  the  4th  order  model  created  as  p^  the  Actuator  Modeling  section  of  this  paper,  aldiough  only  the 
dominant  poles  are  shown  in  die  root-locL 

Now  consider  the  root-kici  fw  different  actuato'  fiequencies  in  Fig.  8.  For  the  50  Hz  case  notice  that 
the  inte»fV-ti»n  between  filto"  and  structural  poles  are  nearly  identical  to  those  of  the  system  with  no  actua^ 
dynamics.  For  this  case,  referring  to  Table  n,  observe  diat  die  stability  of  the  filter  is  the  limiting  factor  with 
one  filter  pole  quickly  moving  into  the  right  half  plane  for  a  small  loop  gain.  However  there  are  several 
obvious  changes  when  die  actuatm*  is  changed  to  20  Hz.  First  the  root-loci  fm:  the  structural  poles  move  to  die 
teal  axis  as  cqiposed  to  the  idealized  PPF  and  50  Hz  cases  and  instability  ultimately  results.  Second  the 
actuators  go  into  the  right-half  briefly,  but  looking  at  Table  H,  it  can  be  seen  that  die  actuator  goes  unstable 
well  before  the  strucune.  In  die  10  Hz  case  there  are  odiCT  noticeable  changes.  First  the  structural  poles  move 
slighdy  into  the  left  half  and  then  move  toward  the  imaginary  axis  and  instability.  Second  die  actuator  can 
once  again  become  unstable  and  in  fact  does  so  before  the  structural  mode.  Last  it  can  be  seen  that  lowering 
the  actuator  frequency  to  5  Hz  causes  no  appreciable  increase  in  the  structural  damping  before  instability 
occurs  and  once  again  the  actuator  goes  unstable.  Obviously  from  these  observations  an  actuator  with  a  natural 
frequency  well  above  the  structural  mode  will  result  in  Ae  best  case  situation  of  increased  control  of  the 
structural  mode  while  allowing  global  stability  for  the  combined  actuator-filler-structure  system. 
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50H2  20Hz 


Real  A3QS  Real  Axis 


Figures 

Table  n  -  Destabilizing  Gain  Values,  g 


Structure 

FUter 

Actuator 

50  Hz 

RS 

0.003 

0.83 

20  Hz 

0.23 

RS 

0.10 

10  Hz 

2.37 

RS 

0.09 

5Hz 

0.31 

RS 

0.37 

RS:  Remained  Stable 


Now  reconsider  the  multi-degree  of  system  shown  in  Fig.  5.  Writing  the  structure,  filters,  and 
actuators  in  state-space  form  and  combining  gives  the  system  shown  in  Fig.  9.  Where  tho’e  are  now 
fiequencies  above  and  below  the  bandwidth  of  the  actuator. 


Af.Bf.Cf.Of 


Figure  9 

Hie  s,  a,  and  Ts  refer  to  the  structure,  actuator,  and  filters  respectively.  The  Cs  matrix  assumes 
perfect  filtering  to  allow  modal  displacements  as  outputs  firom  the  structural  states.  The  Cf  matrix  of  tuning 
filter  outputs  are  already  in  modal  coordinates  due  to  one  filter  per  mode  and  the  2  position  states  of  tiie  filters 
are  multiplied  by  the  gains  gl  and  g2. 

Setting  the  gain  g2  equal  to  zero  for  the  first  mode  the  effects  of  increasing  the  closed  loop  gain  are 
shown  in  Hg.  10,  nidiere  botii  plots  are  fm*  the  same  system  and  gains  but  the  second  shows  more  detail  of  the 
first  mode  poles.  There  are  obvious  similarities  to  the  SDOF  model  showing  that  for  gains  past  a  critical 
threshold,  die  filter  loses  stabiliQr  and  its  closed  loop  poles  move  into  the  right  half  plane.  Also  notice  diat 
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since  the  actuator’s  bandwidth  was  chosen  to  be  well  beyond  that  of  the  first  mode,  there  is  for  all  practical 
purposes  no  influence  of  the  actuator  dynamics  upon  the  structural  modes,  i.e.  the  idealized  PPF  case  is 
approached.  Now  consider  the  case  in  which  the  first  2  modes  are  now  controlled  with  independent  PPF  filters 
and  independent  loop  gains,  gl  and  g2,  but  a  single  actuator  where  the  filter  outputs,  Cf,  are  added  together  to 
form  the  single  actuator  input  as  in  Fig.  9. 


Figure  10 

The  new  pole  migration  can  be  seen  in  Hg.  11.  showing  that  as  the  second  mode  loop  gain  is 
increased,  initially  there  is  an  increase  in  damping  for  both  modes.  However  as  the  gain  is  increased  fiirdier 
to  a  point  of  maximum  second  mode  damping,  the  first  mode  begins  to  lose  a  small  amount  of  damping 
ultimately  acdiieving  almost  the  original  ^  but  with  a  small  increase  in  die  natural  frequency. 


Pole  Migration  for  g2  iMth  gl  Fbeed 


Rote  Migration  for  g2  with  gl  Fixed 


Rgure  11 


-20 

R0 


5.  Experimental 

The  actuators  used  for  this  paper  are  voice-coil  type  linear  actuators  with  rare  earth  magnet 
assonblies  and  copper  coils  obtained  ^m  Applied  Engineoing.  All  mounting  hardware,  except  for  2  inch 
travel  ball-slides,  was  fabricated  on  site.  Fastar  LVDTs  (Linear  Voltage  Displacement  Tran^cers)  from  Data 
Instruments,  were  used  to  obtain  a  position  signal  from  the  actuator's  moving  components.  The  PD  control  for 
the  electronic  damping  and  spring  force  giving  a  damping  ratio  of  0.17  and  frequency  of  30  Hz  was  provided 
by  a  Comdyna  GP-6  analog  computer  with  the  final  actuator  voltage  and  current  from  Kqxx)  BOP-36-6M 
b^lar  power  amplifi^.  The  traiisfe'  functions  of  command  voltage^sidon  were  verified  expoimentally  by 
using  a  random  sign^  input  and  the  position  ouqmt  of  the  LVDTs  and  then  comparing  the  magnitude  and 
phase  against  theoretical  models  from  MATLAB  using  the  derived  functions  from  the  Actuator  Dynamics 
section. 

The  2  meter  truss  gave  first  bending  modes  of  2.3  Hz  and  7  Hz  in  the  YZ-plane  and  2.3  Hz  and  6.9 
Hz  reflectively  in  the  XZ-plane.  The  addition  of  the  spreaders,  t^dons,  and  mounting  plate  caused  the  first 
mode  firequencies  to  drop  to  1.98  Hz  and  die  second  mode  to  increase  to  7.35  Hz  for  both  planes  of  vibration 
and  the  appearance  of  torsional  mode  at  fjfxoximately  7  Hz.  Frequoicy  transfer  functions  were  taken  widi  a 
Techtronix  2642  digital  FFT  analyzer.  The  spreader  lengths  were  checked  experimentally  to  determine 
whedier  or  not  their  natural  frequencies  were  near  any  of  the  controlled  structural  modes.  The  damping  ratios 
were  frxmd  fiom  tte  expoimental  transfer  functions  and  the  frequoicy  domain  vision  of  OKID  (Juang,  et  al, 
1993)  for  die  modes  to  be  controlled  and  1%  damping  assumed  in  the  other  modes. 
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The  PPF  filters  were  constructed  from  OP-07  op-amps  and  precision  resistor  and  capacitors.  The 
position  signals  for  each  mode  were  obtained  from  electronically  integrated  Kistler  8630  accelerometer 
signals.  The  accelerometers  were  placed  at  the  nodes  corresponding  to  41  and  43  in  Fig.  5.  Their  ouq>uts 
were  thoi  band-passed  through  Sallen-Key  second  order  filters  (Malmstadt,  Enke,  and  Crouch  1981)  whose 
cutoff  frequ^cies  w^  chosen  as  those  of  the  modes  to  be  controlled.  This  allowed  "modal"  displacements  to 
be  determined  to  4  bending  modes  of  the  structure  (i.e.  2  in  the  XZ  and  2  in  the  YZ  planes).  As  with  the 
actuators,  the  modal  signals  and  PPF  filters  were  expoimentally  verified  against  theoretic^  models.  Recalling 
that  the  PPF  filters  would  sacrifice  damping  in  ordo*  to  increase  diat  of  the  structure,  the  damping  ratios  for  the 
PPF  filters  w^  prescribed  at  0.5  since  the  objective  of  the  active  control  experiment  was  to  increase  the 
modal  damping  ratios. 
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Open  vs  Closed  Loop  Responses  XZ  Plane 

10 
lo’ 

^lO* 

s 

€  10* 

10’ 

10'' 

0123456786  10 

FnqHz 

Hgure  12a,b 

Shown  in  Fig.  12a,b  are  experimental  transfer  functions  showing  the  open  and  closed  loq) 
comparisons  to  the  first  2  modes  in  the  XZ  and  YZ-bending  planes.  Using  OKID  this  results  in  an  increases 
of  modal  damping  ^own  in  Table  m.  However  it  must  be  noted  that  due  to  the  large  increase  in  damping  of 
the  second  mc^es,  OKID  was  unable  to  extract  a  modal  damping  ratio  and  the  second  mode  values  in  Table  m 
are  estimated  from  the  structures  decay  times.  Note  that  evoi  tiiough  the  torsional  modes  were  not  targeted  for 
control  due  to  the  low  modal  partici^tion  of  die  input  forces  and  moment,  the  PPF  control  scheme  was  able  to 
slightly  decrease  the  magnitude  of  these  modes  at  qiproximately  7  Hz. 

Table  Hl-Opai  Vs  Closed  Loop  %  Damping 


Open  vt  dosed  Loop  Responses  YZ  Plane 


Closed  Loop 

%  Increase 

ModelXZ 

1.5% 

9.2% 

513 

Model  YZ 

1.3% 

9.9% 

661 

Mode2XZ 

0.78% 

10% 

1182 

Mode2YZ 

0.83% 

10% 

1100 

The  optimum  gain  for  the  first  mode  closed  loop  mode  was  set  in  hardware  then  the  second  mode 
gain  was  increased  to  achieve  die  best  transient  response  while  maintaining  st^ility  in  the  structure  and  filters. 
As  was  seen  in  the  resulting  eigenvalues  of  the  Systran  matrix  in  the  PPF  section,  with  1  actuate  for  the  2 
target  modes  an  increase  in  the  damping  was  possible  while  global  stability  was  maintained  (see  Fig.  1 1). 
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6.  Conclusions 

Positive  Position  Feedback  has  been  shown  to  be  an  effective  means  of  control  when  used  in 
conjunction  with  linear  actuators  and  a  tendon  control  scheme  for  a  light-flexible  stnicture  with  low  modes  of 
vibration.  The  4th  ordo'  actuator  model  combined  with  PPF  and  structure  showed  similar  behavior  to  that  of 
the  predicted  performance  giving  large  increases  in  damping  while  maintaining  stability  for  all  the  modeled 
modes. 

A  complete  actuator  model  was  provided  and  then  a  simpliEed  version  was  giv^  which  could  be 
used  when  the  actuator  is  (grated  below  its  Neak  frequency. 
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Abstract 

The  paper  discusses  the  stabilization  of  pitch-flap  flutter  and  the  vibration  attenuation  of  flexible 
hingeless  rotor  blades  in  forward  flight.  Mathematical  models  for  the  geometrically  nonlinear  struc¬ 
ture  and  the  aerodynamic  loads  are  derived.  Using  the  Finite  Element  Method,  the  discrete  equa¬ 
tions  of  motion  are  obtained.  Dynamic  simulations  are  presented  for  a  rotor  blade  model.  Robust 
state  feedback  controllers  are  designed  for  various  configurations  and  flight  states  using  the  Linear 
Quadratic  Gaussian  /  Loop  Transfer  Recovery  (LQG/LTR)  and  the  Normalized  Left  Coprime  Factor¬ 
ization  (NLCF)  design  methods.  Conclusions  are  drawn  regarding  the  feasibility  of  smart  rotors. 

1.  Introduction 

In  forward  flight  helicopters  experience  high  vibratory  loads,  aeroelastic  instabilities  and  strong  noise 
impact.  Transonic  effects  on  the  advancing  blade,  dynamic  stall  at  the  retreating  blade  as  well  as 
blade-vortex  interaction  (BVI)  of  preceding  and  following  blades  are  the  main  sources  of  vibration  and 
noise.  These  phenomena  put  limits  on  the  flight  performance.  They  reduce  passenger  comfort  and  can 
lead  to  structural  fatigue  failure. 

Despite  the  complex  flow  field  and  load  distribution  on  the  rotor  in  forward  flight  the  vibratory  loads 
transferred  to  the  helicopter  fuselage  via  the  rotating  hub  consist  of  well-defined  frequencies.  This  is 
due  to  the  filtering  characteristics  of  the  hub.  It  is  a  well-known  fact  that  for  a  rotor  with  identical 
blades  the  hub  transfers  only  loads  of  multiple  blade  passage  frequency  where  Q  denotes  the  rotor 
angular  velocity.  As  an  example,  a  four-bladed  rotor  will  lead  to  fuselage  vibration  frequencies  4D,  SD, 
etc.  For  most  helicopters  the  largest  components  are  the  vertical  shears  and  the  pitch  and  roll  moments 
at  ribil  due  to  ribO,  blade  flap  shears  and  {nt  —  1)0,  blade  flap  and  torsion  moments,  respectively®’^^. 

Two  general  approaches  are  discussed  in  the  literature  for  active  vibration  control,  the  Higher  Harmonic 
Control  (HHC)  and  the  Individual  Blade  Control  (IBC).  Friedmann  and  Hodges^  give  an  extensive 
overview  of  the  work  carried  out  in  this  field.  HHC  has  been  investigated  both  theoretically  and 
experimentally  in  a  large  number  of  studies.  The  idea  is  to  use  the  swaush-plate  not  only  for  conventional 
primary  pitch  control  at  O  but  also  to  superimpose  a  higher-harmonic  signal  with  contributions  from 
the  frequencies  {nt  -  1)  D,  and  (n^  +  1)  ft.  In  a  closed-loop  control  configuration  this  concept 
uses  accelerometers  attached  to  the  fuselage  and  an  adaptive  controller  to  adjust  the  swash-plate  input 
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to  varying  flight  states.  In  experiments  good  results  were  obtained  in  reducing  the  vibration  level  at 
the  hub  or  at  selected  fuselage  positions.  However,  HHC  failed  to  suppress  both  hub  and  airframe 
vibrations  in  the  presence  of  airframe-rotor  coupling  Wind  tunnel  tests  showed,  that  BVI  noise 
reduction  by  HHC  could  result  in  higher  vibration  levels  and  vice  versa 

It  is  hoped  that  some  of  these  disadrantages  can  be  overcome  by  using  IBC.  This  approach  applies 
vibration  control  in  the  rotating  frame.  It  is  independent  of  the  hub  filtering  characteristics  and  can 
also  account  for  individually  different  blade  properties.  However,  implementation  using  conventional 
hydraulic  servo  tabs  leads  to  bulky  and  heavy  systems  like  the  one  designed  for  wind  tunnel  tests  of 
the  Bo  105  hingeless  rotor 

With  the  advent  of  smart  structural  concepts  in  the  late  80’s  new  actuators  were  investigated  for  IBC 
of  rotor  blades.  Surveys  are  given  by  Narkiewicz  or  Strehlow  and  Rapp^®.  Among  the  concepts 
proposed  are  bending  and  torsion  actuators  at  the  blade  root  as  well  as  twist  control  rods  based  on 
piezoceramic  actuators.  Shape  adaptivity  of  blades  covers  adaptive  twist,  bending  and  section  cam¬ 
ber.  Nose  drooping  is  discussed  in  order  to  attenuate  dynamic  stall  on  the  retreating  blade®.  For 
most  of  these  applications  actuator  materials  must  be  significantly  improved.  Piezoceramics  are  hm- 
ited  to  very  low  strains.  While  shape  memory  alloy  (SMA)  actuators  offer  large  strain  capability  they 
are  constricted  to  frequencies  less  than  10  Hz  due  to  slow  heating-cooling  cycles.  Recent  trends  are 
therefore  based  on  smart  mechanisms  such  as  control  flaps  at  the  trailing  edge  of  the  outer  blade 
region  id5,i7  Actuated  via  the  swash-plate  and  a  mechanical  linkage  servo  flaps  have  been  used  by 
Kaman  for  primary  pitch  control®.  In  the  present  paper  they  are  investigated  as  means  for  pitch-flap 
flutter  suppression  and  vibration  reduction  of  a  blade  with  conventional  swash-plate  primary  control. 

2.  Structural  model  of  elastic  rotor  blades 

In  order  to  describe  the  kinematics  of  a  flexible  rotor  blade  two  frames  of  reference  are  introduced. 
For  helicopters  which  fly  with  constant  forward  speed  an  inertially  fixed  reference  frame  {xo,yo,^}  is 
connected  to  the  airframe  such  that  the  xq  axis  points  along  the  tail  boom.  A  second  frame  {x,y,z} 
is  fixed  to  the  rotating  hub.  Its  x  axis  points  along  the  rotating  blade  to  be  considered  subsequently. 
The  z  and  zq  axes  are  equivalent.  The  rotor  moves  with  angular  velocity  fi,  leading  to  a  time-varying 
azimuth  angle  ip  =  Qt  mod  2  tt  measured  from  the  xq  axis  towards  the  x  axis.  It  is  assumed  that  the 
undeflected  rotor  blade  lies  in  the  hub  plane,  i.e.  there  is  no  pre-cone  angle.  Furthermore,  the  flow 
velocity  Uo  due  to  helicopter  forward  motion  is  assumed  to  be  parallel  to  the  xq  axis. 


Deflections  of  the  flexible  rotor  blade  are  measured  in  the  {x,y,z}  frame.  The  model  includes  radial 
elongations  w,  lagwise  and  flapwise  bending,  v  and  w,  respectively,  as  well  as  torsion  or  twist  angle  a, 
see  Fig.  1.  Note  that  the  x  axis  is  equivalent  to  the  elastic  axis  of  the  blade.  For  blade  sections  with 
a  control  flap  at  the  trailing  edge,  the  position  of  the  flap  hinge  is  denoted  hy  yj  and  the  control  flap 
angle  by  /3,  see  Fig.  2.  The  position  of  a  mass  element  dm  measured  in  the  hub-fixed  frame  {x,  y,  z} 
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is  given  by  the  vector  sum  of  its  undeflected  position  and  the  deflection  vector: 


u  -  yv,x  -zw,x 

r(t)  =  R  +  d(t)  = 

Ry 

V 

.  Sf 

_  ly  +  ya  +  5/  (y  -  y/)/3  _ 

_  f  0  if  y -y/  <  0 
\  1  if  y  -  y/  >  0 


(1) 

The  expression  for  the  deflection  vector  is  valid  for  small  rotations.  Note  that  for  flapless  sections 
5/  =  0.  The  time  derivatives  of  r  are  given  by  f  =  d  and  r  =  d,  its  first  variation  by  6r  =  (5d. 
The  position  of  the  deflected  mass  element  in  the  inertial  reference  frame  {a:o,yo,^o}  is  found  by  the 
transformation 


To 


Tr, 


T  = 


Cl  —Si  0 

Si  Cl  0 

0  0  1 


where  Cn  =  cos(nfii);,  $n  =  sin(nfit)  .  (2) 


Its  time  derivatives  are  f  =  Tr  +  Tf  and  fo  =  Tr  +  2Tf  +  Tr. 
The  virtual  work  SWm  of  the  mass  inertia  forces  is  given  by 


SW„ 


=  f  Sr^Todm^  f  [f  (R  +  d)  +  2 td  +  Td]/)  (3) 

Jm  Jv 


where  m  and  V  are  the  total  mass  and  volume  of  the  blade,  respectively,  and  p  denotes  the  local 
mass  density.  The  matrix  terms  are  evaluated  and  reordered  with  respect  to  the  variables  v  = 
[a,  u,  u,  w,  P  Y '  Integration  over  the  blade  sections  leads  to  planar  first-order  and  second-order  inertia 
moments.  The  approach  yields  a  one-dimensional  formulation  of  the  virtual  work  of  mass  inertia  forces: 


-5W„. 


rlx 

Jo 


[  Om  V  +  2  n  Oc?  V  -  Oc  v  -  Q^Oq]  dx 


(4) 


The  terms  in  brackets  represent,  from  left  to  right,  the  inertia  forces,  the  gyroscopic  or  Coriolis  forces, 
the  centripetal  forces  dependent  on  the  deflections,  and  the  centripetal  forces  on  the  undeflected  blade, 
respectively.  The  length  of  the  blade  is  denoted  by  /x- 

The  rotor  blade  is  modeled  as  a  geometrically  nonlinear  beam  structure.  Flapwise  and  lagwise  bending 
are  coupled  with  the  radial  deflection  via  higher-order  terms.  The  Bernoulli  hypothesis  is  assumed  to 
be  valid.  For  moderate  rotations  von  Karman  strains  can  be  used  to  model  the  longitudinal  strain  at 
the  elastic  axis  {y  =  z  =  0): 


e  =  w,x  +^(w,x  +v,l  ) 


(5) 


Let  My,  Nj  My,  and  Mz  be  the  internal  reaction  torque,  longitudinal  force,  lagwise  and  flapwise  bending 
moments,  respectively.  The  internal  virtual  work  of  the  elastic  forces  is  then  given  by 


-5Wi 


=/■' 


5a, X  Mt  SeN  —  Sv,xx  My  —  Sw,xx  Mz  ]  dx  . 


(6) 


Substitution  of  linear  material  laws  and  equations  of  static  equilibrium  and  reordering  of  terms  with 
respect  to  the  variables  v  yields  the  following  matrix  formulation  of  the  inner  virtual  work, 


-5Wi  = 

Jo 


Os  V  dx  , 


(7) 


where  Os  is  the  absolute  or  secant  stiffness  operator  matrix.  In  the  incremental  formulation  of  the 
static  equilibrium  the  tangent  stiffness  operator  matrix  replaces  Os.  Gravitation  exerts  both  a 
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force  in  negative  w  direction  and,  in  the  case  of  a  centre  of  gravity  (C.G.  in  Fig.  2)  oflFset  from  the 
elastic  axis,  a  torque.  The  external  virtual  work  due  to  gravitation  is 

5Wg  =  —  f  [  6ay  Sw  ]  p  dV  =  f  6v^  Og  dx .  (8) 

Jv  Jo 

3.  Modeling  of  aerodynamic  loads 

The  flow  field  around  a  rotor  blade  in  forward  flight  is  extremely  complex,  although  the  resulting 
loads  are  periodic  and  can  be  expressed  by  Fourier  series.  Modeling  of  transonic  effects,  of  dynamic 
stall  or  BVI  are  demanding  tasks  in  computational  fluid  dynamics.  Inclusion  of  aeroelastic  coupling 
between  structure  and  flow-field  leads  to  large  and  time-consuming  numerical  problems.  However,  in 
order  to  design  IBC  systems  an  efficient  model  of  small  dimension  must  be  available  for  a  preliminary 
dynamic  analysis  of  the  plant  to  be  controlled.  Since  aeroelastic  coupling  substantially  influences  the 
dynamic  characteristics  of  such  a  system  it  must  be  taken  into  account  for  feedback  control  design.  As 
a  first  approach  this  work  employs  classical  aeroelastic  strip  theory  for  sections  with  control  flaps  as 
derived  by  Theodorsen  Time  histories  of  loads  and  deformations  are  assumed  to  be  harmonic.  The 
aerodynamic  model  is  simplified  for  inviscid,  incompressible,  quasi-stationary,  linearized  potential  flow. 
For  each  strip  perpendicular  to  the  rotor  blade  axis  the  flow  velocity  is  computed  from  the  contributions 
of  rotor  motion  and  forward  flight  motion  of  the  helicopter.  The  influence  of  the  flow  component  along 
the  rotor  blade  is  known  to  be  small  and  can  be  neglected.  Fig.  3  shows  a  section  of  the  rotor  blade 
with  control  flap. 


Fig.3:  Aerodynamic  loads  on  a  section  with  flap 


In  Theodorsen’s  formulation,  the  blade  section  is  approximated  by  a  oscillating  flat  plate.  Lift  I  and 
drag  d  per  unit  length  act  on  the  elastic  axis.  The  pitch  torque  rria  per  unit  length  is  positive  nose 
up.  The  flap  moment  mp  per  unit  length  acts  about  the  pivot  hinge  of  the  control  flap.  In  undeflected 
position,  the  rotor  blade  possesses  an  initial  pitch  angle  ao  which  varies  with  the  radial  position.  Its 
aerodynamic  centre  (A.C.)  is  at  position  see  Fig.  2.  The  aerodynamic  loads  on  a  harmonically 
oscillating  plate  with  flap  are  formulated  under  the  assumption  of  quasi-stationary  flow: 


TT  pb^ 


+  TTpUh 


Ua-w-iVn-  j)a  -  -T^U$  -  Ti  ^  P 

4  TT  ZTT 

Ua-w-ivn  -  ha  +  -TioUp  +  Tu  ^  p 

2  TT  Att 


+  irpU^boo 


d  —  TT  pU"^  bci){ao  +  a),  where  = 


dCD 

dCL 


(9) 

(10) 


=  - 


pb^ 


,  ^  \Tr  ■  /  2  ^  ...  .  b  .  .. 

-  2)^“  +  ^(j/n  -  2^”  32  ~ 

+  (T4  +  T,o)U^P  +  (Ti  -  Ts  -  IvfT,  +  lT^l)^UP  +  2Tnhp 


+  TipUbyn 


Ua  -  w  -  (yn  -  hd  +  -TiqU P  +  Tn-^P 

2  TT  A-K 


A 

+  irpU^bynao  (11) 
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mp  =  - 


p9 

4 

pb^ 


-Ts^Ua  +  TiSa  +  Ti^w  +  I  (T^ -T4T^o)U^  0  -  TiT^^^U0  -^^0 

'  z  z  TT  47r  47r 


Ti2^U 

4 


2 
Ua 


w  —  (2/n““)«H —  Tio  U  /i  +  Til  “j—  P 

2  TT  47r 


Ti2^0-"ao 

4 


(12) 


Here,  p  denotes  the  mass  density  of  the  surrounding  air,  and  b  is  the  chord  length  of  the  blade  section. 
The  lift  and  drag  coefScients  of  the  section  are  cl  and  cd,  respectively.  The  Ti  constants  contain 
geometric  information  about  the  control  flap.  They  are  listed  in  Ref.  16.  The  effective  flow  velocity  at 
a  section  with  radial  position  x  contains  the  constant  contribution  from  the  rotor  angular  velocity  fl 
and  a  harmonic  part  from  the  helicopter  forward  speed  Uq: 


U  =  n  a;  +  Do  sin  (ilt)  (13) 

Analogously,  the  squared  effective  flow  velocity  can  be  divided  into  constant  and  time— varying  parts: 

r/'2  tt2 

+  -^  +  2nxUo  sin(ftt)  -  ^  cos(2Di)  (14) 

z  z 

The  virtual  work  due  to  aerodynamic  loads  is 

SWa  =  /  [  Sw  I  —  Sv  d  +  5a  rria  +  <5/3  m0  ]  dx  .  (15) 

Jo 

Substitution  of  the  above  equations  for  the  aerodynamic  loads  and  reordering  terms  with  respect  to 
the  variables  v  yield 


6Wa 


Oa2  V  +  U  Oal  <r  +  OaO  V  +  Oo,  ]  dx  . 


(16) 


Here,  Oa2,  Oai  and  Oao  are  the  aerodynamic  mass,  damping  and  stifhiess  operator  matrices,  re¬ 
spectively,  and  U^Ooc  denotes  the  aerodynamic  forces  due  to  the  initial  pitch  angle  oq.  With  the 
abbreviations  Cn  =  cos  (nQt)  and  =  sin  (nfit)  one  obtains  from  Eqs.  (13)  and  (14) 


=  [ 
Jo 


5v^ 


TT^  rr2 

0„2V-H(nx  +  UoSi)Oai<r  +  ((l^x^  +  ^  +  2QxUoSi-^C2)Oaoy 

z  z 


+( ^ -I- 2fl  X  Do  Si  -  ^  C2 )  Oa 


dx  , 


(17) 


4.  Equations  of  motion 

After  collecting  the  terms  of  virtual  work  derived  in  the  previous  sections  the  principle  of  virtual  work 
is  formulated  as  follows, 

5Wm  +  SWi  +  5Wg  +  5Wa  -f  SWt  =  0,  (18) 

where  SWm,  SWi,  6Wgy  and  5Wa  are  given  in  Eqs.  (4),  (7),  (8)  and  (17),  respectively,  and  SWi,  represents 
the  virtual  work  due  to  boundary  terms.  The  above  weak  formulation  of  the  equations  of  motion  is 
discretized  using  the  Finite  Element  Method.  The  blade  is  divided  into  rie  elements  of  length  n, 
i  =  1 , . . . ,  rie .  For  the  interpolation  of  the  deflection  variables  in  each  element  first-order  $  and 
third-order  ^  Hermitian  shape  functions  are  applied: 


a  =  #a,  n  =  #u,  v  =  =  (19) 

The  vectors  Q:,u,v,  and  w  contain  the  DOFs  at  the  two  nodes  of  an  element.  Note  that  the  control 
flap  angle  /3  is  treated  as  a  discrete  quantity  which  is  constant  over  the  whole  flap  length.  For  the  aero¬ 
dynamic  terms  root  cut-out  as  well  as  tip  loss  effects  axe  implemented  by  suppressing  the  aerodynamic 
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matrices  and  vectors  in  the  appropriate  elements.  Substitution  of  the  shape  functions  in  the  matrix 
formulation  of  the  principal  of  virtual  work  and  evaluation  of  the  integrals  yield  the  element  terms  of 
virtual  work.  These  are  subsequently  compiled  to  give  the  global  system  matrices  for  the  equations  of 
motion  which  include  geometric  nonlinearity  and  aeroelastic  coupling: 


+ 


(M- A2)q+(G-fiAu  -C^oAiosOq 

172  {72 

Ks(q)  +  C  —  Ao2  — ^  Aoo  —  2 fl C/q  Aqi  si  +  —  Aqo C2 


q 


(20) 


Here,  q,  M,  G,  Ks,  and  C  denote  the  DOFs  and  the  mass,  gyroscopic,  secant  stiffiiess  and  centripetal 
matrices,  respectively.  The  aerodynamic  mass,  damping  and  stiffness  matrices  are  represented  by  the 
A2,  Aii  and  Aoi  terms,  where  the  second  indices  t  =  0, 1,2  refer  to  the  order  of  the  radial  position 
X  to  be  included  in  the  integration.  The  right-hand  side  of  the  equations  of  motion  comprises  the 
centripetal  load  vector  pa,  the  gravitational  load  vector  pg  and  the  aerodynamic  load  terms  p^i  with 
their  respective  factors.  Again,  i  represents  the  order  of  x  in  the  integration. 

The  equations  of  motion  are  nonlinear  due  to  the  stiffness  matrix  Ks  (q).  They  are  solved  approxi¬ 
mately  by  dividing  the  terms  into  a  static  and  a  dynamic  part.  The  nonlinear  static  problem 


Ks(q5)  +  C-n2A, 


02 


Aoo 


r.2  Ui 

q®  =  Pn  +  Ps  +  ^  Pa2  +  PotO 


(21) 


is  solved  applying  a  Newton-Raphson  iteration  scheme.  In  the  hover  flight  case  (Uo  —  0)  there  are 
no  time-varying  loads,  hence  the  static  problem  describes  the  state  of  the  blade.  In  forward  flight 
harmonic  aerodynamic  terms  lead  to  vibrations  of  the  rotor  blade  about  the  static  deflection  shape  q® . 
This  vector  is  then  used  to  compute  the  tangent  stiffness  matrix  Kt  (  q® )  for  the  linearized  dynamic 
problem.  The  quantity  ao  must  be  substituted  by  the  new  initial  pitch  angle  oo  +  Note  that  the 
static  control  flap  angle  is  assumed  to  be  zero.  The  linearized  equations  of  motion  about  the  static 
deflection  state  of  the  blade  include  all  time-varying  loads: 


( M  -  A2 )  Aq  +  ( G  —  D  All  —  Uq  Aio  si )  Aq  + 


2QUo  Aoi  Si  +  Aoo ^2 


Kt  +  Ao2 

[/2 

Aq  =  2  n  C/q  Pal  - Y 


Aoo 


(22) 


This  system  of  differential  equations  is  abbreviated  as  follows, 

A1  Aq(t)  +  X>(t)  Aq(t)  +  ^(t)  Aq(t)  =  :P(0  (23) 

where  the  damping  and  stiffness  matrices  can  be  divided  into  constant  and  time-varying  parts,  P(t)  = 
V  +  i>it}  and  lC{t)  =  iC  +  iC{t). 

The  effects  of  primary  control  using  a  swash-plate  can  be  easily  implemented  in  this  formulation  as 
periodic  load  vectors  on  the  right-hand  side.  The  rotor  blade  is  considered  to  be  fixed  at  the  root 
leading  to  zero  boundary  conditions  for  the  node  DOFs  at  x  =  0.  Collective  pitch  introduced  via  tne 
swash-plate  is  added  to  the  initial  pitch  angle  oq.  Cyclic  pitch  control  with  a  swash-plate  is  assumed 
to  harmonically  rotate  the  root  node  such  that  a  prescribed  twist  angle  at  =  a{x  =  0)  is  obtained. 
This  effect  can  be  implemented  in  the  formulation  by  evaluating  the  columns  in  the  M,T>,K.  matrices 
corresponding  with  the  boundary  pitch  angle  and  transferring  them  to  the  right-hand  side  of  the 
system.  The  prescribed  boundary  pitch  angle  ab  varies  with  the  rotor  frequency.  However,  the  V  and 
/C  vectors  contain  harmonically  varying  parts,  too,  such  that  the  primary  control  load  vector  contains 
higher-harmonic  contributions. 
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For  low  forward  flight  velocities,  the  blade  response  to  harmonic  aerodynamic  loads  and  cyclic  pitch 
control  concentrates  on  the  fi  and  2D  frequencies.  A  good  approximation  can  be  obtained  by  us¬ 
ing  Fourier  expansion  restricted  to  these  two  frequencies.  For  larger  advance  ratios  fi  =  Uol{fllx) 
higher-harmonic  terms  can  significantly  influence  the  blade  response.  Since  such  cases  are  investi¬ 
gated  regarding  feedback  control  numerical  time  integration  of  modally  reduced  systems  is  applied  in 
this  work.  Modal  reduction  of  the  unsymmetric  system  with  non-Rayleigh  damping  is  carried  out  in 
an  approximate  manner  by  evaluation  of  the  left  and  right  eigenvectors  of  the  constant  matrix 

pair.  Transformation  of  the  constant  damping  matrix  V  as  well  as  of  the  time-varying  matrices  leads 
to  coupling  terms  in  the  state  matrix.  When  designing  feedback  control  for  a  reduced  system  with 
selected  modes  this  implies  dynamic  spillover.  The  advantage  of  this  simplified  reduction  approach  is 
to  avoid  conjugate  complex  eigenvectors. 

5.  Dynamic  analysis  of  a  model  rotor  blade 

A  basic  mathematical  model  of  a  flexible,  hingeless  helicopter  rotor  blade  has  been  developed  in 
order  to  investigate  the  feasibility  of  IBC  systems  and  their  performance  with  respect  to  suppression  of 
aeroelastic  instability  effects  and  vibration  attenuation.  The  model  named  RB3  is  shown  in  Fig.  4.  The 
flap  and  lag  hinges  are  replaced  by  an  elastic  neck,  primary  pitch  control  is  applied  via  a  pitch  bearing 
at  the  blade  root.  A  detailed  documentation  of  the  geometrical,  stiffness  and  inertia  properties  of  the 
RB3  blade  is  given  in  Ref.  3.  The  aerodynamic  properties  of  the  blade  sections  are  assumed  constant 
along  the  blade  length,  the  lift  slope  coefficient  has  been  chosen  as  dci/da  =  5.7,  and  dco/dci  =  0.1. 
The  blade  is  assumed  to  possess  a  linear  washout  of  9°.  For  the  simulations,  ao  was  set  to  12°  at  the 
blade  root,  which  includes  collective  pitch. 


For  IBC,  the  control  input  is  modeled  as  an  external  torque  at  the  outer  end  of  the  blade  neck 
which  represents  actuation  by  hydraulic  servo  tabs  or  piezoelectric  torque  actuators  such  as  ±45° 
patches  on  the  neck  or  control  rods^^’^^.  Optionally,  the  blade  may  be  equipped  with  a  control  flap 
of  0.25  m  length  as  shown  in  Fig.  4.  Control  input  is  then  chosen  as  the  external  control  flap  moment 
M/3  exerted  by  some  servo  or  smart  mechanism  like  hinged  piezo-bars  Accelerometers  are  used 
as  sensors  measuring  the  flapwise  bending  and  twist  angular  accelerations,  w  and  d,  respectively,  at 
the  location  of  the  input.  These  signals  may  be  electronically  integrated  to  yield  w,  and  a  time 
histories.  As  an  alternative,  modal  sensors  manufactured  of  piezopolymer  material  are  considered.  By 
shaping  the  width  of  such  piezofoils  placed  along  the  blade  length  the  sensors  can  be  tuned  to  measure 
specified  aeroelastic  modes.  Assuming  perfect  performance  of  such  sensors  it  is  possible  to  directly 
feed  the  signals  back  to  a  state  controller  without  the  need  of  an  observer  or  other  filter 

The  blade  has  been  discretized  with  20  finite  elements  of  equal  length  leading  to  a  model  with  120  DOFs 
plus  the  optional  /?  DOF.  Static  and  dynamic  simulations  as  well  as  eigenanalyses  have  been  performed 
for  varying  rotor  angular  velocities  In  Fig.  5  the  eigenvalues  and  eigenvectors  of  the  aeroelastic  system 
are  given  for  varying  rotor  angular  velocity.  The  eigenfrequency  diagram  shows  that  there  is  resonance 
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for  the  first  torsion  mode  (Ti)  when  excited  with  4n“periodic  loads  at  Q  «  36.1  rad/s  and  when 
excited  with  3Q-periodic  loads  at  Vt  ^  43.3  rad/s.  The  situation  is  aggravated  by  low  damping  as 
shown  in  the  damping  diagram  below.  For  a  four-bladed  rotor  assumed  here,  both  30  and  40  loads 
are  transmitted  via  the  hub  to  the  helicopter  airframe.  Therefore,  the  resonance  peaks  shall  be  reduced 
by  appljdng  active  vibration  control. 


Fig.5:  Aeroelastic  eigenvalues  and  eigenvectors  in  hovering  flight 


For  rotor  angular  velocities  greater  than  40  rad/s  the  diagrams  exhibit  interaction  of  the  first  and  sec¬ 
ond  flapping  (Fi,F2)  and  the  first  torsion  mode  which  leads  to  very  low  damping  of  Ti  about  0  ==  44 
rad/s  and  to  instability  of  F2  for  Q  >  48.3  rad/s.  The  appropriate  eigenvectors,  given  in  Fig.  5  on  the 
right  hand  side,  indicate  an  increasing  similarity  of  the  F2  and  Ti  modes.  The  results  presented  in 
Fig.  5  are  valid  for  hover  only.  From  numerical  simulations  of  the  dynamic  blade  response  in  forward 
flight  one  observes  instability  from  fi  >  38.5  rad/s  for  Uo  =  70  m/s.  The  RB3  model  which  has  been 
designed  on  purpose  to  exhibit  pitch-flap  flutter  shall  be  subsequently  stabilized  using  active  control. 


6,  Robust  feedback  control  design  methods 

In  order  to  directly  address  eigenmodes  state  feedback  control  is  used  for  system  stabilization  and 
vibration  attenuation.  Control  designs  are  based  on  time-invariant,  modally  reduced  models  of  the 
rotor  blade.  Modal  sensors  yield  signals  which  can  be  directly  fed  back  without  the  need  of  a  state 
observer.  In  this  case  linear  optimal  control  (LQR)  is  used  to  find  a  time-invariant  control  law.  If 
accelerometers  are  applied  for  sensing,  a  state  observer  has  to  estimate  the  modal  states  of  the  system. 
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It  is  then  necessary  to  account  for  the  spillover  problem  by  using  robust  control  design  methods.  In 
this  work,  the  Linear  Quadratic  Gaussian  /  Loop  Transfer  Recovery  (LQG/LTR)  design  method  by 
Doyle  and  Stein  ^  and  iifoo“Optimal  Normalized  Left  Coprime  Factorization  (NLCF)  control  theory  by 
Glover  and  MacFarlane  ®  are  used  to  find  suitable  control  laws. 

Consider  a  state  representation  of  the  reduced  modal  system  to  be  given  by 

X  =  +  Bu  ,  y  =  Cx  .  (24) 

Provided  the  modal  states  x  are  known  from  measurements  direct  state  feedback  is  applied: 

u  =  -/CcX  (25) 

The  linear  quadratic  regulator  (LQR)  is  obtained  by  solving  the  controller  algebraic  Riccati  equation, 

+  A'^Sc  -  ScBR-^B'^Sc  +  Qc  =  0  -)■  ICc  =  Rj^B'^Sc ,  (26) 

where  Qc  and  are  the  state  and  input  weighting  matrices.  The  LQR  possesses  good  robustness 
properties  which  are  in  general  lost  when  estimating  the  state  variables  for  feedback,  u  =  -  /Cc  x,  with 
a  state  observer 

X  =  ^x  +  Bn  +  /C/  [y  -  Cx]  (27) 

The  LQG/LTR  method^  presents  an  approach  to  recover  the  robustness  properties  of  the  LQR  by 
computing  the  filter  gain  matrix  Kf  with  the  following  filter  algebraic  Riccati  equation: 

SfA'^  +  ASf-^SfC^CSf+BB'^  =  0  ^  IC/  =  ^SfC'^ ,  (28) 

where  p  — >  0  is  a  positive  real  tuning  parameter.  In  the  present  work,  the  LQG/LTR  method  is  used  as 
a  design  tool  without  explicitly  letting  p  0  because  undesired  observer  dynamics  result.  This  is  due 
to  the  fact  that  the  observer  poles  converge  to  the  plant  zeroes  which  are  poorly  damped  in  the  case 
of  the  aeroelastic  system.  The  stability  of  the  full-^dimensional  closed-loop  system  is  checked  with  an 
eigenanalysis  of  the  time-invariant  model  and  with  numerical  time  integration  of  the  periodic  model. 

As  an  alternative  to  LQG/LTR  control  the  ifoo-optimal  NLCF  method  ®  is  applied.  In  contrast  to  other 
^oo“0ptimal  control  design  methods,  NLCF  control  offers  open-loop  weighting  and  avoids  iteration 
to  find  the  optimal  control  law.  The  controller  and  filter  gain  matrices  are  found  from  generalized 
controller  and  filter  algebraic  Riccati  equations: 

=  0  ICc  =  B'^Sc,  (29) 

SfA'^  +  ASf-SfC^CSf  +  BB'^  =  0  ^  /C/  =  -72[(i  _^2)  j  ^  S,S/]-^S/C^  (30) 

where  I  is  the  identity  matrix  and  7  is  a  parameter  chosen  slightly  greater  than  the  inverse  maximum 
stability  margin  ^min  _ 

7  ^  1*05  7mzn  —  “^1  "b  ■^max  (  Sc  )  (31) 

Here,  A  denotes  the  eigenvalues  of  the  matrix  in  brackets, 

7,  Vibration  control  of  the  RB3  model  blade 

Applying  active  vibration  control  at  the  RB3  model  blade  two  aims  are  pursued.  First,  the  higher- 
harmonic  (3Q,4fl)  vibration  response  of  the  rotor  blade  shall  be  attenuated  at  =  35  rad/s  and 
Uq  =  70  m/s.  Second,  the  aeroelastic  system  shall  be  stabilized  at  fl  =  45  rad/s  and  Uq  =  70  m/s. 
Both  Ma  and  Mp  control  inputs  are  to  be  used  with  suitable  sensors.  For  vibration  control  design 
the  influence  of  primary  control  is  neglected  in  a  first  approach.  The  most  important  features  of  all 
IBC  systems  designed  are  summarized  in  the  table  below.  All  designs  are  based  on  modally  reduced, 
time-invariant  rotor  blade  plants  which  comprise  the  Fi,  F2,  and  Ti  modes.  The  input  and  output 
matrices  contain  the  appropriate  modal  participation  factors  for  actuators  and  sensors  chosen. 
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Q  /  objective 

35  rad/s  vibration  attenuation 

actuator  type 

Mp 

controller 

LQR 

LQG/LTR 

NLCF 

LQR 

LQG/LTR 

NLCF 

sensor  type 

modal 

w 

w 

modal 

a 

^min  uncontr.  (mode) 

2.0  (Ti) 

3.3  (Ti) 

specified  (mode) 

15.2  (Ti) 

14.9  (Ti/) 

9.8  (Tic) 

15.0  (Ti) 

15.0  (Ti^) 

11.1  (Tic) 

^min  checked  (mode) 

15.2  (Ti) 

3.6  (Tif) 

6.3  (Tic) 

14.3  (Ti) 

12.6  (Tic) 

10.1  (Tic) 

l^a/plmax  [Nm] 

387 

409 

4470 

7.97 

8.43 

7.27 

Q,  /  objective 

45  rad/s  ->  system  stabilization 

actuator  type 

Ma 

Mp 

controller 

LQR 

LQG/LTR 

NLCF 

LQR 

LQG/LTR 

NLCF 

sensor  type 

modal 

w 

modal 

a 

^min  uncontr.  (mode) 

1.7  (Ti) 

2.9  (Ti) 

^min  specified  (mode) 

14.1  (F2) 

14.1  (F2c) 

8.0  (Tic) 

16.2  (Fa) 

16.2  (Fac) 

12.2  (Tic) 

^min  checked  (mode) 

14.3  (F2) 

14.1  (Tic) 

8.8  (Tic) 

17.7  (Fa) 

14.3  (Fa/) 

11.4  (Tic) 

l^a/^lmax  [Nm] 

882 

833 

999 

35.0 

39.6 

52.8 

The  types  of  actuators  and  sensors  listed  in  the  above  table  are  as  shown  in  Fig.  4.  In  all  cases,  the 
uncontrolled  plant  has  lowest  damping  in  the  Ti  mode.  The  percentage  of  damping  ^  of  an  eigenvalue 
5  ±  icj  is  defined  as 

^  '  100  [%]  where  uq  =  o;^  -1-  .  (32) 

The  table  gives  both  the  minimum  damping  specified  in  the  control  design  and  the  values  obtained 
when  checking  the  eigenvalues  of  the  full-dimensional  closed-loop  system.  Here,  the  indices  c  and 
/  indicate  the  regulator  and  observer  poles,  respectively.  The  difference  between  specified  and  ob¬ 
tained  eigenvalues  in  the  LQR  case  is  due  to  dynamic  spillover  from  the  approximate  modal  reduction 
discussed  in  Section  4.  Much  worse  effects  on  the  minimum  damping  obtained  are  observed  for  the 
LQG/LTR  and  NLCF  compensators  where  in  addition  to  dynamic  spillover  both  control  and  observa¬ 
tion  spillover  occur.  Especially  in  the  H  =  35  rad/s  case  with  actuation  damping  of  the  Tj  mode 
turns  out  to  be  very  low  for  the  closed-loop  systems  with  observers. 

Comparison  of  the  Mq,  and  actuation  concepts  show  that  the  required  control  moments  are  much 
lower  in  the  latter  case.  This  is  due  to  the  fact  that  Ma  must  act  on  the  structural  torsion  stiffness 
whereas  Mp  moves  a  control  flap  about  a  hinge  without  structural  but  only  aerodynamic  stiffness. 
This  clearly  points  out  that  application  of  smart  material  actuators  is  more  promising  in  connection 
with  some  kind  of  smart  control  fiap  than  for  inducing  structural  twist. 

Dynamic  simulations  using  reduced  numerical  time  integration  with  ten  modes  are  shown  for  the 
n  =  35  rad/s,  C/q  ==  70  m/s  case  in  Fig.  6.  The  left  diagrams  refer  to  actuation,  the  right  ones  to 
Mp  actuation.  The  control  objective  is  to  add  damping  to  the  Ti  mode  which  is  known  to  be  poorly 
damped  and  near  resonance  with  4^  loads,  see  Fig.  5  and  the  uncontrolled  a  tip  displacement  in  Fig.  6. 
Since  the  Fi  mode  is  essential  for  primary  control  it  should  not  be  affected  by  vibration  control.  In  the 
NLCF  control  case  with  actuation  this  is  not  achieved  as  becomes  apparent  in  the  diagrams  of  the 
tip  flapwise  displacement.  Furthermore,  the  required  control  moment  becomes  extremely  large,  see  the 
above  table  (not  shown  in  Fig.  6).  This  is  due  to  the  fact  that  the  NLCF  controller  has  been  designed 
with  pure  gain  weighting  leading  to  unwanted  additional  damping  in  the  Fi  mode.  In  principal,  single 
mode  weighting  is  feasible  in  the  NLCF  design,  but  it  leads  to  additional  observer  states.  This  is  a 
general  drawback  of  the  NLCF  design  method  when  aiming  at  control  of  single  modes.  However,  good 
results  have  been  achieved  with  NLCF  control  for  the  Mp  actuation  cases.  Note  that  in  the  presence 
of  the  control  flap  the  a  amplitudes  of  the  uncontrolled  system  are  higher  than  in  the  case.  As 
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mentioned  before,  the  control  moments  are  much  lower  than  with  twist  actuation  at  the  blade  neck. 
Maximum  control  flap  angles  ^max  have  been  found  from  numerical  simulation  to  be  3.3°  at  D  =  35 
rad/s  and  between  4.4°  with  LQG/LTR  and  7.0°  with  NLCF  control  at  0  =  45  rad/s. 


Fig.6:  Tip  displacements  and  control  moments  for  system  at  Q  =  35  rad/s,  l7o  =  70  m/s 


In  the  case  of  pitch-flap  flutter  suppression  at  D  =  45  rad/s  and  Uo  =  70  m/s  good  results  were 
obtained  with  the  LQR  and  LQG/LTR  control  systems.  Here,  too,  NLCF  control  is  less  efficient  in 
Ti  mode  weighting.  Similar  to  control-configured  flight  of  inherently  unstable  aircraft  future  smart 
rotor  blades  have  the  potential  to  extend  the  limits  of  helicopter  flight  performance  by  suppression  of 
aeroelastic  instabilities. 

8.  Conclusions  and  outlook 

The  mathematical  modeling  of  the  aeroelastic  behaviour  of  flexible  helicopter  rotor  blades  has  been 
discussed.  Using  the  Finite  Element  Method  the  discrete  equations  of  motion  have  been  derived. 
For  a  model  rotor  blade  an  eigenanalysis  was  presented  pointing  out  regions  of  resonance  and  pitch- 
flap  flutter.  Both  vibration  attenuation  and  system  stabilization  were  investigated  as  control  objectives 
using  the  LQR,  the  LQG/LTR  and  NLCF  control  design  methods.  Compared  to  linear  optimal  control 
NLCF  was  found  more  difficult  to  deal  with  regarding  single  mode  weighting.  Both  twist  actuation  at 
the  blade  neck  and  control  flap  actuation  have  been  considered,  the  latter  being  much  more  promising 
for  application  of  smart  materials  due  to  lower  control  moments  required. 
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However,  smart  flaps  will  have  to  cover  an  angular  range  of  about  ±5®.  An  important  future  task  is  to 

find  smart  mechanisms  which  are  able  to  provide  such  maneuverability  over  a  wide  frequency  range. 

The  IBC  systems  in  this  paper  have  been  designed  for  specified  flight  states.  Their -stability  robustness 

is  not  guaranteed  regarding  parameter  variations.  In  future  work  it  will  be  indispensible  to  account 

for  adaptivity  of  control  in  order  to  cover  realistic  state  variations  occuring  in  helicopter  flight. 
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Abstract 

The  aeioservoelastic  properties  of  a  new  class  of  adaptive  aeronautical  surfaces  are  detailed.  These  new 
active  surfaces  use  the  newly  invented  Flexspar  configuration  which  employs  a  high  strength  main  spar 
around  which  an  aerodynamic  shell  is  pivoted.  Within  the  aerodynamic  shell,  a  piezoelectric  actuator  is 
mounted  with  one  end  bonded  rigidly  to  the  spar  and  the  other  attached  to  a  point  on  the  shell.  As  the 
piezoelectric  element  is  energized,  the  pitch  angle  of  the  shell  is  changed.  Adjacent  to  the  piezoelectric 
element,  a  sensor  is  used  to  determine  the  position  of  the  shell.  A  simple  feedback  loop  connecting  the 
sensor  and  actuator  provides  a  high  degree  of  stability.  Inertial  and  aerodynamic  coupling  are  minimized 
by  collocating  the  pitch  axis,  aerodynamic  center  and  center  of  gravity.  Laminated  plate  theory 
estimations  are  used  with  basic  kinematic  expressions  for  relating  piezoelectric  flexure  to  shell  pitch  angle 
change.  Wind  tunnel  test  results  demonstrate  that  stable  deflections  up  to  ±11^  are  possible.  By  using  an 
adaptive  positioning  system,  the  aerodynamic  shell  may  be  moved  with  respect  to  the  main  spar.  This 
modification  lends  aeroservoelastic  characteristics  to  the  system.  Accordingly,  as  the  quarter-chord  of  the 
shell  is  moved  forward  of  the  pitch  axis,  small  pitch  deflections  are  effectively  magnified  with  increasing 
airspeed.  Experimental  testing  of  an  aeroservoelastically  coupled  wing  specimen  showed  magnification  of 
pitch  deflections  from  ±1 1"^  to  ±16^  and  good  correlation  with  theory. 

1.  Introduction 

Flight  control  has  been  one  of  the  major  concerns  of  aviation  enthusiasts  since  the  invention  of  the 
first  airaaft.  The  dawn  of  controlled  flight  saw  early  aviators  shifting  weight  and  pulling  wires  to  steer 
their  crafts.  These  early  days  had  various  types  of  twisting,  all-moving  and  flapped  wing  devices  which 
manipulated  air-loads.  As  time  progressed,  the  control  surfaces  became  more  sophisticated  and  today, 
aircraft  designers  have  an  impressive  array  of  actuators,  materials  and  surface  designs  which  may  be  used. 
One  of  the  newer  types  of  control  surface  actuators  uses  adaptive  materials.  In  many  ways,  adaptive  flight 
control  surfaces  are  novel,  modem  devices  which  are  unique  and  new;  however,  such  structures  have  been 
flying  for  more  than  270  million  years.  Because  the  adaptive  actuators  and  the  aircraft  stmcture  are 
intimately  integrated,  flight  control  by  using  camber  and  twist  changes  (as  with  bird  wings)  are  possible. 
In  1989,  the  first  of  these  adaptive  aerodynamic  studies  were  conducted  on  a  series  of  bending-twist  and 
extension-twist  coupled  aerod)mamic  plates.  Crawley,  Lazarus  and  Warkentin  successfully  showed  that 
piezoelectric  elements  could  actively  bend  or  actively  twist  these  coupled  plates.^  As  a  result,  twist 
motions  would  be  generated  which  would,  in  turn,  alter  the  loading  across  the  span  of  the  plate. 
Following  this  early  work,  a  number  of  experimenters  showed  that  piezoelectric  actuators  could  be 
integrated  into  aerodynamic  surfaces  to  actively  induce  twist  and  camber  changes.  Many  of  these  studies 
were  centered  on  vibration  amelioration  and  flutter  suppression.  However,  many  technologists  continued 
to  explore  different  types  of  aeroelastic  control.^'^  Various  control  schemes  were  devised  for  using  skin- 
bonded  elements  to  change  the  camber  and  twist  of  wings.  The  effects  of  wing  sweep  on  active 
aeroservoelastic  performance  were  included  by  Ehlers  and  Weisshaar.^  At  about  the  same  time,  a  new 
manufacturing  method  for  piezoelectric  elements  was  discovered  which  would  lend  highly  orthotropic 
characteristics  to  otherwise  isotropic  piezoelectric  sheets.  These  directionally  attached  piezoelectric  (DAP) 
elements  were  shown  to  have  orthotropy  ratios  in  excess  of  50.  Accordingly,  several  experiments  were 
conducted  to  show  that  inherent  stmctural  or  geometric  coupling  (as  was  the  case  with  the  bending-twist 
or  extension-twist  aerodynamic  surfaces)  was  no  longer  necessary  to  induce  active  twist  deflections 
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in  flight  control  surfaces.  Instead,  the  DAP  elements  could  be  arranged  so  as  to  directly  generate  a 
torsional  shear  flow  which  would  result  in  a  twist  deflection.  The  first  of  these  studies  were  conducted  on 
helicopter  rotor  blades.'^"^  Although  only  small  static  twist  deflections  were  generated  f±0.1°  @  600 
VAnm),  the  principles  of  active  blade  twist  manipulation  were  proved.  Six  years  of  follow-on  work  have 
since  been  conducted  in  the  area  of  active  helicopter  rotor  blade  twist  manipulation.  jije  culmination 
of  this  tireless  endeavor  has  been  an  improvement  in  static  twist  deflection  to  nearly  ±0.2°  at  600 
V/mm  13  Because  these  twist  levels  are  so  low,  a  host  of  investigators  have  looked  into  high  authority 
actuators  for  a  greater  degree  of  control.  One  of  the  most  common  high  authority  devices  has  been  the 
active  servoflap.  Conceived  in  1989  by  Spangler  and  Hall,  the  active  servoflap  has  demonstrated  high  lift 
coefficient  changes  in  a  small  package.  This  device  performs  admirably  in  attached  flow  as  is  found  in 
helicopters;  however,  at  high  angles  of  attack,  like  those  experienced  by  missiles,  the  surface  locks  in  a 
hard-over  deflection.  Accordingly,  flight  control  devices  for  missiles  and  other  vehicles  which  use  low 
aspect  ratio  surfaces  need  another  type  of  adaptive  surface  design  for  flight  control. 

In  early  1991,  a  new  type  of  missile  flight  control  surface  was  invented.  This  device  employed  a 
twist-active  DAP  torque-plate  which  was  bonded  to  a  structurally  stiff  main  spar.  Tests  showed  that 
relatively  large  static  pitch  deflections  (±4.5°)  could  be  generated.  Although  deflections  of  this  order 

of  magnitude  are  fine  for  many  types  of  flight  control,  still  higher  deflection  levels  are  needed  for  many 
£q)plications.  Accordingly,  an  initial  study  into  aeroservoelastic  tailoring  of  torque-plate  fins  was  made  in 
1992.1^’!®  This  early  study  demonstrated  that  airloads  could  successfully  be  used  to  magnify  pitch 
deflections.  Unfortunately,  along  with  pitch  angle  magnification  came  divergence.  As  a  result,  all  of  the 
subsequent  torque-plate  research  has  been  on  control  surfaces  which  are  not  aeroservoelastically  coupled. 
Still,  significant  advances  have  been  made  without  coupling. 

Among  these  advances  have  been  the  invention  of  the  firee-spar  torque-plate  fin  and  the  Flexspar  fin. 
The  fi^ee-spar  design  has  shown  the  highest  pitch  deflection  levels  of  any  torque-plate  configuration,  up  to 
±8°  with  a  break  frequency  in  excess  of  50  Hz.  This  prototype  5"  span  by  2"  chord  graphite-epoxy  fin 
exhibited  stable  deflections  with  airspeed  and  no  flutter,  buffet  or  divergence  tendencies.  Because  still 

greater  pitch  deflections  are  necessary  for  many  types  of  missiles,  a  new  type  of  actuator  configuration 
dubbed  the  Flexspar  was  invented.  This  design  is  a  simpler  arrangement  than  the  torque-plate  as  only  two 
active  elements  are  needed  for  actuation.  This  design  was  originally  proven  in  a  series  of  labcaatory  bench 
tests  which  showed  deflections  up  to  ±11°.22  After  the  initial  concept  was  proven,  a  series  of  Flexspar 
wings  were  manufactured  for  a  l/3rd  scale  TOW  nussUe.  These  wings  were  shown  to  pitch  up  to  ±14°.23 
By  using  this  wind  tunnel  test  data,  it  was  estimated  that  the  missile  turn  radius  could  be  effectively 
reduced  by  an  order  of  magnitude.  The  most  recent  study  conducted  on  Flexspar  fins  demonstrated  full 
flight  control  on  a  remotely  piloted  vehicle.^"*  Although  these  studies  have  proven  the  basic  utility  of  the 
torque-plate  and  Flexspar  configurations,  much  work  has  yet  to  be  done.  Because  there  is  a  constant 
design  compromise  between  deflection  level  and  dynamic  deflection  bandwidth,  high  stiffness,  high 
deflection  actuators  are  needed.  One  method  of  maintaining  the  high  structural  stiffness  and  improving  the 
defle^tton  levels  is  to  call  upon  aeroservoelastic  effects.  These  have  been  shown  to  work  well,  but  rapidly 
lead  to  divergence  difficulties.  However,  with  an  active  shell  positioning  system,  it  is  now  possible  to 
move  the  aerodynamic  shell  with  respect  to  the  flexural  axis  so  as  to  optimize  the  system  performance. 
Accordingly,  this  papa  will  lay  out  the  fundamentals  of  the  Flexspar  configuration  and  present  data  on  a 
iww  type  of  active  aeroservoelastic  tailoring  method. 

2.  Tip-Joint  Flexspar  Design  and  Modeling 

The  Flexspar  design  is  based  on  a  single  bimorph  actuator  which  drives  an  aerodynamic  shell  in 
pitch.  Within  the  aerodynamic  shell,  a  stracturally  stiff  main  spar  provides  support  for  a  pair  of  pivots 
which  form  a  rotational  axis.  For  subsonic  applications,  the  main  spar,  center  of  gravity  and  aerodynamic 
center  are  usually  collocated  along  the  quarter-chord  of  the  aerodynamic  shell.  The  base  of  the  bimorph 
bender  is  rigidly  fixed  to  the  main  spar,  while  the  tip  is  joined  to  the  shell.  Figure  1  shows  a  typical  mam 
spar  and  bimorph  actuator  prior  to  structural  integration. 
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Fig.  1  Typical  Flexspar  Main  Spar  and  Active  Element  (from  TOW  missile  of  Ref.  23) 


There  are  two  main  configurations  of  Flexspar  fins.  The  first,  the  shell-joint  Flexspar  has  a  bimoiph 
bender  element  which  is  rigidly  bonded  to  the  main  spar  and  connects  to  the  shell  in  a  chordwise  direction 
This  configuration  is  generaUy  used  for  high  stiffness,  low  deflection  applications.  The  second 
configuration  is  the  tip-joint  Flexspar.  This  uses  a  bimoiph  bender  element  which  is  mounted  at  the  root 
of  the  fixed  base  and  connects  to  the  tip  of  (he  movable  shell.  Much  larger  deflections  are  attain^le  from 
the  shell-joint  configuration.  Figure  2  shows  a  typical  shell-joint  configuration  with  nomenclature  for 
analysis. 


Fig.  2  Shell-Joint  Flexspar  Configuration 
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Tip-Joint  Flexspar 

Laminated  plate  theory  has  been  used  to  successfully  analyze  adaptive  plate  structures  for  several 
decades.  Using  toe  conventional  laminated  plate  theory  assumptions  laid  out  by  Jones^*^  toe  element 
curvature  may  be  estimated.  Assuming  that  a  finite  bond  line  with  low  stiffness  connects  a  pair  of 
piezoceramic  sheets  to  an  isotropic  substrate,  then  the  curvature  ku  is  as  follows: 


Mr 


M+e 
12  ® 


^(‘s  +  2‘bha+|-‘a 


(1) 


If  the  geometry  of  Figure  2  is  used  in  conjunction  with  the  above  estimation,  then  the  shell  pitch 
angle  may  be  determined 
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Shell-Joint  Flexspar 

Borrowing  the  dimensional  notation  from  Fig.  2,  and  using  the  bimorph  curvature  estimation  of 
equation  1,  the  shell  joint  pitch  angle  may  be  solved  for. 


)  =  tan  ^ 


l-cos(ido) 


^®tot 


®tot 


(3) 


An  examination  of  equation  3  shows  that  toe  deflections  will  be  considerably  smaller  than  those 
obtained  by  toe  tip-joint  Hexspar  configuration. 


3.  Control  Surface  Design  and  Construction 

As  with  earlier  torque-plate  and  Flexspar  investigations,  PZT-5H  piezoceramic  sheets  were  used  to 
power  toe  aerodynamic  surface.  Figure  3  shows  toe  overall  geometry  of  toe  stabilizer  with  toe  internal 
layout  of  toe  components.  The  piezoelectric  bender  was  constructed  from  a  pair  of  7.5  mil  PZT  sheets 
bonded  to  a  2  mil  brass  substrate  with  Scotchweld™  adhesive  tape  in  a  350°  cure  under  approximately  8 
psi  of  pressure.  The  actuator  element  is  2.5"  long  wito  root  of  toe  actuator  element  measuring  0.4"  and 
toe  tip  0.3"  wide.  Masterbond  conducting  epoxy  was  used  to  make  electrical  contact  wito  toe  nickel 
electroded  faces  of  toe  PZT  sheets.  After  toe  cure,  toe  element  was  removed  from  curing  jigs,  deflashed 
and  trimmed  to  tolerance.  A  protective  root  section  made  of  style  #120  fiberglass  was  added  to  provide 
protection  for  toe  leads  and  toe  base  of  toe  element.  A  graphite-epoxy  extender  measuring  1.8"  was  bonded 
to  toe  tip  of  toe  actuator  bimorph  and  toe  end  of  toe  shell.  The  main  spar  was  constructed  wito  a  flexible 
nylon  binge  sandwiched  between  toe  structural  material.  The  tip  of  toe  shell  had  a  positioning  barrel 
which  could  move  toe  aerodynamic  shell  up  to  20%c.  The  fully  contracted  position  of  toe  barrel 
collocated  toe  fin  aerodynamic  center  and  toe  pitch  axis.  As  toe  barrel  was  extended,  toe  shell  moved 
forward  wito  respect  to  toe  pitch  axis.  This  lent  adaptive  aeroservoelastic  characteristics  to  toe  system. 
The  shell  positioning  barrel  was  constructed  from  a  10  mil  diameter  Tinel  alloy  K  shape-memory  alloy 
coil  which  was  balanced  by  a  conventional  spring-steel  coil.  The  position  of  toe  barrel  was  determined  by 
a  helical  position  sensor  which  was  connected  to  a  closed-loop  controller. 
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shell  positioning  barrel- 


main  spar  flexure 


Fig.  3  Adaptive  Shell-Positioning  Flexspar  Arrangement 


The  aerodynamic  shell  of  Fig.  3  was  constructed  with  a  fiberglass  leading-edge  shell  up  to  30%c  and 
tip  shell  from  85%  to  100%  of  the  span.  Aft  of  the  leading-edge  shell  a  series  of  graphite  ribs  made  from 
Ik  tows  are  connected  to  the  trailing-edge  stiffener.  The  internal  shell  structure  was  covered  with  Micafilm 
aerodynamic  skinning  material. 


4.  Control  Surface  Testing  and  Aeroelastic  Tailoring 

The  driving  element  of  the  Hexspar  fin  was  tested  for  tip-bending  deflection.  A  laser-mirror  was 
mounted  on  the  end  of  the  member  and  the  deflections  were  measured.  Figure  4  shows  the  test  results  as 
compared  to  the  laminated  plate  theory  estimations. 


Static  Half- Amplitude  Actuation  Potential  £3  (volts/mil) 

Fig.  4.  Actuator  Beam  Flexural  Test  Results 

After  the  flexural  characteristics  of  the  actuator  were  verified,  basic  bench  and  wind  tunnel  tests  were 
conducted  on  the  entire  fin.  The  mass  moment  of  inertia  of  the  fin  structure  was  determined  to  be  0.0132 
Ibm-in^  by  performing  a  series  of  tests  in  a  rotational  spring  rig.  Dynamic  testing  showed  that  the  low- 
deflection,  passive  rotational  stiffness  is  approximately  0.0040  in-lbf/deg.  Figure  5  shows  the  results  of 
the  dynamic  bench  testing. 
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ExcitatioB  Frequency,  /  (Hz) 

Fig.  5  Flexspar  Fin  Pitch  Angle  as  a  Function  of  Actuation  Frequency 

Bench  testing  demonstrated  a  natural  frequency  of  approximately  13  Hz.  From  Fig.  5,  the  peak  was 
flattened  out,  not  by  structural  damping,  but  from  the  shell  encountering  the  rotation  stops  at  the  base  of 
the  structure. 

A  series  of  aerodynamic  tests  were  conducted  on  the  Flexspar  fin  in  the  1  ft  x  1  ft  model  scale  wind 
tuimel  at  Auburn  University.  The  static  deflection  of  the  fin  was  measured  by  a  position  measurement  bar 
mounted  within  the  structure  and  by  correlating  the  electrical  measurements  with  laser-rotation  data.  An 
estimate  of  the  static  deflection  was  made  using  equations  1  and  2  with  no  aeroelastic  coupling  (pitch  axis 
and  aerodynamic  center  were  collocated).  The  testing  was  conducted  in  a  pseudostatic  condition  with  a  0.5 
Hz  sine  signal  driving  the  shell  in  pitch.  Figure  6  shows  the  analytical  estimations  of  pitch  deflection  and 
the  experimental  aerodynamic  data. 


Applied  Potential,  E3  (V/mil) 

Fig.  6  Active  Aerodynamic  Characteristics  of  the  Uncoupled  Flexspar  Fin 

From  Fig.  6,  it  can  be  seen  that  the  linear  lift  curve  slope  is  approximately  0.041/deg.  Because  the 
aerodynamic  profile  is  symmetric  (modified  NACA  0012),  there  is  no  zero-lift  pitching  moment  about  the 
quarter-chord.  Further,  the  bench  and  wind  tunnel  test  data  are  sufficient  for  prediction  of  the 
aeroservoelastic  characteristics.  Through  a  simple  moment  balance,  the  aeroservoelastic  angle  of  attack 
increment,  Oe  may  be  determined. 
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«e  = 


KtotV^^Sceq^ 

qSceCL  -  K 


(4) 


tot 


Equation  4  shows  that  the  pitch  axis  -  quarter  chord  eccentricity,  e,  active  pitch  angle,  0a,  dynamic 
pressure,  q,  and  base  angle  of  attack,  Oq,  have  a  profound  effect  on  the  aeroservoelastic  angle  of  attack 
inaement,  Oe-  Using  equation  4  it  can  be  seen  that  large  eccentricity  induces  rapid  divergence. 


Fig.  7  Aeroservoelastic  Angle  of  Attack  Increment  as  a  Function  of 
Geometry,  Base  Conditions  and  Aerodynamic  Forces 

From  Fig.  7,  it  can  be  seen  that  stable  aeroservoelastic  deflections  cannot  be  attained  by  using  a 
conventional  approach  to  fin  design.  Accordingly,  a  specialized  adjusting  barrel  was  used  to  position  the 
aerodynamic  shell  with  respect  to  the  pitch  axis  which  is  aligned  with  the  main  spar.  This  shell 
manipulation  barrel  may  be  contracted  or  extended  so  as  to  manipulate  the  fin  eccentricity.  Because 
aerodynamic  control  comes  from  the  active  pitch  deflection,  0a,  it  is  desirable  to  magnify  this  value  to 
increase  the  control  power  of  the  system.  The  control  effectiveness  ratio,  R  can  be  defined  as: 
R  =  0Lq/^2l  •  Because  toe  eccentricity  may  now  be  scheduled  to  hold  a  constant  aeroservoelastic  angle  of 

attack  increment,  equation  4  may  be  rearranged  to  find  e. 


e  = 


Ktot(R  +  l) 


qScCL^ 


(5) 


From  equation  5,  it  can  be  easily  seen  that  at  low  airspeed,  the  ideal  eccentricity  goes  to  infinity. 
Because  there  are  physical  limitations  in  the  system,  the  actual  eccentricity  of  a  given  system  will  be 
tmneated  at  a  fixed  level  until  the  dynamic  {Mressure  increases. 

A  series  of  experiments  were  run  with  the  shell  positioning  system  activated.  Because  the  uncoupled 
active  deflections  range  up  to  ±11°  and  the  onset  of  stall  starts  at  around  ±16°  deflection,  the  control 
effectiveness  ratio  may  be  fixed  at  R  =  1.45.  Figure  8  shows  actu^  and  ideal  eccentricity  scheduling  as  a 
function  of  wind  tunnel  speed. 
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Fig.  8  Eccentricity  Scheduling  for  a  Maximum  Aeroelastic  Angie  of  Attack  Range  of  ±16® 

With  the  proper  eccentricity  scheduling  in  hand,  the  wing  was  tested  to  demonstrate  the  amount  of 
stable  aeroservoelastic  magnification  that  may  be  obtained  through  the  active  positioning  system.  Figure 
9  shows  the  aeroservoelastic  angle  of  attack  of  the  fin  with  a  fixed  5%  eccentricity  and  an  appropriately 
scheduled  offset 


Fig.  9  Comparison  of  Steady  Aeroservoelastic  Angle  of  Attack  for  a  5%  Offset  and  a 

Scheduled  Ol^set  as  per  Fig.  8 

Throughout  the  wind  tunnel  testing,  the  fin  exhibited  no  flutter  tendency  as  it  was  mass  balanced 
about  the  quarter-chord  of  the  aerodynamic  shell.  Also,  the  fin  experienced  no  buffet  as  the  flow  over  the 
fin  was  extremely  smooth.  The  tunnel  turbulence  factor  was  determined  to  be  less  than  0.04.  Figure  10 
shows  the  static  and  dynamic  Flexspar  fin  during  wind  tunnel  testing. 

5*  Conclusions 

This  study  has  shown  that  laminated  plate  theory  and  kinematics  can  successfully  predict  the 
deflections  generated  by  Flexspar  flight  control  surface  actuators  with  aeroservoelastic  tailoring. 
Experimental  model  testing  showed  that  pitch  deflections  up  to  ±1P  may  be  achieved  with  Flexspar 
control  surfaces  measuring  4"  in  span  with  a  3.33"  mean  geometric  chord.  Using  a  shell  offset  of  up  to 
20%,  the  deflection  magnitudes  may  be  increased  to  and  held  at  ±16"^  at  speeds  greater  than  25  ft/s. 
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Fig.  10.  Static  and  Dynamic  Flexspar  Fin  During  Wind  Tunnel  Testing 
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8.  Nomenclature 

A,B,D  extensional,  coupling  and  bending  stiffness  matrices 

Cl  lift  coefficient 

CLa  lift  curve  slope 

e  pitch  axis  -  quarter  chord  eccentricity 

E3  through  thickness  electric  field 

EL,Br  longitudinal  and  transverse  element  stiffness 

1  length  of  Flexspar  component 

q  dynamic  pressure 

R  control  effectiveness  ratio 

t  thickness 

V  airspeed 

Oq  base  angle  of  attack 

tte  aeroservoelastic  angle  of  attack 

Kij  ijth  laminate  curvature 

Ai  ith  direction  actuator  free  strains 

0a  active  pitch  angle  (with  no  aeroservoelastic  magnification) 

subscripts 
a  actuator 

b  bold 

0  original  or  base  conditions 

s  substrate 
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Abstract 

The  basic  concepts  and  some  innovative  ideas  associated  with  the  analysis,  design  and  experimentation 
of  induced-strain  actuators  for  rotor  blade  aeroelastic  vibration  control  are  presented  and  discussed.  A 
trailing-edge  servo-flap  principle  actuated  by  a  hydraulically-amplified  large-displacement  induced- 
strain  actuator  is  considered.  Design  requirements  based  on  extensive  literature  review  are  proposed  and 
utilized.  The  principle  of  high-power  induced-strain  actuation,  and  the  energy  and  energy-density  of 
several  commercially-available  induced-strain  actuators  are  presented.  A  full-scale  proof-of-concept 
demonstrator  was  designed  and  built,  and  is  currently  being  tested.  Results  from  static  and  dynamic  tests 
are  presented.  In  spite  of  the  power  limitations  of  the  existing  laboratory  equipment,  good  frequency 
response  of  the  full-scale  proof-of-concept  demonstrator  was  proven  in  the  range  of  1  to  20  Hz.  Further 
tests  with  full-power  equipment  are  envisioned. 


Design  Requirements  for  Induced-Strain  Actuated  Rotor  Blade  Active 
Control 

Rotor  blade  vibration  reduction  based  on  higher  harmonic  control  -  individual  blade  control  (HHC-IBC) 
principles  is  a  very  attractive  area  of  application  for  induced-strain  actuators  (ISA).  Recent  theoretical 
and  experimental  work  on  achieving  HHC-IBC  through  conventional  and  ISA  means  was  reviewed  by 
Giurgiutiu,  Chaudhry  and  Rogers  (1995).  Several  concepts  were  investigated.  The  servo-flap  principle 
appeared  to  offer  the  most  promising  avenue  for  short-term  implementation  (Figure  1),  Sever^  servo- 
flap  (or  servo-tab)  proposals  were  found  in  the  literature,  with  different  geometric  configurations, 
resulting  in  different  ratios  between  flap  and  blade  areas,  chords,  and  spans.  Hence,  the  force  and 
displacement  (moment  and  angle)  requirements  for  the  servo-flap  actuation  were  found  to  be  widely 
different. 
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partial  span  flap 


Figure  1  Rotor  blade  servo-flap  principle  for  aeroelastic  vibration  control  (Millot  and  Friedmann,  1992). 


Table  1  General  design  requirements  for  an  active  servo-flap  to  produce  aeroelastic  vibration  control  on 
a  typical  helicopter  rotor  blade  (Giurgiutiu,  Chaudhry,  and  Rogers,  1995a) 


Parameter 

Value  and  imits 

Notes 

Flap  deflection 

±1/30  rad  (»±2°) 

Hinge  moment 

±75  Nm 

simultaneous  with  flap  deflection 

Frequency 

25  -  30  Hz 

Maximum  instantaneous  energy 
transmitted  to  the  airstream 

1.25  J/ blade 

(zero  steady  force  is  assumed) 

Maximum  instantaneous  power 
transmitted  to  the  airstream 

0.5  kW 

ISA  actuator  weight  budget 

10  kg  /  blade 

a<  10%  of  typical  blade  weight 

ISA  system  weight  budget 
(including  power  supply,  lead 
wires,  controls,  etc.) 

80  kg  /  4-blade  helicopter 

«1%  of  typical  helicopter  weight 

Overall  power  consumption 
budget 

10-12  kW  /  4-blade  helicopter 

al%  of  typical  rotor  power 

Specific  transmitted  energy 

0.125  J/kg 

Specific  transmitted  power 

25  W/kg 

Specific  power  consumption 

<140  W/kg 

including  all  losses 
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Although  the  force-displacement  and  power-energy  estimates  were  found  to  be  significantly  different,  a 
common-base  was  identified  in  the  requirements  for  the  force-displacement  product  and  for  the  total 
energy.  A  benchmark  specification  for  a  tentative  HHC-IBC  device  based  on  the  aerodynamic  servo-flap 
principle  using  ISA  was  developed.  Values  for  the  invariant  energy,  power,  and  force-displacement 
product  quantities  were  identified  (Table  1).  For  practical  applications,  it  was  found  that  an  induced- 
strain  actuator  system  capable  of  delivering  ±1  mm  simultaneous  with  a  force  of  ±  2.5  kN  would  provide 
the  energy  of  1.25  J  per  blade  required  to  implement  the  servo-flap  principle.  For  actual  implementation, 
a  segmented  servo-flap,  with  one  actuator  per  each  segment,  would  be  preferred  for  increased  reliability. 


The  implementation  feasibility  of  this  specification  into  an  actual  ISA  device  was  analyzed.  Direct 
actuation  was  shown  not  to  be  feasible  for  implementation  due  to  the  large  ISA  device  length,  resulting 
in  excessive  compressibility  effects  (displacement  loss  and  parasitic  strain  energy).  Indirect  actuation 
through  a  displacement  amplifier  was  found  to  be  more  feasible,  since  this  arrangement  allows  the 
matching  of  internal  and  external  stififtiess.  A  closed-form  formula  was  developed  for  finding  the  optimal 
amplification  gain  for  each  required  value  of  the  closed-loop  amplification  ratio.  Preliminaiy  studies 
based  on  force,  stroke,  energy  and  output  power  requirements  show  that  available  ISA  stacks,  coupled 
with  an  optimally-designed  displacement  amplifier,  might  meet  the  benchmark  specifications. 


Figure  2  Schematic  drawing  showing  the  use  of  two  induced-strain  actuators  to  produce  dynamic  motion 
of  an  active  servo-flap  for  rotor  blade  aeroelastic  vibration  control  (Giurgiutiu,  Chaudhry  and  Rogers, 
1995a). 

Basic  aspects  of  induced-strain  actuators 
Electroactive  and  Magnetoactive  Materials 

Active  materials  exhibit  induced-strain  actuation  (ISA)^  under  the  action  of  an  electric  or  magnetic  field. 
Several  active  materials  formulations  have  been  developed  in  recent  years.  They  are  primarily  of  three 
types: 

•  PZT  -  Lead  Zirconate  Titanate  -  A  ferroelectric  ceramic  material  with  piezoelectric 
properties  and  reciprocal  behavior  that  converts  electrical  energy  into  mechanical  energy 
and  vice-versa.  A  variety  of  PZT  formulations  have  been  developed  to  suit  a  wide  range  of 


*  The  acronym  ISA  is  used  to  signify  either  an  induced-strain  actuator  or  the  induced-strain  actuation 
principle. 
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signal  transmission  and  reception  qualities.  PZT-5  is  one  of  the  most  widely  used 
formulations  for  actuator  applications. 

•  PMN  -  Lead  Magnesium  Niobate  -  An  electrostrictive  ceramic  material  with  piezoelectric 
properties  and  reciprocal  behavior  that  converts  electrical  energy  into  mechmiical  energy 
and  vice-versa.  Numerous  PMN  formulations  have  been  developed  to  suit  a  wide  range  of 
signal  transmission  and  reception  qualities. 

•  TERFENOL  -  TER  (Terbium)  FE  (Iron)  NOL  (Naval  Ordinance  Laboratory)  -  A 
magnetostrictive  alloy  consisting  primarily  of  Terbium,  Dysprosium,  and  Iron.  This 
magnetostrictive  material  does  not  exhibit  reciprocal  behavior  since  it  only  converts  electro¬ 
magnetic  energy  into  mechanical  energy.  Various  TERFENOL  formulations  have  been 
developed.  A  commonly-used  formulation  is  TERFENOL-D. 

Construction  of  a  PZT  or  PMN  Stack  Actuator 

An  electroactive  solid-state  actuator  consists  of  a  stack  of  many  layers  of  electroactive  material  (PZT  or 
PMN)  alternatively  connected  to  the  positive  and  negative  terminals  of  a  high-voltage  source  (Figure  1). 
Such  a  PZT  or  PMN  stack  behaves  like  an  electrical  capacitor.  When  activated,  the  electroactive  material 
expands  and  produces  output  displacement.  Typical  strains  for  electroactive  materials  are  in  the  range  of 
750-1200  pm/m. 

The  PZT  or  PMN  stacks  are  manufactured  by  two  methods.  In  the  first  method,  the  layers  of  active 
material  and  the  electrodes  are  mechanically  assembled  and  glued  together  using  a  structural  adhesive. 
The  adhesive  layer  stiflBuess  is  at  least  an  order  of  magnitude  lower  than  the  stiffness  of  the  ceramic. 
Since  this  effect  lowers  significantly  the  final  stif&iess  of  the  stack,  special  care  is  given  to  obtaining  as 
thin  an  adhesive  layer  as  possible.  In  the  second  method,  the  ceramic  layers  and  the  electrodes  are 
assembled  in  the  "green”  state,  and  then  fired  together  (co-fired)  under  a  high  isostatic  pressure  (HIP 
process)  in  the  processing  oven.  This  process  ensures  a  much  stiffer  final  product  and,  hence,  a  better 
actuator  performance.  However,  the  processing  limitations,  such  as  oven  and  press  size,  etc.,  limit  the 
applicability  of  this  process  to  small  stacks  only. 

The  stacks  are  surrounded  by  a  protective  polymeric  or  elastomeric  wrapping.  Lead  wires  protrude  from 
the  wrapping  for  electrical  connection.  Steel  washers,  one  at  each  end,  are  also  provided  for  distributing 
the  load  into  the  brittle  ceramic  material.  When  mounted  in  the  application  structure,  these  stacks  must 
be  handled  with  specialized  knowledge.  Protection  from  accidental  impact  damage  must  be  provided. 
Adequate  structural  support  and  alignment  are  needed.  Mechanical  connection  to  the  application 
structure  must  be  such  that  tension  stresses  are  not  induced  in  the  stack  since  the  active  ceramic  material 
has  very  low  tension  strength.  Hence,  the  load  applied  to  the  stack  must  always  be  compressive  and 
perfectly  centered.  If  tension  loading  is  also  expected,  adequate  pre-stressing  must  be  provided  through 
springs  or  other  means. 

Construction  of  a  TERFENOL  Actuator 

A  magnetoactive  solid-state  actuator  consists  of  a  TERFENOL  bar  inside  an  electric  coil  and  enclosed 
into  an  aimular  magnetic  armature  (Figure  2).  When  the  coil  is  activated,  the  TERFENOL  expands  and 
produces  output  displacement.  The  TERFENOL  material  has  been  shown  to  be  capable  of  strains  up  to 
2000  pm/m,  but  with  high  nonlinear  and  hysteresis  penalties.  Practical  strains  employed  by  the 
manufacturers  of  TERFENOL  actuators  are  in  the  range  of  750-1000  pm/m. 

The  TERFENOL-D  bar,  the  coil,  and  the  magnetic  armature  are  assembled  between  two  steel-washers 
and  put  inside  a  protective  wrapping.  This  forms,  according  to  manufacturer’s  terminology,  a  "drive 
motor  actuator  without  pre-stress  housing”. 
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Intercalated  electrodes 


Figure  3  Induced-strain  actuator  using  a  PZT  or  PMN  electroactive  stack. 


Figure  4  Induced-strain  actuator  using  a  TERFENOL  magnetoactive  rod. 


Performance  of  Solid-State  Induced-Strain  Actuator 

Solid-state  induced-strain  actuators  of  various  material  types  and  different  operation  principles  can  be 
compared  using  two  overall  performance  parameters: 

•  induced-strain  actuation  displacement,  u/sa,  measured  in  pm;  and 

•  internal  stiffness,  ki,  measured  in  kN/mm  or  N/pm. 

The  induced-strain  actuator  displacement,  uisa,  is  the  result  of  the  induced-strain  effect,  which  is  the 
basic  property  of  the  active  material.  Figure  5  shows  a  schematic  drawing  of  an  induced-strain  actuator 
under  two  loading  conditions:  (a)  a  generic  external  force,  F,  and  (b)  an  external  spring  kc. 


Figure  5  Schematic  of  an  induced-strain  actuator:  (a)  under  external  load  F;  (b)  under  external  spring,  ke- 


The  external  load,  F,  produces  a  backwards  elastic  displacement,  Flki,  due  to  actuator  compressibility. 
Hence,  the  actuator  output  displacement,  a*,  under  load,  F,  is  given  by: 

F 

^e=^ISA—r-  (1) 
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If  the  external  load,  F,  varies  linearly  with  the  output  displacement,  one  can  assume  an  external 
spring,  ke,  as  shown  in  Figure  5b.  Thus: 

F  =  k,-u,.  (2) 


After  substitution  and  simplification,  one  gets  an  expression  for  the  output  displacement,  Ue,  in  terms  of 
the  stifi&iess  ratio,  r  =  kjki,  i.e.. 


1 

1+r 


^ISA  ■ 


(3) 


Output  Energy  of  an  Induced-Strain  Actuator 

Under  quasi-static  conditions,  the  output  energy  is: 

Ee=^ke-ul.  (4) 


0.01  0.1  1  10  100 
Stiffness  ratio,  r  =  ke/ki 

Figure  6  Stiffness  match  principle  for  peak  energy  delivery  from  an  induced-strain  actuator. 

Substitution  of  (3)  into  (4)  yields  the  expression  of  output  energy  in  terms  of  stifl&iess  ratio,  r,: 

Ee{r)  =  — ^  kiujsA )  ■  (5) 

(1  +  0 

A  plot  of  the  variable  part  of  Equation  (5),  called  the  output  energy  coefficient  E  'g  (r)  is  given  in 
Figure  6.  The  function  E  'g  (r)  is  zero  for  both  ''free"  (r=  0)  and  "blocked"  (r  )  conditions,  and 
has  a  maximum  at  r  =  1.  The  r  =  1  condition,  with  ke  =  ki,  is  called  "stiffiiess  match",  and  identifies  the 
maximum  value  of  the  output  energy  that  can  be  delivered  by  an  induced-strain  actuator: 

(6) 


Output  Energy  and  Energy  Density  Comparison  of  Induced-Strain  Actuators 

Figure  7a  shows  a  plot  of  the  output  energy  capabilities  of  various  commercially-available  induced-strain 
actuators  of  different  sizes  and  operating  principles.  In  order  to  attain  a  meaningful  performance 
comparison,  allowance  for  differences  in  volume  and  mass  must  be  made.  Dividing  the  actuator  output 
energy  by  the  actuator  volume,  one  gets  the  voliune-based  output  energy  density  (Figure  7b).  Similar 
calculations  made  in  terms  of  mass  and  cost  give  a  complete  perspective  of  the  induced-strain  actuators’ 
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performance  for  application  in  rotor  blade  solid  actuation  design  (Giurgiutiu,  Chaudhiy,  and  Rogers, 
1995b). 


Figure  7  Performance  comparison  for  15  commercially-available  induced-strain  actuators:  (a)  output 
energy;  (b)  volume-based  output  energy  density 


HAHOIS  Series  Actuators  For  Rotor  Blade  Active  Servo-Flap  Control 

The  output  displacement  of  present-day  solid-state  induced-strain  actuators  does  not  exceed  the  order  of 
100  pm.  To  use  such  a  small  output  in  actual  rotor  blade  servo-flap  actuation,  some  means  of 
displacement  amplification  is  necessaiy.  After  considering  several  options,  we  found  that  the  hydraulic 
amplification  principle  offers  the  best  opportunities  for  achieving  large  output  displacements,  while 
satisfying  the  stiffness  and  irreversibility  requirements  for  aeroelastic  control.  A  device  based  on  the 
hydraulic  amplification  principle  also  offers  versatility  for  rotor  blade  installation,  since  the  induced- 
strain  hydraulic  drive  and  the  hydraulic  output  actuator,  can  be  connected  through  conventional 
hydraulic  lines,  and  can  be  placed  in  different  locations  inside  the  blade  section  to  accommodate  the 
geometric  constraints.  In  our  vision,  such  an  induced-strain  actuation  system,  based  on  hydrostatic 
principles,  would  be  a  self-contained  sealed  module,  independent  from  the  main  aircraft  hydraulic 
system. 

To  test  the  viability  of  our  analysis,  a  full-scale  proof-of-concept  demonstrator,  called  a  "Hydraulically 
amplified  high  displacement  induced-strain"  (HAHDIS)  actuator,  was  designed  and  built  in  the  Center 
for  Intelligent  Material  Systems  and  Structures  (CIMSS)  at  Virginia  Tech  (Figure  8).  The  HAHDIS 
proof-of-concept  demonstrator  was  configured  around  a  pair  of  high-power  ISA  devices  with  large  free 
strain  displacement,  ujsa  =  0.120  mm,  and  internal  stiflfeess  ki  =  370  kN/mm,  capable  of  delivering  a 
maximum  output  energy,  Ee  =  0.666  J.  To  produce  an  output  resistance  to  the  actuator  and  to  simulate 
real-life  external  stiffness,  a  load  simulator  was  also  designed  and  built.  The  load  simulator  consisted  of  a 
double-leaf  spring  connected  to  a  movable  airfoil.  The  linear  displacement  of  the  HAHDIS  actuator  was 
transformed  in  angular  displacement  through  a  hinge  arm  of  28  mm.  This  arrangement  was  expected  to 
produce  an  angular  motion  of  around  ±2'',  satisfying  the  initial  requirements  for  an  aeroelastic  vibration 
control  application’ 
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SmaH  output  Hydraulic  Leaf-Spring 

Back  Plate  Tie-Rods  *nput  piston  Amplifier  Load  Simulator 

pistons  I  \  I 


Dummy  P247.70  Laige^ton  Small-piston  Dummy  P247.70  Connecting  Rod  1:1  Scale 

ISA  drivers  block  block  ISA  drivers  servo-tab 


Figure  8  Layout  and  internal  construction  of  the  hydraulically-amplified  high-displacement  Induced-strain 
(HAHDIS)  actuator. 


Testing  of  the  HAHDIS  Actuator 

Testing  of  the  HAHDIS  actuator  is  currently  underway  in  CIMSS  laboratory.  The  HAHDIS  actuator  was 
fully  instrumented  with  force,  displacement,  and  pressure  transducers,  and  was  subjected  to  static  and 
dynamic  tests.  In  the  static  tests,  ISA  input  to  the  actuator  was  simulated  by  the  turning  of  screws  placed 
on  dummy  ISA  devices.  The  predicted  behavior  was  observed.  Angle  output  measurements  of  ±2^  were 
obtained  with  ±  turn  of  a  d-24  UNF  screw.  These  initial  results  confirmed  the  soundness  of  our  design, 
and  its  capability  for  full  scale  applications.  However,  the  existence  of  displacement  losses  was  also 
identified.  These  losses  appeared  even  imder  no-load  conditions  due  to  Coulomb  fiiction  between  the 
piston  seals  and  the  cylinder  bore,  and  due  to  compressibility  of  the  conventional  rubber  seal 
construction.  These  losses  produced  an  effective  amplification  ratio  under  no-load  condition  of  about  14 
times,  which  is  only  87.5%  of  the  16  times  design  ratio. 

For  dynamic  testing,  four  E300-P4  PMN  stacks  were  acquired  from  EDO  Corp.  and  installed  in  pairs  at 
the  reciprocal-acting  input  cylinders  of  the  HAHDIS  device.  The  PMN  stacks  were  energized  with  a  pair 
of  high-voltage  sinusoidal  signals  (400±400  V)  produced  by  a  dual-channel  model  50/750  TREK  high- 
voltage  amplifier.  The  two  signals  are  in  opposite  phase,  though  maintaining  the  same  bias.  This 
arrangement  permits  that  as  one  stack  expands,  the  other  retreats,  and  vice-versa.  The  hydraulic  fluid  is 
sent  back-and-forth  to  the  "in"  and  ”out*'  chambers  of  the  output  cylinder,  thus  producing  alternating 
motion. 

During  dynamic  tests,  a  frequency  range  between  1  Hz  and  20  Hz  was  explored.  Discrete  frequencies  of  1 
Hz,  2  Hz,  3  Hz,  5  Hz,  10  Hz,  15  Hz,  18  Hz,  and  20  Hz,  were  sampled.  At  each  frequency,  data  collection 
was  done  with  the  VTDEE  software  using  a  sampling  rate  of  100  Hz.  The  data  was  stored  in  the 
computer  memory  into  an  MS-EXCEL  5.0  file.  For  quick  reference,  captures  and  print-outs  of  the  data 
screen  were  also  performed.  The  sampled  data  consisted  of  the  input  and  output  displacements, 
M  ,1/  ,  and  u  ,  and  of  the  pressures  in  the  two  chambers,  pi  and  p2.  Figure  9  presents  an  example  of  the 

displacement  and  pressure  data  captured  at  1  Hz  over  the  2-second  time  period.  The  effects  of  the 
approximately  14  times  displacement  amplification  are  clearly  illustrated:  the  small  input  displacement 
signals  shown  at  the  bottom  of  the  graph  are  amplified  into  the  very  large  output  signal  shown  in  the 
upper  portion  of  the  graph.  It  should  be  noted  that  the  same  displacement  calibration  factor  of  1.3089 
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mmA^  applies  for  all  the  displacement  traces.  The  pressure  data  in  the  two  chambers  is  shown  in  the  left 
portion  of  Figure  9.  The  anti-phase  characteristics  of  the  pressure  waves  is  apparent. 
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The  pressure  calibration  factor  was  200  psiA^,  The  pressure  in  the  hydraulic  chambers  #1  and  #2  has 
static-bias  components  of  292  psi  and  331  psi,  and  dynamic  components  of  78  psi  and  95  psi, 
respectively.  The  fact  that  the  dynamic  components  of  the  hydraulic  pressures  are  similar  in  magnitude 
and  of  opposite  phase  illustrates  the  satisfactory  operation  of  the  device. 

Figure  10  presents  an  example  of  the  displacement  and  pressure  data  captured  at  10  Hz  over  a  2-second 
time  period.  It  is  noted  that  the  input  displacements  have  decreased  considerably  due  to  the  power 
limitations  of  the  model  50/750  TTREK  high-voltage  power  amplifier.  However,  the  effect  of  the 
displacement  amplification  is  clearly  illustrated:  the  very  small  input  displacement  signals  shown  at  the 
bottom  of  the  graph  are  amplified  into  the  very  large  output  signal  shown  in  the  upper  portion  of  the 
graph.  At  this  frequency,  the  displacement  amplification  ratio  was  found  to  be  approximately  15.5  times, 
which  is  very  close  to  the  design  value  of  16  times.  It  is  believed  that  this  good  response  is  partly  due  to 
the  beneficial  effect  from  a  possible  external  system  resonance,  which  clearly  reduces  the  effective  output 
load.  However,  the  stable  and  controllable  behavior  of  the  device  under  resonance  conditions  is  an  added 
merit  of  the  HAHDIS  concept. 

Figure  11  presents  an  example  of  the  displacement  and  pressure  data  captured  at  20  Hz  over  a  2-second 
time  period.  It  is  noted  that,  due  to  the  power  limitations  of  the  model  50/750  TREK  high-voltage  power 
amplifier,  the  input  displacements  have  decreased  so  much  that  they  have  become  a  mere  ripple,  as 
shown  at  the  bottom  of  the  graph.  However,  due  to  the  powerful  displacement  amplification,  a  sizable 
output  displacement  is  still  observed.  This  illustrates  once  again  the  benefits  of  the  HAHDIS  design 
concept. 


Figure  1 1  Input  and  output  displacement  data  captured  over  a  time  duration  of  2  seconds  at  20  Hz  shows 
that  the  approximately  14  times  displacement  amplification  can  produce  sizable  output  waveform  from 
almost  imperceptible  input  displacement. 

Figure  12  shows  the  frequency  response  curve  for  the  interval  1  to  20  Hz.  The  output  displacement 
response  amplitude,  w«,  has  a  moderate  decrease  up  to  10  Hz,  and  a  very  rapid  decrease  afterwards. 
Examination  of  the  average  input  displacement  curve,  shows  that  it  is  also  decreasing. 
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Additional  examination  of  the  oscilloscope  data  during  the  experiment  showed  that  the  high-voltage 
signal  provided  by  the  model  50/750  TREK  amplifier  started  to  become  angular  below  10  Hz,  indicating 
that  the  upper  limit  of  the  amplifier  performance  has  been  reached.  Above  10  Hz,  the 'amplifier  signal 
deteriorated  much  faster,  and  its  amplitude  rapidly  decreased.  Thus,  the  decreased  input  voltage  resulted 
in  decreased  input  displacement  to  the  device,  and  explains  the  observed  decrease  in  output  amplitude. 
When  we  compensated  for  the  loss  of  input  displacement,  the  output  displacement  curve"became  almost 

flat,  with  a  peak  at  10  Hz  (curve  w*  in  Figure  12).  This  proves  the  effectiveness  of  the  HAHDIS 
principle.  It  is  also  clear  that,  with  higher  power  stacks  and  high-voltage  amplifiers,  a  flat  fi'equency 
response  will  be  attained  up  to  the  design  frequency  of  25-30  Hz. 
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Figure  12  Frequency  response  curves  of  the  HAHDIS  actuator,  showing  its  good  performance  over  the 
frequency  range  1-20  Hz  in  spite  of  the  input  displacement  decrease  due  to  limitations  in  the  high-voltage 
power  supply. 


Conclusions 

The  feasibility  of  solid-state  actuation  of  a  helicopter  servo-flap  for  rotor  blade  active  control  was  studied 
theoretically  and  experimentally.  Induced-strain  actuators  and  hydrostatic  amplification  principles  were 
adopted.  A  full-size  hydraulically-amplified  high-displacement  induced-strain  (HAHDIS)  proof-of- 
concept  demonstrator  was  designed  and  built.  The  HAHDIS  demonstrator  has  undergone  static  and 
dynamic  tests  in  CIMSS  laboratory.  Due  to  the  high  cost  of  the  induced-strain  equipment,  reduced-power 
induced-strain  stacks  and  ancillary  electronics  were  employed,  and  no  external  load  was  applied.  In  spite 
of  the  power  limitations  of  the  equipment,  the  signal  captured  and  the  frequency  response  curve  in  the 
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range  1-20  Hz  showed  excellent  confirmation  of  the  theoretical  analysis,  and  irrevocably  proved  the 
feasibility  of  the  HAHDIS  concept.  Further  dynamic  tests  are  proposed  with  full-power  equipment  to 
prove  a  flat  dynamic  response  curve  up  to  the  design  frequency  of  25-30  Hz,  with  realistic  external 
loading.  In  parallel,  an  improved  design,  HAHDIS  Mk2,  is  underway.  HAHDIS  Mk2  will  be  free  from 
internal  friction  losses,  and  will  adopt  a  modular  design.  The  HAHDIS  Mk2  design  will  be  configured 
for  rotor  blade  installation  and  will  fit  into  the  space  and  geometry  constraints  of  a  typical  helicopter 
blade. 
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Abstract 

Active  flutter  suppression  system  is  designed  of  a  composite  plate  wing  model  using  the  reduced  or¬ 
der  model.  The  analysis  for  a  laminated  composite  wing  with  segmented  piezoelectric  sensor /actuator 
pairs  is  conducted  by  Ritz  solution  technique.  Unsteady  aerodynamic  forces  calculated  by  Doublet 
lattice  method  are  approximated  as  the  transfer  functions  of  the  Laplace  variable  by  Minimum  State 
method.  Among  the  aerodynamic  states  obtained  from  rational  function  approximation,  only  one 
aerodynamic  state  is  included  in  the  plant  model  for  feedback  purpose.  The  neglected  aerodynamic 
states  are  regarded  as  the  modeling  error.  The  control  system  uses  the  integrated  and  collocated  piezo¬ 
electric  self-sensing  actuator  pairs  so  as  to  prohibit  the  non-minimum  phase  model  and  the  spillover 
due  to  the  unmodeled  dynamics.  Based  on  the  mixed-sensitivity  control  method,  the  control 
parameters  are  determined.  Using  a  simple  wing  model,  the  performance  of  the  controlled  system  is 
shown  in  the  frequency  and  time  domain,  respectively.  The  electric  current  and  the  power  requirement 
for  aeroelastic  control  are  also  predicted. 


1.  Introduction 

There  has  been  a  considerable  amount  of  research  activity  to  use  piezoelectric  materials  as  sen¬ 
sor/actuators  for  the  response  control  of  structures.  The  piezoelectric  materials  generate  an  electrical 
charge(direct  effect)  in  proportion  to  the  applied  mechanical  forces  and  vice  versa(converse  effect). 
Due  to  the  direct  and  converse  effects  of  piezoelectric  materials,  the  intelligent  structure  which  is 
defined  as  a  structure  with  the  integrated  sensor/actuator  system  is  possible.  The  application  of 
the  intelligent  structure  by  the  use  of  sensor/ actuator  shows  the  potential  to  enhance  the  structural 
performance  as  well  as  reliability.  Recently,  Zhou  at  al.[l]  developed  a  theoretical  model  to  predict 
and  analyze  the  power  requirement  and  power  consumption  of  the  system.  They  also  conducted  the 
experiment  and  verified  their  analytical  results. 

A  lot  of  investigators[2,  3,  4,  5]  have  studied  the  static  and  dynamic  aeroelastic  control  of  wing 
structure  with  piezo  actuators  and  demonstrated  the  feasibility  of  the  application  of  piezoelectric  ma¬ 
terials.  The  application  of  piezoelectric  materials  to  aeroelastic  control  may  provide  a  new  dimension 
in  design  to  eliminate  the  instability  by  changing  wing  configuration  to  cause  lift  distribution  varia¬ 
tion.  The  optimization  technique  was  applied  to  find  the  best  geometry  of  the  piezo  actuators  for  the 
aeroelastic  control[6,  7,  8]. 

Based  on  the  results  of  our  previous  study[6,  8],  a  robust  controller  is  designed  for  active  flut¬ 
ter  suppression  using  the  reduced  order  model.  The  analysis  for  a  laminated  composite  wing  with 
segmented  piezoelectric  sensor/actuator  pairs  is  conducted  by  Ritz  solution  technique.  The  active 
control  system  design  for  flutter  suppression  requires  the  equation  of  motion  to  be  expressed  in  a  linear 
time-invariant  state-space  form.  Doublet  lattice  method  is  used  to  compute  unsteady  aerodynamic 
forces,  which  are  approximated  as  the  transfer  functions  of  the  Laplace  variable  by  Minimum  State 
method  combined  with  optimization  technique.  In  order  to  design  an  active  control  system  efficiently. 
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the  plant  should  be  modeled  accurately.  However,  this  requires  to  increase  the  number  of  state  vari¬ 
ables  for  the  rational  function  approximation  of  the  unsteady  aerodynamic  forces.  There  is  always 
a  trade-off  between  the  cost  for  real-time  implementation  and  performance  of  the  controlled  system. 
Among  the  aerodynamic  states  obtained  from  rational  function  approximation,  only  one  aerodynamic 
state  is  included  in  the  plant  model  for  feedback  purpose.  The  neglected  aerodynamic  states  are 
regarded  as  the  modeling  error.  The  control  system  uses  the  integrated  and  collocated  piezoelectric 
self-sensing  actuator  pairs  so  as  to  prohibit  the  non-minimum  phase  model  as  well  as  the  spillover 
due  to  the  unmodeled  dynamics.  Based  on  the  mixed-sensitivity  Hcc  control  method,  the  control 
parameters  are  determined.  This  method  enables  not  only  the  disturbance  attenuation  specification 
but  also  the  stability  margin  specification  with  the  unstructured  modeling  error,  which  are  combined 
into  a  single  infinity  norm  specification[9,  10].  Using  a  simple  wing  model,  the  performance  of  the 
controlled  system  is  shown  in  the  firequency  and  time  domain,  respectively.  The  electric  current  and 
the  input  control  voltage  which  are  required  for  aeroelastic  control  are  also  examined. 


2.  Modeling  of  the  wing  structure 

Based  on  the  classical  laminated  plate  theory,  the  equations  of  motion  of  a  model  with  piezo 
actuators  are  formulated.  For  the  design  of  the  flutter  suppression  system,  a  composite  wing  model 
which  has  four  pairs  of  the  self-sensing  piezoelectric  actuators  on  the  surface  is  considered  as  shown 
in  Fig.  1.  Model  is  assumed  to  be  a  symmetric  laminated  plate  and  has  the  same  size  of  the  surface 
bonded  piezoelectric  materials  on  the  top  and  bottom  of  plate  at  the  same  location. 

The  linear  coupled  electromechanical  constitutive  relations  of  a  piezoelectric  materials  can  be 
written  as; 

{D}  =  ld\'^{T}+[e'^]{E}  (La) 

{S}=[s^]{T}  +  [d\{E}  (1.6) 

{5}  is  the  strain,  {T}  is  the  stress,  {D}  is  the  electric  displacement,  and  {E}  is  the  electric  field 
intensity,  [d],  [e^j,  [s^j  denote  the  piezoelectric  constant,  dielectric  constant,  and  elastic  compliance 
matrix,  respectively.  It  is  assumed  that  the  ”3"  axis  is  associated  with  the  direction  of  poling  and  the 
mechanical  property  of  the  piezoelectric  materials  is  modeled  as  an  isotropic  material.  For  the  thin 
plate  shape  of  the  piezoelectric  materials,  we  can  rewrite  Eq.  (1). 
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where  dai  =  ^32.  The  electric  charge  which  is  the  output  signal  can  be  obtained  by  integrating  the 
electric  displacement  £>3  with  respect  to  the  area  of  piezo  actuators.  The  electric  current  is  calculated 
by  taking  derivative  of  the  charge  with  respect  to  time. 

Strain  energy  and  kinetic  energy  of  the  composite  wing  model  with  piezoelectric  actuators  can  be 
expressed  as; 
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where  A,  A,,  represent  area  of  composite  plate  and  piezoelectric  actuator,  respectively,  {e},  {«}  are 
the  midplane  strain  and  curvature.  [Aj],  [D*],  and  [Bj]  are  extension,  bending,  and  extension/bending 
coupling  stiffiiess  matrices,  respectively.  {^Va}  and  {Ma}  are  inplane  forces  and  moments  due  to 
actuator  strain.  u,v,w  are  displacements  in  x,  y,  z  direction.  The  virtual  work  due  to  aerodynamic 
forces  is 

eWA  =  J  J  p{x,y)6w{x,y,t)dxdy  (5) 
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where  p(a:,  y)  is  the  pressure.  The  aerodynamic  force  is  calculated  using  the  doublet-lattice  methodfll] 
for  Mach  0.8  and  15  reduced  frequencies  ranging  from  0  to  1.5.  For  calculation  of  the  pressure 
distribution  on  an  oscillating  plate  wing  undergoing  simple  harmonic  motion,  the  plate  wing  is  divided 
into  total  50  panels  arranged  10  in  the  spanwise  direction  and  5  in  the  chordwise  direction. 

The  Ritz  solution  technique  assumes  the  deflection  shapes  for  the  wing  structure.  In  this  paper, 
it  is  assumed  that  the  same  magnitude  but  the  opposite  direction  of  electric  field  is  applied  to  the 
piezoelectric  material  so  as  to  create  a  pure  bending  moment  for  flutter  control.  WithiJiis  assumption, 
the  inplane  displacements  can  be  neglected.  The  out-of-plane  displacement  w{x,  y,  t)  on  the  model  is 
represented  as  a  set  of  polynomial  functions  and  written  as; 

n 

w{x,  y,t)  =  Y^  Zk{x,  y)qkit)  (6) 

fc=l 

The  displacement  functions  Zk{x^y)  are  assumed  as  products  of  polynomial  in  x  and  y  directions. 
The  assumed  displacement  functions  are  chosen  to  satisfy  the  geometric  boundary  conditions  for  a 
wing  clamped  at  the  root. 


Zk{x,y)  =  {^^y{:^y,  i  =  0,l,2,3,...,  j  =  2,3,4,5,...  (7) 

■^7nax  ^tnax 

where  X^nax  and  Y^nax  are  constant  normalization  length.  These  are  defined  as  the  root  chord  and 
span,  respectively.  Using  these  displacement  expressions,  the  strain  energy  and  kinetic  energy  are 
written  in  matrix  form; 


(8) 

(9) 

where  {Qa}  is  [Fp]{u}.  [Fp]  is  the  control  force  matrix  due  to  unit  electric  voltage,  and  {u}  is  the 
applied  voltage.  The  virtual  work  in  the  generalized  coordinate  is  6Wa  =  QAi^Qi  The  generalized 
aerodynamic  force  {Qa}  is  expressed  as  qd[A]{q}.  qd  is  the  dynamic  pressure,  [A]  is  the  unsteady 
aerodynamic  force  matrix. 

Lagrange’s  equation  results  in  a  set  of  ordinary  differential  equations  of  motion.  After  the  vibration 
analysis,  a  model  reduction  is  performed  using  first  6  vibration  modes  to  obtain  a  set  of  equations  of 
motion  in  modal  coordinates.  Then,  the  reduced  equations  of  motion  is  as  following  form; 

[MsM  +  [KsM  =  I^plM  +  Qd[A]{q}  (10) 

[M5](=  [Mcoinpoaite  +  Mpiezo])  and  [^s](=  [Kcotnposiie  +  K piezo])  are  respectively  the  generalized  mass 
and  stiffness  matrices  including  the  effect  of  the  piezoelectric  actuators  placement. 

The  output  vector  {t/g}  is  written  as; 

{yq}  =  h  f  Dz  dx  dy  =  ks  [Fp] ^  {q}  +  ks  [D]  [u]  (11) 

JApi 

where  k^  is  the  gain  of  the  charge  amplifier.  Prom  Eq.  (2),  the  observation  matrix  is  proportional  to 
the  transpose  of  the  control  matrix.  [D]  is  the  diagonal  matrix  and  the  components  of  [D]  are  given 
as; 

=  d3i  =  d32  (12) 

where  Vp  and  Ep  are  the  poisson’s  ratio  and  Young’s  modulus  of  the  piezoelectric  materials,  Api,  tpi 
is  the  area,  thickness  of  the  i  —  th  piezoelectric  actuator.  The  electric  currents  flowing  through  the 
piezoelectric  actuators  can  be  obtained  by  taking  time  derivative  of  the  electric  charge  stored  due  to 
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the  direct  effect  of  the  piezoelectric  materials.  Since  li  = 
as; 


+  [/?]{«} 


(13) 


For  aeroservoelastic  analysis  and  design,  it  is  necessary  to  transform  the  equations  of  motion 
into  the  state  space  form.  This  requires  approximating  the  unsteady  aerodynamic  forces  in  terms 
of  rational  functions  of  the  Laplace  variable.  There  are  several  methods  for  the  rational  function 
approximation(RFA),  but  RFA  always  causes  an  increase  in  the  total  number  of  states  due  to  the 
addition  of  augmented  aerodynamic  states  to  represent  unsteady  aerodynamic  forces  accurately.  In 
this  study,  Minimum  State  method  [12]  combined  with  optimization  technique  is  adopted  for  the 
rational  function  approximation,  since  the  increase  in  the  size  of  the  augmented  aerodynamic  state  is 
smaller  than  any  other  methods. 

Minimum  State  method[12]  approximates  the  aerodynamic  force  matrix  by 


[A„p(5)]  =  [Ao]  +  +  [A2]s^  +  [D'A[sI  -  (14) 


where  the  nondimensionalized  Laplace  variable  s  =  (sb/V),  V  is  the  airspeed,  b  is  the  semi  chord, 
and  s  is  the  Laplace  variable.  The  components  of  the  diagonalized  matrix  [i?^|  are  negative  constants 
which  are  selected  arbitrarily.  For  given  [i?^]  matrix,  [Aq],  [Ai],  [A2],  [D'a]^  and  [Ea]  are  determined  by 
using  repeated  least-square  fit. 

Using  Eq.  (14)  for  the  RFA  and  the  state  vector  {^f}^  =  [q  k  the  state  equation  (full  model) 
which  includes  the  effects  of  piezoelectric  control  forces  is  expressed  as  follows; 


{x/}  =  [i/]  {Xf}  +  [S/]  {«} 


(15) 


where 


{Vf}  =  \pf\  {®/}  +  [-O/]  {**} 

.  ,  r  [0]  [/]  [0]  1 

Af]=  -[M]-^[K]  -[M]-^[B]  -[M]~^[Da] 

L  [0]  [Ea]  [i?a]  J 

r  [0] 

[Bf]=  -[M]-^[Fp] 

L  [0]  J 

[C;]  =  [fc.[Fp]^[0][0]] 

[Dj]  =  [0] 


(16) 

(17.a) 

(17.6) 

(17.C) 

(17.d) 


The  detailed  expressions  for  [M],  [S],  [K],  [Da],  and  [Ra]  can  be  found  in  Ref.  [8].  Qa  is  the 
aerodynamic  state  vector.  If  [R^J  is  set  to  be  a  m  x  m  matrix,  the  total  number  of  states  is  12  +  m. 
A  total  of  6  components  of  [R' j  matrix  are  used  for  the  RFA.  Therefore,  the  dimension  of  the  state 
vector  is  18. 


3.  The  robust  controller  design 
3.1  Reduced  order  model 

Since  the  system  matrix  is  a  function  of  the  dynamic  pressure,  it  is  necessary  to  choose  the  design 
air  speed  for  designing  control  system.  The  approximation  of  high  order  plant  and  controller  models 
by  models  of  lower  order  is  an  integral  part  of  control  system  design.  Complicated  plant  models  lead 
to  high  order  controllers  and  the  difficulties  associated  with  implementing  them.  The  reduced  order 
models  simplify  the  process  of  understanding  the  design  limitations.  Also,  the  controller  synthesis 
computations  will  be  faster  and  require  less  memory.  In  this  study,  model  reduction  is  performed  to 
truncate  unimportant  states  from  the  full  state  model.  The  aerodynamic  stiffness,  damping,  mass 
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matrices,  ([Aq],  [Ai],  [-42])  have  influence  on  the  stability  of  the  system  over  the  frequency  range.  These 
matrices  are  included  in  the  reduced  order  model.  We  considered  one  of  the  aerodynamic  states,  which 
is  dominant  state,  as  the  equivalent  aerodynamic  state  and  other  aerodynamic  states  are  considered 
as  modeling  error.  In  this  paper,  the  model  reduction  is  performed  with  the  stable  modes  by  using 
the  internal  balancing  method[13].  The  reduced  order  model(control  model)  is  written  as  follows; 

{i}  =  [i]  {i}  +  [b]  {«}  (18) 

{y}  =  [<5]  {a;}  +  [b>]  {w}  (19) 

where  [A]  is  the  system  matrix  of  the  reduced  model  which  includes  the  twelve  structural  states  and 
one  aerodynamic  state.  The  input /output  relation  can  be  obtained  by  taking  the  Laplace  transform 
of  the  full(Eqs.  15,16)  and  control(Eqs.  18,19)  model.  The  results  are  written  in  frequency  domain; 

{y(s)}  =  [Cfis)]  {«(5)}  =  [/  +  Ais)]  [g(3)]  {u{s)}  (20) 

where 

[Gf{s)]  =  [Cf]  [^J  -  Af]  [Bf]  +  [Df]  (21.a) 

[g(5)]  =  [c]  [si  -  A]  [b]  +  [d]  (21.6) 

[A(5)]=[g^(5)]  [g(s)]“'-[/]  (21.C) 

[A(s)]  is  the  unstructured  multiplicative  modeling  error,  which  might  include  the  neglected  aerody- 
namic  states  from  the  model  reduction. 

The  robust  stability  about  the  modeling  error  is  given  as  follows; 

^([A(j^)l)  <  V  „>0  (22) 

where  a(.)  denotes  maximum  singular  value  and  [T]  is  the  closed  loop  transfer  function  matrix  . 


3.2  Hoc  controller  design 

Fig.  2  shows  the  closed  loop  system  considering  a  multiplicative  modeling  error.  In  Fig.  2,  the 
transfer  matrix  [G],  and  [K],  [Wi],  [W3],  [A]  are  the  square  matrices.  The  Hoc  norm  defined  in 
frequency  domain  for  a  transfer  matrix  is  written  as  follows; 


[G] 


■  sup 


<7([G(iw)]) 


(23) 


A  standard  Hoc  problem  is  to  find  the  controller  [i^j  such  that  the  Hoc  norm  of  the  closed  loop  transfer 
function  matrix  [Ty^  is  to  satisfy  the  inequality  [14] ; 


where 


Inf  ||[T,,„J||^  <  1 

[^1  Stahl  It  ling 

(24) 

(25.a) 

[5]=[J  +  GX]"' 

(25.6) 

[T]  =  [Gii:]  [i  +  GkY^ 

(25.c) 
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The  infimum  is  chosen  over  all  stabilizing  controllers  [K].  [Wi]  and  [W3]  are  the  weighting  matrices 
for  the  performance  and  robustness.  [5]  is  the  sensitivity  matrix,  [T]  is  the  closed  loop  complementary 
sensitivity  matrix.  The  singular  values  of  [S]  determine  the  disturbance  attenuation  as  well  as  the 
tracking  performance  about  the  reference  input.  The  singular  values  of  [T]  denote  the  robustness 
of  the  closed  loop  system  about  the  modeling  error.  Since  [5]  and  [T]  should  satisfy  the  following 
equation; 

[5(s)]  +  [T(5)]  =  [/],  (26) 

the  weighting  matrices  [VTi],  [W3]  are  to  be  chosen  to  satisfy  the  following; 

^  {[Wi  (jw)]-')  +  C  ([PTs  (jo;)]-')  >1.  V a;  >  0  (27) 

In  this  paper,  [Wi]~^  and  are  selected  to  take  account  of  not  only  the  disturbance  attenuation 

performance  at  low  frequency  region  but  also  the  robust  stability  at  high  frequency  region; 

=  *  =  1-2, 3, 4  (28) 

where  7,  Ai,  As,  are  the  constants  which  are  given  arbitrarily.  The  augmented  plant  [P](see 

Fig.  2)  with  the  weighting  functions  can  be  written  as  the  following  by  applying  appropriate  similar 

transformation; 

Aq  Bi  B2 

[P{s)]=  Cl  Dll  Di2  (29) 

C2  D21  D22  _ 

where 

[Du]  =  [D22]  =  [0],  [Dl^]  =  [D21]  =  [0  /] ,  [DjjCi]  =  [0],  [BiDl^]  =  [0]  (30) 

The  2-Riccati  method[14]  is  used  to  find  a  stabilizing  feedback  control  law; 

{u2i8)}  =  [Kis)]{y2is)}  (31) 

The  controller  transfer  function  [K(s)]  is  written; 


where 


[A,]  =  [Ao]  +  ([Bil  [B^f  -  [B2]  [B2f)  [P]  +  ([/]  -  [Q]  [P])-*  [Q]  [€2]^  [€2] 

[Sc]  =  ([/]-[Q][Pl)-MQ][C'2l 
[C'c]  =  -[B2r[Pl 

[Dc\  =  [0] 

[P]  [Ao]  +  [Ao]"’  [P]  -  [P]  {[B2]  [S2]"’  -  [Pi]  [Pi]’')  [P]  -  [Crf  [Cl]  =  [0] 

[Q]  [Aof  +  [Ao]  [Q]  -  [Q]  {[C2f  [C2]  -  [Cif  [Ci])  [Q]  -  [Si]  [Bi]"’  =  [0] 

A„ax([Q][P])  <  1 

[F],  [Q]  are  the  positive  semidefinite  matrices.  The  MATLAB  Toolbox  is  used  to  solve  this  problem. 

The  electric  currents  required  for  aeroelastic  control  are  calculated  in  this  paper.  When  the  voltage 
{u}  applied  to  the  actuators  and  the  measmed  current  {/}  are 


{n}  =  {Vo}sin{u;t),  {/}  =  {Jo}sin(a;t  +  <j>), 
the  admittance  matrix  [Y]  of  the  model  can  be  written  as 

[y(jcij)]  =  jw  ^jwl  -  A/j  j^B/j  +  |;B/j I  /ks  =  ju[Gfijco)]/ks 


(33.a,6) 
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For  the  calculation  of  the  electric  current,  it  is  assumed  that  the  forces  {ur}  are  exerted  on  the  surface 
of  self-sensing  actuator  as  the  following; 


The  required  electric  current  can  be  obtained  as; 

{/o}  =  [I  +  Gf{jw)K{ju,)]-^Yijw)]{Vr} 


(35) 


(36) 


4.  Numerical  examples 

A  simple  wing  model  is  used  to  design  the  control  system  for  flutter  suppression.  Wing  is  idealized 
as  a  laminated  plate  model  with  four  sets  of  the  segmented  piezoelectric  materials  as  shown  in  Fig.  1. 
The  laminate  has  six  S3nnmetric  layers,  [105/  ±45]  5  and  each  layer  has  uniform  thickness,  which  is  0.02 
inch.  It  is  assumed  that  a  set  of  actuators  is  bonded  on  both  top  and  bottom  surfaces  of  the  laminated 
plate  to  generate  a  pure  bending  force  for  control.  Each  piezo  sensor/actuator  is  sized  1.5  x  3.0  inches. 
Thickness  of  the  piezoelectric  materials  is  0.005  inch,  which  is  about  4.2%  of  the  plate  thickness. 
The  material  properties  of  the  composite  materials  and  piezoelectric  materials  axe  given  in  Table  1. 
In  this  paper,  two  models  with  different  locations  of  the  piezo  sensors/actuators  are  considered.  In 
the  first  model(CASE  1),  the  piezoelectric  materials  are  placed  at  pzx{i)  =0.5,  0.5,  3.5,  3.5  inches 
and  pzy{i)  =1.0,  7.0,  1.0,  7.0  inches,  respectively.  A  model  with  the  actuator  locations  which  have 
been  obtained  through  the  optimization  technique  subject  to  minimize  the  control  performance  index 
is  considered  as  a  second  model(CASE  2)  [8].  The  x  and  y  coordinates  of  the  second  model  are 
pzx{i)  =0.000,  0.003,  4.496,  2.354  inches  and  pzy{i)  =  0.000,  9.000,  0.000,  8.192  inches.  For  CASE 
1,  open  loop  flutter  analysis  is  conducted  and  flutter  is  occurred  at  about  615/ps(/eet/sec)  by  the 
torsional  mode,  ujf  =  57i?z[8].  CASE  2  model  also  has  almost  the  same  open  loop  flutter  speed  as 
CASE  1.  The  design  airspeed  required  for  the  control  system  design  is  set  to  be  VpESiGN  =  SOOfps. 

Fig.  3  shows  the  maximum  and  minimum  singular  values  of  the  different  models,  which  are 
the  full  model(18  states),  reduced  model  with  one  aerodynamic  state(13  states),  and  reduced  model 
without  aerodynamic  states(12  states),  respectively.  As  shown  in  figure,  the  differences  between  the 
full  model(18  states)  and  the  reduced  model(13  states)  are  negligible  over  all  the  frequency  range. 
However,  when  the  aerodynamic  states  are  neglected  for  the  model  reduction(12  states),  the  error 
becomes  larger.  The  reduced  model  with  12  states  is  not  adequate  for  the  control  system  design. 

The  parameters  in  weighting  matrices  [Wi]  and  [Wz]  are  chosen  to  meet  the  given  design  specifica¬ 
tion.  These  are  ki  =0.1,  r^i  =  5.305  x  lO""^,  =  2.653  x  10”"^,  kz  =  3.142  x  10^.  7  is  the  parameter 

on  which  we  iterate  for  design.  The  frequency  response  of  and  [Wa]"*^  axe  shown  in  Fig.  4. 

The  imposed  design  specifications  are; 

1.  The  error  due  to  disturbance  should  be  attenuated  at  least  1/10  in  the  specified  frequency  range 
from  0  to  30  Hz  after  feedback  loop  is  closed. 

2.  The  control  loop  bandwidth  should  be  500  Hz  with  -2Qdbf  decade  roll-off  above  the  specified 
frequency  range. 

The  singular  values  of  the  sensitivity  function  [S]  and  the  complementary  sensitivity  function  [T] 
of  the  closed  loop  system  are  shown  in  Fig.  5.  For  this  plot,  7  is  set  to  be  1.1.  Those  are  nearly 
coincident  with  their  associated  weighting  functions  and  respectively.  That  means 

that  the  specified  value  of  7  is  close  to  the  optimal  value. 

Fig.  6(a)  and  7(a)  show  the  step  response  when  the  unit  step  reference  input  is  exerted  on  the 
actuator  1  (placed  at  inboard  &  leading  edge  direction  of  the  model)  for  each  case.  In  both  cases,  the 
outputs  track  the  reference  inputs  without  excessive  overshoot.  The  result  of  CASE  2(Fig.  7)  shows 
better  response  characteristics  than  those  of  CASE  l(Fig.  6).  In  order  to  see  the  required  power 
for  control,  the  electric  voltages  and  currents  are  calculated  and  the  results  are  also  shown  in  Fig.  6 
and  7((b),(c)).  There  is  a  substantial  amount  of  difference  in  applied  voltages  between  two  models, 
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although  the  difference  in  the  electric  currents  is  negligible.  Therefore,  the  second  model(CASE  2) 
needs  less  electric  power  and  also  shows  better  control  performance. 

When  the  force  of  the  unit  magnitude  {14}^  which  is  equivalent  to  1  Volt  actuation  is  exerted 
harmonically  on  the  j  ~  th  actuator,  the  required  electric  currents  are  equal  to  the  frequency  response 
functions  which  represent  the  relations  between  the  disturbance  forces  and  the  electric  currents.  The 
magnitude  of  the  frequency  response  function  matrix(Eq.  (36))  is  plotted  in  Fig.  8.  Note  that  Fig. 
8  represents  the  apparent  value  of  Therefore,  the  real  dissipative  currrats  are  less  than 

the  presented  values.  The  diagonal  elements  are  somewhat  larger  than  the  off-diagonal  terms  due  to 
the  dielectric  terms.  The  currents  become  larger  at  near  natiural  frequency.  But  the  magnitudes  are 
less  than  —60  db  in  the  frequency  range  from  0  to  400  Hz.  Therefore,  the  required  power  per  actuator 
will  be  less  than  10  Watts,  if  the  disturbance  forces  are  100  Volts  in  magnitude. 

Fig.  9  shows  the  root  loci  for  the  closed  loop  when  the  control  system  is  designed  by  using  Hoo 
theory  with  design  velocity  Vdesjgn  =  SOOfps.  Figme  indicates  that  the  system  is  stable  up  to  the 
speed  of  1000/ps.  The  increase  in  the  flutter  speed  compared  with  the  open  loop  system  is  remarkable. 
The  figure  also  show  that  the  control  system  is  robust  on  the  unmodeled  dynamics  although  only  one 
aerodynamic  state  is  included  in  the  reduced  order  control  model. 

5.  Summary 

In  this  paper,  a  control  system  is  designed  for  flutter  suppression  of  a  composite  wing  using  seg-^ 
mented  piezoelectric  self-sensing  actuators.  The  control  system  uses  the  integrated  and  collocated 
piezoelectric  self-sensing  actuator  pairs  so  as  to  prohibit  the  non-minimum  phase  model  and  the 
spillover  due  to  the  unmodeled  dynamics.  The  reduced  order  model  is  developed  in  order  to  design 
active  flutter  suppression  system.  One  of  the  aerodynamic  states,  which  is  dominant  state,  is  consid¬ 
ered  as  the  equivalent  aerodynamic  state  and  other  aerodynamic  states  are  considered  as  modeling 
error.  In  this  paper,  the  model  reduction  is  performed  with  the  stable  modes  by  using  the  internal 
balancing  method.  Based  on  the  mixed-sensitivity  Hoo  control  method,  the  control  parameters  are 
determined.  For  a  given  simple  wing  model,  the  performance  of  the  controlled  system  is  shown  in  the 
frequency  and  time  domain.  Although  the  optimization  is  not  performed  to  find  the  geometry  of  the 
piezoelectric  materials  in  this  paper,  it  was  found  that  CASE  2  which  has  been  found  from  the  previ¬ 
ous  optimization  study  has  better  response  characteristics.  The  electric  current  and  the  electric  power 
which  are  required  for  aeroelastic  control  are  predicted.  Further  study  might  be  needed  concerning 
the  power  requirement  for  aeroelastic  control  using  the  realistic  wing  structures. 
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Table  1.  Material  properties 


Composite  Materials 

Piezoelectric  Materials 

El  =  14.21  X  10'"  psi 

Ep  =  9.137  X  10®  psi 

E2  =  1.146  X  10®  psi 

Pp  =  0.28  Ibjin^ 

Gi2  =  0.8122  X  10®  psi 

I/p  =  0.3 

p  =  0.05491  Ib/in^ 

dzi  =  d32  =  6.5  X  10-»  in/V 

ui2  =  0.28 

£33  =  3.81  X  10-1°  F/in 

247 


C.  Nam  &  J.  Kim 


V 


Fig.  1.  Laminated  plate  model  with  self-sensing 
actuators. 


Fig.  4.  Singular  value  specifications  of  weighting 
functions. 


AUGMENTED  PLANT  P(s) 


Frequency(Hz) 


Fig.  3.  Singular  value  plots  of  the  full  model  and 
the  reduced  order  model,  (a)  Maximum  singular 
values,  (b)  Minimum  singular  values. 
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CASE  1 


(a) 


CASE  2 


(a) 


Fig.  6.  Step  response  of  the  controlled  system, 
CASE  1. 


Fig.  7.  Step  response  of  the  controlled  system, 
CASE  2. 
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CASE  2 


Closed  Loop  Root  Loci 


Real  Part 


Fig.  9.  The  closed  loop  root  loci,  CASE  2. 


Fig.  8.  Electric  current  due  to  the  unit  distur¬ 
bance  input  voltage,  CASE  2.(unit:db) 
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CONTROL  OF  OSCILLATORY  MOTIONS  OF  CANTILEVERS 
VIA  STRUCTURAL  TAILORING  AND 
ADAPTIVE  MATERIALS  TECHNOLOGY* 


L.  Librescu*,  L.  Meirovitch**  and  S.S.  Na* 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg,  VA  24061-0219 


Abstract 

A  dual  approach  integrating  structural  tailoring  and  adaptive  materials  technology  and  designed 
to  control  the  dynamic  response  of  cantilever  beams  subjected  to  external  excitations  is  presented. 
Whereas  structural  tailoring  uses  the  anisotropy  properties  of  advanced  composite  materials,  adaptive 
materials  technology  exploits  the  actuating  capabilities  of  piezoelectric  materials  bonded  or  embedded 
into  the  host  structure.  A  dynamic  control  law  relating  the  piezoelectrically  induced  boundary  bending 
moment  with  the  velocity  at  given  points  of  the  structure  is  implemented  and  its  effect  on  the  closed- 
loop  eigenfrequencies  and  dynamic  response  to  harmonic  excitations  is  investigated.  The  combination 
of  structural  tailoring  and  control  by  means  of  adaptive  materials  proves  very  effective  in  damping 
out  vibration.  This  methodology  offers  great  possibilities  also  in  preventing  wing  flutter  instability. 

1.  Introduction 

As  the  requirements  for  higher  flexibility  on  high  speed  aircraft  increase,  so  do  the  challenges  of 
developing  innovative  design  solutions.  Whereas  the  increased  flexibility  is  likely  to  provide  enhanced 
aerodynamic  performance,  the  aircraft  must  be  able  to  fulfill  a  multitude  of  missions  in  complex 
environmental  conditions  and  to  feature  an  expanded  operational  envelope  and  longer  operational 
life.  To  achieve  such  ambitious  goals,  advanced  concepts  resulting  in  the  enhancement  of  static  and 
dynamic  response  of  the  multimission,  highly  flexible  aircraft  must  be  developed  and  implemented. 
One  way  of  achieving  such  goals  consists  of  the  integration  of  advanced  composite  materials  in  the 
aircraft  structure.  In  this  regard,  it  should  be  stated  that  the  directionality  property  featured  by 
anisotropic  composite  materials  is  capable  of  providing  the  desired  elastic  couplings  through  the 
proper  selection  of  the  ply-angle.  However,  such  a  technique  is  passive  in  nature  in  the  sense  that, 
once  the  design  is  in  place,  the  structure  cannot  respond  to  the  variety  of  conditions  in  which  it  must 
operate. 

The  above  situation  can  be  mitigated  by  incorporating  into  the  host  structure  adaptive  materials 
able  to  respond  actively  to  changing  conditions.  In  a  structure  with  adaptive  capabilities,  the  natural 
frequencies,  damping  and  mode  shapes  can  be  tuned  to  reduce  the  vibration  so  as  to  avoid  structural 
resonance  and  flutter  instability,  and  in  general  to  enhance  the  dynamic  response  characteristics. 
The  adaptive  capability  is  achieved  through  the  converse  piezoelectric  effect,  which  consists  of  the 
generation  of  localized  strains  in  response  to  an  applied  voltage.  This  induced  strain  field  produces,  in 
turn,  a  change  in  the  dynamic  response  characteristics  of  the  structure.  It  is  proposed  here  to  enhance 
the  free  vibration  and  dynamic  response  to  external  excitations  of  wing  structures  by  incorporating 
the  adaptive  capability  referred  to  as  induced  strain  actuation  in  conjunction  with  structural  tailoring. 
Under  consideration  is  a  cantilevered  aircraft  wing,  modeled  as  a  thin/thick-walled  closed  cross-section 
beam  of  anisotropic  material.  Implementation  of  a  control  law  relating  the  applied  electric  field  to 
one  of  the  mechanical  quantities  characterizing  the  response  of  the  wing  according  to  a  prescribed 
functional  relationship  results  in  eigenvalue/boundary-value  problems.  The  solution  consists  of  closed- 
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loop  eigenvalues/dynamic  response  characteristics,  which  are  functions  of  the  applied  voltage,  i.e.,  of 
the  feedback  control  gain. 

It  should  be  stated  here  that  investigation  of  static  and  dynamic  control  of  aircr^  wing  structures 
via  the  simultaneous  implementation  of  induced  strain  actuation  and  structural  tailoring  is  of  recent 
vintage.  To  these  authors’  knowledge,  the  first  attempt  to  study  this  problem  by  integrating  both 
techniques  was  carried  out  in  the  Refs.  1  and  2,  in  the  context  of  an  advanced  structural  wing  model. 
The  present  study,  consistent  with  the  approach  in  Ref.  2,  represents  a  clear  departure  from  the 
approach  in  Refs.  1, 3  and  4,  in  the  sense  that  here  a  dynamic  feedback  control  strategy  is  implemented. 
This  enables  us  to  control  the  free  and  forced  vibrations  and  avoid  the  resonance  phenomenon  without 
weight  penalties.  Moreover,  this  adaptive  strategy  promises  to  be  effective  also  in  flutter  control. 

Although  the  paper  addresses  mainly  the  problem  of  control  of  aircraft  wings,  the  concept  tran- 
scends  this  application.  This  implies  that  the  methodology  developed  here  can  be  applied  to  a  number 
of  other  advanced  structures.  Indeed,  the  approach  is  applicable  to  other  lightweight  structural  mod¬ 
els,  such  as  helicopter  blades  and  flexible  robot  arms  operating  in  space. 

2.  Basic  Assumptions  and  Kinematics 

The  structural  model  used  here  consists  of  a  cantilevered  thin-walled,  closed-section  beam.  Its 
purpose  is  to  simulate  the  lifting  surface  of  advanced  flight  vehicles.  The  model  is  confined  to  uniform 
single-cell  beams.  Two  systems  of  coordinates,  s,  z,n  and  x,y^z^  are  used  to  define  points  of  the 
thin- walled  beam.  Note  that  the  z-axis  is  located  so  as  to  coincide  with  the  axis  of  symmetry  of  the 
cross-sectional  areas.  The  beam  model  incorporates  the  following  nonclassical  features:  i)  anisotropy 
of  the  constituent  material  layers,  ii)  transverse  shear,  iii)  nonuniform  torsion,  in  the  sense  that  the 
rate  of  twist  dQ/dz  is  no  longer  assumed  to  be  constant  (as  in  the  Saint- Venant  torsional  model)  but 
a  function  of  the  spanwise  coordinate,  and  iv)  primary  and  secondary  warping  effects.  As  a  result,  the 
present  beam  model  is  capable  of  providing  results  also  for  thick- walled  beams  and/or  for  constituent 
materials  exhibiting  high  flexibilities  in  transverse  shear.  We  also  postulate  the  in-plane  cross-section 
nondeformability  of  the  beam  (Refs.  5  and  6). 

In  accordance  with  the  above  assumptions,  and  in  order  to  reduce  the  three-dimensional  problem 
to  an  equivalent  one-dimensional  one,  the  components  of  the  displacement  vector  are  expressed  as 
(Refs.  1,5  and  6) 


u{x,  y,  z,  t)  =Uo{z,  t)  -  yQ{z,  t) 
v{x,  y,  z,  t)  =Vo{z,  t)  +  x0(z,  t) 


w{x,  y,z,t)  =Wo  {z,t)+  fia,  (z,  t) 
+  ey{z,t) 


y{s)  -  n 


dx 

ds 


x{s)  + 

ds 


—  0'(z,  t)  [F<j(s)  +  na(s)] 


(la) 

(16) 


(Ic) 


where 

t)  =  nfyziz,  t)  -  v'Jz,  t),  0y(z,  t)  =  'Yxziz,  t)  -  u'oiz,  i)  (2a,  6) 

and 

=  (2») 

in  which  Ox{z,t)  and  6y(z,t)  denote  the  rotations  about  axes  x  and  y,  respectively,  and  ^yz  and  jxz 
denote  the  transverse  shear  strains  in  the  planes  yz  and  xz,  respectively;  primes  denote  derivatives 
with  respect  to  the  z-coordinate.  When  the  transverse  shear  effect  is  ignored,  6x  and  6y  —uj,. 

Prom  Eq.  (Ic)  it  is  apparent  that  the  warping  measure  is  0'(z,t).  Equations  (1)  and  (2)  reveal  that 
six  kinematic  variables,  Uo{z,t),  Vo{z,t),  Wo{z,t),  Ox{z,t),  9y{z,t),  and  0(z,t)  representing  three 
translations  in  the  a;,  y,  z  directions  and  three  rotations  about  the  x,  y  and  z  axes,  respectively, 
are  used  to  define  the  displacement  vector  of  components  u,  v  and  w  in  the  x,  y  and  z  directions, 
respectively. 
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The  primary  warping  function  has  the  expression 


where 


Fu,is)  =  f  [rn{s) -'tp]ds 
J  O 


_  §(.[rn{x)lh{s)]ds 


is  the  torsional  function,  in  which  the  quantity  h{s)  denotes  the  beam  wall  thickness,  allowed  to 
vary  along  the  periphery,  ^  (•)ds  denotes  the  integral  around  the  entire  periphery  C  of  the  mid-line 

cross-section  of  the  beam  and  /  rnis)ds  =  fl(s)  is  referred  to  as  the  sectorial  area.  For  the  case  of 

J  o 

uniform  h  in  the  circumferential  direction,  Eq.  (4)  reduces  to  ^  =  2Acfl3,  where  Ac  denotes  the 
cross-sectional  area  bounded  by  the  mid-line  while  (3  denotes  the  total  length  of  the  contour  mid-line. 
Moreover, 

=  (5) 


Using  the  kinematic  relations,  Eqs.  (1)  and  (2),  we  can  obtain  the  strain  measures.  Their  expres¬ 
sions  are  omitted  for  brevity. 

3.  Location  of  Piezoactuator  Patches.  Globed  Constitutive  Equations 

We  assume  that  the  master  structure  consists  of  m  layers  and  the  actuator  of  I  piezoelectric 
layers.  We  stipulate  that  the  actuators  are  distributed  over  the  entire  span  of  the  beam.  Along  the 
circumferential  s  and  transverse  n  directions,  they  are  distributed  according  to 

R(k){n)  -H{n-n(^k-))  -  -  n(^k+)),  R(k){s)  =  -«(*-))- i?(s  -  S(fc+))  (6) 

where  i?  is  a  spatial  function  and  H{')  denotes  Heaviside’s  distribution,  in  which  the  subscript  k 
in  parentheses  identifies  the  A:th  layer.  The  linear  constitutive  equations  for  a  three-dimensional 
piezoelectric  continuum,  expressed  in  Voigt’s  contracted  notation,  are  (Ref.  7) 


(7^  —  C^jSj  CfiSri  I^r  —  ^rjSj  "1“ 


{7a, b) 


in  which  (7i  and  j  =  1, 2, . . . ,  6)  denote  the  stress  and  strain  components,  respectively,  where 

c.  _  f  Spr,  p  =  r,  j  =  1,2,3 
^  \  2Spr,  p^r,  j  =  4, 5, 6 


Moreover,  Cfj,  Ctu  and  efi  are  the  elastic  (measured  for  conditions  of  a  constant  electric  field), 
piezoelectric  and  dielectric  constants  (measured  under  constant  strain),  and  St  and  Dr{r  =  1,2,3) 
denote  the  electric  field  intensity  and  electric  displacement  vector,  respectively.  In  Eqs.  (7),  summation 
over  repeated  indices  is  implied.  Whereas  Eq.  (7a)  describes  the  converse  piezoelectric  effect,  consisting 
of  the  generation  of  mechanical  stress  or  strain  in  response  to  an  electric  field,  Eq.  (7b)  describes  the 
direct  piezoelectric  effect,  consisting  of  the  generation  of  an  electrical  charge  under  a  mechanical  force. 
In  piezoelectric  adaptive  structures,  the  direct  effect  is  used  for  sensing  and  the  converse  effect  is  used 
for  active  control.  Equations  (7)  are  valid  for  the  most  general  case  of  anisotropy,  i.e.,  for  triclinic 
crystals.  In  the  following,  we  restrict  ourselves  to  the  case  of  a  transversely-isotropic  piezoelectric 
continuum,  the  n-axis  being  a  six-fold  axis  of  symmetry,  considered  to  be  parallel  to  the  direction  of 
polarization,  i.e.,  in  the  thickness  direction.  In  this  case,  the  piezoelectric  continuum  is  characterized 
by  five  independent  elastic  coefficients,  Cu  =  C22,  C'ls  =  ^23  =  C31  =  (^32,  (^33,  C44  =  C55,  Cee  = 
(C'li  —  Ci2)/2,  three  independent  piezoelectric  coefficients,  eis  =  624,  631  =  632  and  633,  and  two 
independent  dielectric  constants,  £11  =  S22)  ^33  (Ref.  7). 
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At  this  point,  we  assume  that  the  master  structure  is  made  of  anisotropic  material  layers,  the 
anisotropy  being  of  the  monoclinic  type.  We  also  assume  that  the  electric  field  vector  £i  is  represented 
in  terms  of  its  component  £z  only,  implying  that  £i  =  £2  =  0.  As  a  result  of  the  uniform  voltage 
distribution,  £z  is  independent  of  space  but  dependent  on  time. 

Upon  invoking  the  previously  stipulated  distribution  law  of  piezoactuators,  Eqs.  (6),  and  their 
specific  anisotropy  properties,  the  three-dimensional  constitutive  equations  for  the  actuator  layers  can 
be  expressed  as 


(Tss 

re'll 

C12 

Cn  0 

Cii  0 

—  C\2 

Sss 

'eif4^^Rk(n)Rk(sy 

^zz 

Sx, 

- 

_  ^ sz  _ 

{k) 

0 

0 

2  J 

(*) 

^  Ssz  _ 

(fc) 

0 

and 

The  last  terms  in  Eq.  (9a)  identify  the  actuation  stresses  induced  by  the  applied  electric  field. 

Integrating  the  three-dimensional  constitutive  equations  through  the  thickness  of  the  master  struc¬ 
ture  and  actuators  and  postulating  that  the  hoop  stress  resultant  Nss  is  negligibly  small  when  com¬ 
pared  with  the  remaining  stresses,  two-dimensional  constitutive  equations,  referred  to  also  as  shell- 
constitutive  equations,  are  obtained.  The  equations  are  not  displayed  here  for  brevity. 

4,  The  Equations  of  the  Wing  Structure  Involving  Bending-Twist  Coupling 

The  great  possibilities  provided  by  advanced  anisotropic  composite  materials  can  be  used  to  en¬ 
hance  the  response  of  lifting  surfaces.  Implementation  of  structural/aeroelastic  tailoring  has  revealed 
great  promise  toward  improving  static  and  dynamic  response  characteristics,  preventing  vibration 
resonance  and  enhancing  aeroelastic  behavior.  For  thin- walled  composite  beams,  tailoring  was  car¬ 
ried  out  in  a  number  of  recent  papers,  (Refs.  8-10),  in  which  the  possibility  of  generating  desired 
elastic  couplings  beneficial  to  specific  aeronautical  problems  was  examined.  Among  the  possible  cou¬ 
plings  that  can  be  induced  via  tailoring,  the  most  beneficial  for  the  problem  at  hand  is  the  bending- 
twist  cross-coupling.  This  coupling  has  also  been  used  for  the  solid  beam  model  to  enhance  the 
structural/aeroelastic  response  behavior  of  wing  structures  (Refs.  11-14).  As  shown  in  Refs.  8  and 
9,  the  ply-angle  distribution  with  respect  to  the  spanwise  z-axis  inducing  such  a  cross-coupling  is 
0{y)  =  — 0(— 2/).  Using  such  a  ply-angle,  the  equations  of  motion  of  the  combined  host-piezoactuator 


structure  (Refs.  1  and  6)  are 

^^55  (Vq  =  ^1^0  (10a) 

-066©""  +  a??©"  -  ^56  (v"'  +  +  a730'J  +70^  =  (64  +  65)  ©  -  4.  t^g)  ©"  (106) 

+  ^^37©"  —  O55  (v^  H-  ffx)  -  056©"  “  (64  +  614)  (lOc) 

For  cantilevered  beams,  the  boundary  conditions  are 

Vo  =  0,  0x  =  O,  ©  =  0,  0'  =0atz  =  0.  (11a -d) 

and 

055  (Vg  +  0x)  +  056©"  ~  ^33^x  +  037©'  = 

-aeeQ'"  +  a??©'  -  050  (v"  +  0'^)  +  037^^  =  _  +  i,^g)  0'  >  at  z  =  L  (12a  -  d) 

056  (v'o  +  0x)  +  aeeO"  =  0 
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The  terms  underscored  in  Eqs.  (10)-(12)  by  single  and  double  dashed  lines  are  associated  with  warping 
inhibition  and  warping  inertia  effect,  respectively,  whereas  the  term  underscored  by  a  sohd  line  is 
associated  with  the  rotatory  inertia. 

5.  The  Control  Law 

Although  the  structural/aeroelastic  tailoring  technique  was  proved  effective  in  enhancing  the  static 
and  dynamic  response  behavior  of  flight  vehicle  structures  (Refs.  11  and  14),  its  effectiveness  is  limited 
by  the  fact  that  the  technique  is  passive  in  nature.  This  implies  that,  once  the  ply-angles  and  ply- 
sequence  of  the  laminated  construction  are  fixed,  the  structure  cannot  respond  adaptively  to  the 
variety  of  external  stimuli  encountered  during  flight.  For  this  reason,  as  a  complementary  way  of 
controlling  the  behavior  of  the  structure,  the  smart  structure  concept  is  considered. 

For  feedback  control,  the  applied  electric  field  ^3,  on  which  the  piezoelect rically  induced  moment 
depends,  must  be  related  to  one  of  the  mechanical  quantities  characterizing  the  wing’s  response.  Thus, 
a  number  of  control  laws  can  be  implemented.  Their  effectiveness  can  be  measured  by  the  ability  to 
enhance  the  free  vibration  behavior,  suppress  the  forced  vibration  to  any  time-dependent  external 
excitation  and  prevent  resonance  and  any  instability  which  may  occur  during  flight. 

A  number  of  control  laws  have  been  proposed  and  used  (Ref.  1-4,  15  and  16)  for  inducing  strain 
actuation  capability  via  the  boundary  control  moment,  .  Among  these,  we  single  out  velocity  feedback 

control  (Ref.  2),  whereby  the  piezoelectrically  induced  moment  Mx  at  the  wing  tip  is  proportional  to 
the  rotational  velocity  9x{L)  at  the  wing  tip.  A  more  explicit  expression  of  this  control  law  is  derived 
from  Eq.  (12b)  in  the  form 

0;(i)  +  /30'(L)»MxW  =  O  (13) 

where  =  azr/ass  and  kp  denotes  the  feedback  gain. 

The  advantage  of  this  control  law  is  that  it  has  a  dynamic  character.  This  implies  that,  in  contrast 
to  the  previously  mentioned  ones,  damping  is  adaptively  induced  and,  as  such,  enhanced  dynamic 
response  performances  are  expected  from  its  application. 

6.  Problems  Considered 

The  equations  derived  in  this  paper  are  general,  in  the  sense  that  they  are  valid  for  a  beam  of 
arbitrary  cross  section,  as  well  as  for  piezoelectric  actuators  arbitrarily  located  throughout  the  wall 
thickness  and  along  the  circumference  of  the  beam.  However,  in  the  present  case,  a  biconvex  profile 
typical  of  supersonic  wing  airplanes  is  adopted,  whose  dimensions  are  identical  to  the  ones  in  Ref.  10. 
It  is  also  assumed  that  the  piezoceramic  actuators  used  here  are  mounted  symmetrically  on  the  upper 
and  bottom  surfaces  of  the  wing.  Being  very  light,  the  actuators  do  not  affect  the  mass  or  stiflfress 
properties  of  the  original  structure  in  any  meaningful  way  (Ref.  17).  The  wing  structure  is  assumed 
to  be  of  a  graphite/epoxy  composite  material  whose  elastic  characteristics  are 

El  =30  X  10®  psi,  Et  =  0.75  x  10®  psi 
Glt  =0.37  X  10®  psi,  Gtt  =  0.45  x  10®  psi 
fiTT  =  0.25,  p  =  14.3  X  lO”®  lb  sec^/in^ 

where  subscripts  L  and  T  denote  directions  parallel  and  transverse  to  the  fibers,  respectively.  The 
geometrical  wing  characteristics  are  displayed  in  Fig.  1.  The  piezoelectric  actuators  are  made  of  PZT-4 
ceramic,  whose  properties  are  given  in  Ref.  18. 

The  associated  differential  eigenvalue  problem  has  been  discretized  in  space  by  the  extended 
Galerkin  method  (Ref.  19).  In  parallel  to  this,  an  exact  solution  based  on  the  Laplace  transform 
in  the  spatial  domain  (Ref.  20)  was  obtained  and  the  agreement  of  the  results  obtained  by  the  two 
approaches  was  excellent.  The  same  solution  techniques  have  been  successfully  used  in  Refs.  2  and 
10. 

Using  structural  tailoring  and  the  induced  strain  actuation  technology  in  combination,  two  prob¬ 
lems  associated  with  the  dynamics  of  aircraft  wings  have  been  considered,  namely  Problem  I:  free 
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vibration  and  Problem  II:  dynamic  response  to  harmonically  time-dependent  excitations.  In  addition, 
several  results  related  to  the  dynamic  response  to  arbitrary  time-dependent  excitations  have  also  been 
obtained. 

In  analyzing  Problem  /,  the  external  loads  have  been  removed  from  Eqs.  (10).  Moreover,  all  the 
field  variables,  including  the  electrical  current  S3,  denoted  generically  by  F{z,t),  are  written  in  the 
form 

F{z,t)  =  Fiz)e^^  (14) 

where  A  is  the  complex  eigenvalue.  Because  the  eigenvalue  appears  in  both  the  equations  of  motion 
and  the  boundary  conditions,  the  solution  of  the  closed-loop  eigenvalue  problem  is  not  an  easy  task. 

For  dynamic  response,  Problem  II,  it  is  assumed  that  the  wing  is  excited  by  a  concentrated, 
harmonic  load,  arbitrarily  located  along  the  span  and  the  chord  of  the  wing.  Hence,  the  load  Py  is 
written  in  the  form 

Py{z,  t)  —  FoS{z  -  Zo)  (15a) 

where  (5(*)  denotes  a  spatial  Dirac  delta  function,  zq  the  spanwise  location  of  the  load,  Fq  the  amplitude 
and  cj  the  excitation  frequency.  Moreover,  when  Py  is  located  off  the  longitudinal  axis  of  symmetry 
by  an  amount  Xo,  then  a  concentrated  moment 


mx{z,t)  =  FoXoS{z  -  Zo)e^'^^ 


(155) 


must  be  included  as  well.  Such  a  load  and  moment  can  be  generated,  among  others,  by  a  power 
system  located  on  the  wing  at  Xo,  Zo^  As  soon  as  the  frequency  response  functions  Vo(z,u;),9x{^^('*^) 
and  0(z,  uj)  corresponding  to  a  given  excitation  frequency  have  been  determined,  it  is  possible  to  obtain 
their  counterparts  in  the  time  domain.  This  conversion  is  accomplished  via  the  Fourier  transform,  as 
follows: 


~Vo{z,i)' 

'Vo(z,Uj)‘ 

1 

/•+00 

'Vo(z,Uj)' 

0xiz,t) 

=  :r-i 

2n  j 

/ 

0x{z,U}) 

_Qiz,t)  _ 

Q{z,w) 

f  — 00 

Q{z,  Lj) 

(16) 


where  denotes  the  inverse  Fourier  transform.  These  quantities  enable  one  to  determine  the 
dynamic  magnification  factors  due  to  simple  harmonic  force  excitation. 

These  quantities  evaluated  for  different  feedback  gains  and  ply-angles  are  able  to  reveal  the  effec¬ 
tiveness  of  combining  structural  tailoring  and  adaptive  material  technology. 


7.  Numerical  Examples 

The  closed-loop  eigenvalue  problem  is  obtained  by  inserting  Eq.  (14)  into  Eqs.  (10)-(13)  with  the 
external  load  terms  removed  and  dividing  through  by  Laplace  transforming  the  resulting  equations 
in  the  spatial  domain,  it  is  possible  to  express  the  eigenfrequencies  as  functions  of  the  feedback  gains 
and  ply-angles.  When  the  structure  is  activated,  implying  that  kp  ^  0,  the  eigenfrequencies  A  are 
complex  quantities  of  the  form 

A  =  cr  -f-  iujd  (17) 


For  a  given  A,  one  can  determine  the  damped  frequency  Ud  as  the  imaginary  part  of  Eq.  (17).  Moreover, 
the  damping  factor  C  can  be  obtained  from  the  real  part  a  —  —C^n  in  the  form 


C  =  -a/  (cr^+w^)^^^ 


(18) 


The  ratio  oJdl^n  of  the  damped  frequency  Ud  and  und^ped  frequency  cjn?  he.,  of  the  nonactivated 
structure  versus  the  dimensionless  feedback  gain  kp  =  kpLQ/asz,  where  a)  is  the  natural  frequency 
of  the  nonactivated  structure  corresponding  to  0  =  0  and  JK  =  16,  is  plotted  for  the  first  mode  in 
Fig.  2  for  the  ply-angle  6  =  45°.  Results  (not  shown  here)  reveal  that  the  adaptive  capability  decays 
in  power  with  the  increase  in  the  mode  number. 

Figure  3  depicts  the  damping  factor  C  versus  the  ply  angle  6  for  three  different  values  of  the 
feedback  gain  for  a  given  aircraft  wing  defined  in  terms  of  its  aspect  ratio  and  wall  thickness.  The 
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plot  reveals  not  only  that  damping  can  be  induced  adaptively,  but  that  tailoring  can  also  be  used  to 
enhance  damping  in  the  structure. 

A  number  of  plots  of  the  steady-state  dynamic  response  to  a  harmonic  load  acting  at  the  wing  tip 
versus  the  excitation  frequency  u  are  presented.  Figure  4  displays  the  steady-state  deflection  amplitude 
as  a  function  of  the  excitation  frequency  for  wings  of  aspect  ratios  ^  =  6  with  the  transverse  shear 
included  and  with  a  ply-angle  9  =  45°.  Results  reveal  that  for  wings  including  the  warping  inhibition, 
resonance  shifts  toward  larger  excitation  frequencies,  a  trend  diminishing  in  the  case  of  high  aspect 
ratio  wings.  Moreover,  the  difference  between  the  resonance  frequency  of  wings  exhibiting  free  warping 
and  warping  inhibition  becomes  progressively  larger  as  the  wing  aspect  ratio  diminishes.  The  plot 
also  reveals  the  strong  elffects  of  adaptiveness  on  the  deflection.  Results  (not  displayed  here)  show 
that  resonance  frequencies  increase  dramatically  with  a  decrease  of  the  wing’s  aspect  ratio,  as  should 
be  expected. 

Figure  5  presents  the  steady-state  transverse  deflection  of  shear  deformable  and  infinitely  rigid  in 
transverse  shear  wing  models  as  a  function  of  the  excitation  frequency  for  9  =  60°  and  free  warping.  As 
can  be  seen,  transverse  shear  flexibility  causes  a  shift  in  the  resonance  toward  lower  frequencies  and  an 
increase  of  the  deflection.  This  goes  back  to  the  conclusion  that  beam  models  rigid  in  transverse  shear 
overestimate  the  resonance  frequency  and  imderestimate  the  deflection.  Concerning  the  influence  of 
wing  aspect  ratio,  the  conclusions  reached  from  Figs.  3  and  4  remain  valid  in  this  case  as  well. 

From  Fig.  6,  which  depicts  the  steady-state  deflection  as  a  function  of  the  excitation  frequency  for 
shear  deformable  and  non-shear  deformable  wings  and  for  nonactivated  and  activated  wings,  one  can 
conclude  that,  for  wings  including  the  warping  restraint^  shear  deformability  plays  the  unique  role  of 
shifting  resonance  toward  the  lower  frequencies.  At  the  same  time,  the  deflection  amplitudes  are  not 
affected  by  transverse  shear  effects. 

As  the  wing  aspect  ratio  decreases,  its  influence  becomes  more  prominent,  in  the  sense  that  for 
small/moderate  aspect  ratios  the  shift  becomes  more  prominent  than  in  the  case  of  high-aspect  ratio 
wings.  It  should  also  be  noted  here  that  for  small/moderate  aspect  ratio  wings  the  deflections  of  the 
activated  wing  are  much  smaller  than  for  a  high  aspect  ratio  wing. 

As  9  approaches  90°,  at  which  angle  the  bending  stifiSiess  is  the  largest,  small  differences  in 
the  deflection  amplitudes  for  the  shear  deformable  and  non-shear  deformable  wings  exhibiting  free 
warping  can  occur.  The  only  effect  of  ignoring  the  transverse  shear  is  to  shift  resonance  toward  higher 
frequencies.  For  the  same  aspect  ratio  wing,  a  dramatic  increase  in  the  resonance  frequencies  are 
experienced  in  the  case  of  0  =  90°  (Fig.  7)  as  compared  to  9  =  60°  (Fig.  6). 

The  steady-state  twist  as  a  function  of  the  excitation  frequency  shows  similar  trends  as  the  trans¬ 
verse  deflection.  Figure  8  depicts  the  steady-state  twist  for  wings  of  ^  =  6  as  a  function  of  the 
excitation  frequency  for  shear  deformable  and  shear  nondeformable  beam  models  and  for  the  acti¬ 
vated  and  nonactivated  wings.  The  structure  corresponds  to  the  ply-angle  9  =  60°.  As  in  the  case 
of  the  transverse  deflection  (see  Figs.  6  and  7),  it  should  be  noted  that  inadvertent  neglect  of  the 
transverse  shear  can  result  in  an  underestimation  of  the  twist  and  an  overestimation  of  the  resonance 
frequency. 

In  all  previously  displayed  results,  it  was  assumed  that  the  concentrated  load  acts  on  z-axis. 
However,  when  there  is  an  eccentricity  c  =  Xo/c,  both  the  deflection  and  twist  will  be  affected. 

Figure  9  depicts  the  normalized  steady-state  deflection  versus  the  feedback  gain  for  different  ec¬ 
centricities  c.  The  plot  reveals  the  obvious  trend  that  v  increases  with  c  and  decays  when  the  wing  is 
activated.  The  same  is  true  of  the  twist  0. 

In  addition  to  the  fact  highlighted  previously  that  the  steady-state  deflection  and  twist  of  wing 
structures  can  be  controlled  and  the  resonance  phenomenon  inhibited  by  simultaneous  use  of  tailoring 
and  adaptive  materials,  the  possibility  of  controlling  the  steady-state  bending  moment  generated  at 
the  wing  root  becomes  also  apparent  from  Fig.  10.  This  figure  shows  that  i)  the  bending  moment 
is  a  maximum  for  that  value  of  the  ply-angle  for  which  the  bending  stiffness  033  is  a  minimum, 
i.e.,  0  =  0°,  180,  and  a  minimum  for  9  =  90°  when  033  is  a  maximum.  This  implies  that  tailoring 
can  be  used  to  reduce  as  much  as  possible  the  bending  moment,  thus  avoiding  overdesign  of  the  root 
region  of  the  wing,  and  ii)  adaptive  material  technology  can  be  applied  toward  the  same  goal.  Figure 
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10  also  reveals  that  for  relatively  large  values  of  the  feedback  gain,  tailoring  becomes  less  efficient  than 
for  low  feedback  gains.  This  suggests  that  a  trade-off  between  the  two  techniques  can  be  achieved. 

Finally,  Figs.  11  and  12  depict  the  time  history  of  the  wing  deflection  for  the  ply-angles  0  =  0  and 
9  =  90®,  respectively,  and  for  shear  deformable  and  non-shear  deformable,  as  well  as  for  activated 
and  nonactivated  wings.  As  9  increases  from  0  to  90®,  the  bending  stiffiiess  increases  from  a  very  low 
value  to  a  maximum  value.  At  the  same  time,  the  displacement  decreases.  Moreover,^  Figs.  11  and 
12  reveal,  for  0  =  0,  in  a  0.1  s  time  interval,  there  is  one  crossing  of  the  time  axis  while  for  0  =  90®, 
in  the  same  time  interval  there  are  eight  such  crossings.  This  is  evidently  due  to  the  fact  that  the 
bending  stiffiiess  experiences  a  dramatic  increase  when  0  varies  from  0  to  90®.  In  both  cases,  the 
effectiveness  of  the  adaptive  technique  to  inhibit  steady-state  vibration  becomes  evident.  It  should 
also  be  noted  that,  with  an  increase  in  kp  a  corresponding  decrease  of  the  slope  of  the  deflection  curve 
is  experienced.  This  goes  back  to  the  conclusion  that  in  this  case  the  maximum  velocity  decreases 
and  damping  increases. 

8.  Conclusions 

A  dual  technology  based  on  the  use  of  structural  tailoring  and  adaptive  materials  for  control  and 
aimed  at  enhancing  the  dynamic  response  characteristics  of  aircraft  wing  structures  was  developed. 
Using  the  dynamic  control  law  described  in  this  paper  in  conjunction  with  tailoring,  a  significant 
improvement  of  the  dynamic  response  of  wing  structures  can  be  achieved.  The  same  technique  is 
likely  to  yield  good  results  in  more  complex  problems,  such  as  for  flutter  control  of  aircraft  wings. 

The  paper  also  highlights  the  importance  of  a  number  of  nonclassical  effects,  such  as  transverse 
shear,  anisotropy  and  warping  inhibition,  which  can  influence  the  dynamic  response  of  advanced  wing 
structures  to  a  very  large  degree. 
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Fig.  1  Geometry  of  the  wing  structure  Fig.  2  The  first  normalized  damped  frequency  Qji  = 

versus  the  dimensionless  feedback  gain 
for  =  16 
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Fig.  9  Normalized  steady-state  deflection  versus 
the  feedback  gain  for  M  =  IQ,  6  =  60° 
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Fig.  10  Steady-state  bending  moment  at  the  wing 
root  versus  the  feedback-gain  {M  = 

M/M,  M  corresponds  to  0  =  0,  Kp  =  0) 
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Fig.  11  Steady-state  deflection  versus  time 
for  JS.  =  16  and  6  =  0 


0  0.02  0.04  0.06  0.08  0.1 


i(s) 

Fig.  12  Steady-state  deflection  versus  time 
for  =  16  and  9  =  90® 
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Abstract 

The  objectives  of  control  of  structures  in  earthquakes  axe  to  prevent  injury  to  occupants  and 
damage  to  contents  and  to  protect-  the  integrity  of  the  structure.  Both  objectives  can  be  achieved 
through  base  isolation  and  feedback  control,  whereby  the  structure  is  stabilized  relative  to  the  inertial 
space.  Nonlinear  on-off  control  with  deadband  has  the  advantages  of  economy  and  simplicity  of 
implementation. 

1.  Introduction 

The  basic  objectives  of  control  of  structures  subjected  to  earthquake  excitations  axe  1)  to  prevent 
injury  to  the  occupants  and  damage  to  the  contents  and  2)  to  protect  the  integrity  of  the  structure. 
These  objectives  can  be  achieved  through  control  and  base  isolation.  Cost  considerations  call  for 
hybrid  control,  a  blend  of  passive  and  active  control.  Passive  control  involves  damping  materials 
dispersed  throughout  the  structure.  On  the  other  hand,  active  control  implies  feedback  control  forces 
acting  on  the  base  and  on  the  structure.  The  idea  of  base  isolation  is  to  isolate  the  structure  from 
the  effects  of  the  moving  ground.  A  good  strategy  is  to  stabilize  the  base  relative  to  the  inertial  space 
and  to  suppress  the  structural  vibration  relative  to  the  base.  Following  is  a  literature  survey  on  the 
subject  of  structural  control. 

The  feasibility  of  modem  linear  feedback  control  theory  to  control  the  vibration  of  structures 
under  random  loading,  such  as  due  to  earthquakes,  was  investigated  by  Yang  [45].  It  was  assumed 
that  random  excitations  can  be  modeled  by  either  a  stationary  Gaussian  white  noise  or  a  nonstationary 
Gaussian  shot  noise  passing  through  a  filter.  The  use  of  active  tendon  control  of  structures  subjected 
to  both  deterministic  and  probabilistic  excitations  was  proposed  by  Roorda  [34,35],  who  introduced 
a  pair  of  tendons  to  generate  a  control  torque  at  some  point  on  the  structmre  so  as  to  create  an  active 
damping  effect.  A  method  of  active  control  for  tall  buildings  excited  by  earthquake  ground  motion 
was  presented  by  Yang  [46].  The  effectiveness  of  active  mass  dampers  and  active  tendon  systems 
was  investigated.  The  effect  of  time  delay  between  sensing  the  stmctural  motion  and  applying  the 
control  force  in  active  tendon  control  was  analytically  and  experimentally  studied  by  Abdel-Mooty 
and  Roorda  [1].  The  fact  that  earthquake  excitations  introduce  disturbances  that  are  not  known 
a  priori  has  prompted  Yang,  Akbarpour  and  Ghaemmaghami  [47,48]  to  propose  a  method  known 
as  instantaneous  optimal  control.  The  efficiency  of  the  new  control  laws  was  demonstrated  through 
numerical  examples.  A  sensitivity  study  was  conducted  by  Yang  and  Akbarpour  [50]  to  investigate 
the  effect  of  uncertainties  in  system  identification  on  the  performance  of  the  active  control  system 
for  seismically-excited  buildings.  Both  the  active  tendon  control  system  and  the  active  mass  damper 
system  were  considered. 

In  an  attempt  to  generate  vibration  cancelation  control,  a  computer  algorithm  for  the  optimum 
selection  of  a  series,  or  train  of  force  pulses  for  application  to  a  continuous  system  was  developed 
by  Masri,  Bekey  and  Safford  [14].  The  optimized  pulse  train  generates  oscillations  in  a  system  to 
match  within  specified  error  boimds  the  response  which  would  be  produced  by  a  continuous  loading 
of  arbitrary  nature,  such  as  an  earthquake  excitation.  Masri,  Bekey  and  Udwadia  [15]  studied  the 
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feasibility  of  using  pulsed  open-loop  adaptive  control  for  reducing  the  oscillations  of  tall  structures 
subjected  to  strong  ground  shaldng.  A  method  for  active  optimum  pulse  control  of  flexible  structures 
subjected  to  arbitrary  dynamics  environments  was  proposed  by  Masri,  Bekey  and  Caughey  [16]. 
The  optimal  pulse  charaoteristics  are  determined  analytically  so  as  to  minimize  a  nonnegative  cost 
function  related  to  structure  energy.  The  same  authors  [17]  introduced  the  method  of  on-line  vibration 
v^ontrol  ot  nonlinear  flexible  structures  subjected  to  arbitrary  deterministic  and  stochastic  excitations. 
The  direct  method  of  Liapunov  is  used  to  establish  stability  of  the  control  system.  Miller,  Masri, 
Dehghanyar  and  Caughey  [26]  provided  both  numerical  and  experimental  studies  demonstrating  the 
feasibility,  reliability  and  robustness  of  the  optimal  pulse-control  method  in  active  vibration  control  of 
large  structures.  A  method  for  on-line  parameter  control  of  linear  as  well  as  nonlinear,  multi-degree- 
of-freedom  systems  provided  with  ^justable-gap  impact  dampers  responding  to  arbitrary  dynamic 
loads  was  presented  by  Dehghanyar,  Masri  and  Miller  [5].  Reinhom,  Manolis  and  Wen  [29]  presented 
a  methodology  for  the  shape  control  of  structures  undergoing  inelastic  deformations  through  the  use 
of  an  active  pulse/force  system.  The  method  is  based  on  an  active  control  algorithm  derived  from 
standard  numerical  integration  schemes  that  uses  corrective  pulses  or  forces  to  limit  the  response  of 
a  structure  that  has  already  entered  the  inelastic  range.  Udwadia  and  Tabaie  [41,42]  investigated  the 
feasibility  of  using  open-loop,  on-line  adaptive  pulse  control  to  limit  the  vibrations  of  structural  and 
mechanical  systems.  The  technique  is  illustrated  by  means  of  a  structure  subjected  to  earthquake-like 
base  excitations. 

The  use  of  base  isolation  in  conjunction  with  active  control  for  suppressing  the  vibration  of 
structures  under  earthquake  excitation  was  studied  experimentally  and  analytically  by  Kelly  [9] 
and  Kelly,  Leitmann  and  Soldatos  [10],  respectively.  In  the  experimental  work,  a  multilayer  natxiral 
rubber  bearing  base  isolation  system  was  employed  and  the  structure  was  excited  by  actual  records  of 
earthquake  ground  motion.  Note  that  in  Ref.  10  a  linear  structure  is  controlled  by  nonlinear  control. 
Bhatti,  Pister  and  Polak  [2]  provided  a  general  formulation  for  the  design  of  control  devices  in  base 
isolation  systems  for  structures  under  seismic  excitation.  Lin,  Tadjbakhsh,  Papageorgiou  and  Ahmadi 
[12]  presented  a  comparison  of  the  performance  of  three  different  base-isolation  systems,  the  laminated 
rubber  bearing  system,  the  New  Zealand  system  and  the  resilient-friction  base  isolator  system.  The 
possibility  of  combined  passive  base  isolation  control  systems  and  an  active  control  system  that  exerts 
control  forces  only  on  the  base  and  induces  artificial  damping  without  increasing  the  stiffiiess  to  the 
isolated  structure  was  investigated  by  Pu  and  Kelly  [28]. 

In  an  investigation  by  Yang,  Danielians  and  Liu  [51],  two  hybrid  control  systems  were  proposed  for 
structures  against  strong  earthquakes.  Yang,  Li,  Danielians  and  Liu  [52,53]  proposed  to  reduce  the 
response  of  structures  to  earthquake  excitations  by  basing  the  controls  on  measurements  of  the  state 
and  obviating  the  problem  of  tracking  a  time-dependent  system  matrix.  The  approach  represents 
a  refined  version  of  the  instantaneous  optimal  control  [47,48]  algorithm  for  nonlinear  or  hysteretic 
systems.  A  systematic  way  of  assigning  the  weighting  matrix  Q  in  conjtmction  with  instantaneous 
optimal  control  developed  in  Refe.  47  and  48  was  proposed  by  Yang,  Li  and  Liu  [54].  The  approach, 
based  on  the  Liapunov’s  direct  method,  was  extended  by  the  same  authors  [55]  to  the  case  in  which 
velocities  and  aurcelerations  are  fed  back.  Reinhom,  Soong  and  Wen  [30]  used  two  techniques  to  actively 
control  base-isolated  structures,  the  first  using  pulses  to  maintain  the  response  of  the  structure  within 
prescribed  bounds  and  the  second  using  active  tensioning  tendons.  An  optimal  frequency-domain 
approach  to  active  control  of  wind  excited  structures  was  proposed  by  Suhcirdjo,  Spencer  and  Kareem 
[40]  in  which  the  H2  norm  of  the  transfer  function  from  the  external  disturbance  to  the  regulated 
output  is  minimized.  A  hybrid  sliding  base  isolation  system  using  friction-controllable  bearings 
was  proposed  by  Feng,  Shinozuka  and  Pujii  [6]  and  Feng  [7].  An  optimal  control  algorithm  using 
acceleration,  velocity  and  displacement  feedback  was  proposed  and  applied  to  base-isolated  structures 
by  Rofooei  and  Tadjbakhsh  [33]. 

Wong  and  Luco  [44]  examined  the  effects  of  soil-structure  interaction  on  the  form  of  the  control 
rule  amd  on  the  effectiveness  of  active  control  on  the  seismic  response  of  structures. 

Control  based  on  the  idea  of  altering  the  modal  characteristics  of  a  system  to  achieve  satisfactory 
performance  is  generally  known  as  modal  control.  The  concept  of  modal  control  of  large  and  flexible 
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structures  was  examined  by  Martin  and  Soong  [13].  It  was  shown  via  numerical  examples  that  in  the 
design  of  modal  control,  a  great  deal  of  freedom  exists  in  terms  of  eigenvalue  assignments  and  control 
policy  decision.  Soong  and  Chang  [36]  proposed  a  simple  criterion  for  optimal  design  of  the  control 
matrix  witnin  the  framework  of  modal  control.  An  analysis  of  optimal  modal  control  for  taU  buildings 
subject  to  earthquake  excitation  was  presented  by  Pu  and  Hsu  [27].  Vilnay  [43]  showed  that,  in  the 
modal  control  approach,  the  effect  of  the  active  control  mechanism  on  the  structure  jresponse  can  be 
represented  by  the  so-called  influence  matrix.  The  pole  assignment  method  was  applied  to  control  the 
critical  modes  of  large  structures  by  Juang,  Sae-Ung  and  Yang  [8].  In  the  above  investigations,  the 
control  design  was  carried  in  coupled  form,  in  the  sense  that  the  equations  of  motion  are  simultaneous. 

A  different  t3rpe  of  modal  control  is  one  in  which  the  control  design  is  carried  out  for  each  mode 
independently.  The  method,  developed  by  Meirovitch  and  6z  [18]  and  Meirovitch  and  Banih  [19],  is 
known  as  the  independent  modal-space  control  (IMSC)  method.  Then,  Meirovitch  and  Silverberg  [20] 
used  optimal  IMSC  for  the  control  of  structures  subjected  to  earthquakes. 

The  formulation  of  a  predictive  control  law  and  its  implementation  in  a  computer  control  system 
for  the  seismic  response  of  an  experimental  modal  structure  was  presented  by  Rodellax  and  Martin- 
Sanchez  [31].  Experimental  results  are  presented  by  Rodellax,  Chung,  Soong  and  Reinhom  [32] 
to  illustrate  the  capability  of  predictive  control.  The  full-scale  implementation  of  active  control  of 
structures  under  seismic  excitation  was  conducted  by  Soong,  Reinhom,  Wang  and  Lin  [38].  An. 
active  bracing  system  is  used  in  the  investigation.  Experiments  in  feedback  control  of  structures  were 
presented  by  Roorda  [35].  It  is  demonstrated  that,  in  all  four  experiments,  each  using  a  different  control 
device,  the  vibration  levels  can  be  reduced  to  some  degree  by  suitable  control  forces.  Soong,  Reinhom 
and  Yang  [37]  proposed  a  standardized  model  for  stmctural  control  experiments  and  presented  some 
initial  experimental  results.  Chung,  Reinhom  and  Soong  [3]  used  prestressed  tendons  connected  to  a 
servo-hydraulic  actuator  to  control  a  single-degree-of-freedom  model  stmcture  xmder  base  excitation 
generated  by  a  large-scale  seismic  simulator.  Chung,  Lin,  Soong  and  Reinhom  [4]  extended  the 
experiment  to  a  l:4-scaled  model  structure  simulating  a  three-story  frame  building.  The  IMSC  method 
in  conjunction  with  nonlinear  control  was  verified  experimentally  by  Meirovitch,  Baruh,  Montgomery 
and  Williams  [22]. 

The  literature  on  stmctural  control  includes  three  books.  The  first  is  by  Leipholz  and  Abdel- 
Rohman  [11]  and  is  devoted  exclusively  to  civil  engineering  applications.  The  second  is  by  Soong  [39] 
and  is  also  concerned  with  civil  structures,  but  is  more  focused.  The  third  is  by  Meirovitch  [24]  and 
is  more  interdisciplinary  in  nature  than  the  first  two.  A  review  of  advances  in  active  control  of  civil 
engineering  stmctures  was  presented  by  Yang  and  Soong  [49]. 

2.  Problem  Formulation 

The  system  shown  in  Fig.  1  represents  an  elastic  structure  supported  by  a  base  in  the  form  of 
a  rigid  slab  capable  of  moving  relative  to  the  ground  while  restrained  by  a  viscous  damper  and  am 
elastic  spring.  For  simplicity,  we  assume  that  all  motions  take  place  in  the  horizontal  direction.  Prom 
Fig.  1,  we  conclude  that  the  absolute  displacement  of  the  structure  at  any  point  P  amd  time  t  is 


u(P,  t)  =  Uhit)  -h  Uc(P,  t) 


(1) 


where  Ub{t)  is  the  displaw:ement  of  the  baise  mass  and  Ue{P,t)  the  elastic  displacement. 

The  equations  of  motion  and  associated  boundary  conditions  can  be  derived  by  means  of  the 
extended  Hamilton’s  principle,  which  cam  be  stated  as  [23] 


—  jy  4-  SW)dt  =  0,  Sub  =  5ue  =  0,  f  =  ti, t2 


(2) 


where  T  is  the  kinetic  energy,  V  the  potential  energy  and  SW  the  virtual  work  performed  by  the 
nonconservative  forces.  The  kinetic  energy  has  the  form 

T  =  +  I  ^  pit^dD  =  |(m6  +  j  piiedD  +  ^J  P^ldD  (3) 
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where  is  the  mass  of  the  base,  m»  =  /  pdD  the  mziss  of  the  structure,  p  the  mass  density  of  the 

Jd 

structure  and  D  the  domain  of  the  structure.  The  potential  energy  has  the  form 


V  = 


2^b(ub  -  Ug 


UgCUedD 


(4) 


in  which  kb  is  the  stihmess  of  the  base  spring,  Ug  the  ground  displacement  and  C  a  sti&ess  differential 
operator.  Moreover,  the  virtual  work  of  the  nonconservative  forces  can  be  written  as 


(5) 


where 

F  =  /  fdD 

Jd 


(6). 


in  which  F  is  the  total  force  acting  On  the  system,  Fb  the  control  force  acting  on  the  base  and  /  the 
distributed  force  acting  on  the  structure,  which  includes  the  wind  force  fy,  and  the  control  force  fc, 
and 


^b  =  ^Cb{Ub  -  Ugf,  ft  =  |weCe«e 


(7a,  6) 


are  a  Rayleigh’s  dissipation  function  for  the  base  damper  and  a  Rayleigh’s  dissipation  function  density 
for  the  elastic  structure,  respectively.  Inserting  Eqs.  (3)-(7)  into  Eq.  (2)  and  carrying  out  the  usual 
operations,  we  obtain  the  equations  of  motion 


+  J  pUedD  +  CbUb  +  kbUb  =  CbUg  +  kbUg  +  F 

pUb+pUe+  Ceile  +  CUe  =  f 


(8a) 

(8b) 


where  tn  —  nib  +  is  the  total  mass  of  the  system,  and  we  note  that  Eq.  (8a)  is  an  ordinary 
differential  equation  for  the  motion  of  the  base  mass  and  Eq.  (86)  is  a  partial  differential  equation  for 
the  elastic  motion  of  the  structure,  and  is  subject  to  given  boundary  conditions. 

We  observe  that  the  equation  for  the  elastic  structure,  Eq.  (86),  does  not  contain  any  direct  input 
from  the  motion  of  the  ground;  the  only  motion  input  is  due  to  the  base.  Hence,  the  base  provides 
an  isolation  system  for  the  structure,  protecting  the  structure  from  any  direct  effects  of  the  ground 
motion.  This  implies  that  suitable  controls  can  be  designed  to  keep  the  acceleration  uj  of  the  base 
relatively  small. 

Design  of  controls  on  the  basis  of  hybrid  (ordinary  and  partial)  differential  equations  is  not  feasible, 
so  that  spatial  discretization  is  a  virtual  necessity.  To  this  end,  we  express  the  elastic  displacement  in 
the  form 

n 

^c(P,t)  =  Yl^i(P)qti(t)  =  (if{P)cit(t)  (9) 

t=l 

where  0  =  [^i  ^  ...  is  an  n-vector  of  admissible  functions  [23]  and  qe  is  an  n-vector  of 
generalized  coordinates.  Introducing  Eq.  (9)  into  Eqs.  (8),  premultipl}ring  both  sides  of  Eq.  (86)  by  <j) 
and  integrating  over  the  domain  D,  we  obtain 

mub  +  0  ^  +  CbUb  +  kbUb  —  CbUg  +  kbUg  +  F  (lOo) 

^b  +  Meqe+Ceqt+Keqg=l„+ic  (106) 
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where 

Me=  f  pcfxfdD,  Ce=  f  (l>Ce<l>‘^dD,  =  f  <l>C<f>'^dD  (11a,  6,  c) 

JD  Jd  Jd 

are  the  mass  matrix,  damping  matrix  and  stffiiess  matrix  for  the  structure.  Moreover, 

0=  /  p(f)dD,  =  /*  <f)fyjdDy  =  /  (j>fcdD  (12u, fc, c) 

JD  Jd  Jd 

where  fx^,  is  a  generalized  wind  force  vector  and  fc  is  a  generalized  control  force  vector  for  the  structure. 
Equations  (10)  can  be  combined  into  the  single  matrix  equation 

'Afq  +  Cq  +  iiCq=  Qd  +  Qc  (13) 

where  q  =  q^]^  is  an  (n  +  l)-dimensional  generalized  displacement  vector  for  the  system 


are  (n  H- 1)  x  (n  +  1)  system  mass,  damping  and  stifl&iess  matrices,  respectively, 

Qrf  =  [cjUj  +  hug  (15) 

is  an  (n  +  l)-dimensionaJ  persistent  displacement  vector  and 

(16) 

is  an  (n  -h  l)-dimensional  generalized  control  vector.  The  above  discretization  process  can  be  carried 
out  by  a  Rayleigh-Ritz  based  substructure  synthesis  or  by  the  finite  element  method  [23]. 

Assuming  that  the  control  is  implemented  by  means  of  r  discrete  actuators,  the  control  density 
function  fc  can  be  expressed  as 

/c  =  Fi(t)(J(P~Pt),  i  =  l,2,...,r  (17) 

in  which  Fi{t)  are  the  control  forces  and  5(P  —  P^)  are  spatial  Dirac  delta  functions,  where  P*  denote 
the  location  of  the  actuators.  Inserting  Eq.  (17)  into  Eq.  (12c),  we  obtain  the  generalized  control 
vector 

n 

fc  =  2Fi(t)0(PO  =  SeFe  (18) 

t=l 

where 

Se  =  [0(Pl)  <t>m  ...  ^(Pr)]  (19) 

is  a  control  influence  matrix  for  the  structure  and  Fe  is  a  vector  of  actual  controls  acting  on  the 
structmre.  Introducing  Eq.  (18)  into  Eq.  (16)  and  recalling  Eq.  (6),  we  can  express  the  generalized 
control  vector  Qc  in  terms  of  actual  control  forces  as  follows: 


Qc  =  Bu 

where 

r,  ri  1^1 

(20) 

[o  P. 

is  the  control  influence  matrix  for  the  system  and 

(21) 

(22) 
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is  the  actual  control  vector  for  the  system. 

For  control  purposes,  it  is  convenient  to  cast  the  equations  of  motion,  Eq.  (13),  in  the  state  form 


X  =  Ax  +  X<f  +  B'vl 


where 


are  the  state  vector  and  associated  persistent  disturbance  vector  and 


A  = 


0 

-M-^K 


I 

-M-^C 


(23) 
(24a,  6) 


(25a,  6) 


axe  coefficient  matrices,  in  which  I  is  the  identity  matrix. 

3.  Control  Design 

The  idea  of  base  isolation  in  earthquakes  is  to  cause  the  base  to  remain  stationary  in  an  inertial 
space  while  the  ground  moves  under  the  base.  This  can  be  achieved  under  the  ideal  conditions  in 
which  the  base  lies  on  fidctionless  supports,  so  that  the  effects  of  ground  motion  are  not  transmitted  to 
the  base.  But,  this  leaves  the  structure  exposed  to  other  external  forces,  such  as  wind  forces.  Indeed, 
when  the  base  lies  on  frictionless  supports,  wind  forces  can  move  the  structure,  at  least  in  theory.  To 
prevent  motion  of  the  structure  due  to  winds,  the  base  is  anchored  to  the  ground  through  a  spring 
and  a  dashpot,  as  shown  in  Fig.  1.  To  ensure  that  the  force  transmitted  to  the  base  due  to  ground 
motion  is  small,  the  spring  stiffness  and  the  dashpot  coefficient  of  viscous  damping  C5  are  as  small 
as  possible,  just  sufficient  to  withstand  the  ordinary  wind  forces.  Disturbances  due  to  larger  wind 
forces  are  mitigated  by  the  active  controls. 

We  assume  that  the  controls  aie  carried  out  by  means  of  two  actuators,  one  on  the  base  and  one 
at  the  top  of  the  structure.  The  actuator  on  the  base  was  denoted  earlier  by  Fj,.  The  actuator  at  the 
top  is  denoted  by  Fc{t),  so  that  in  view  of  Eq.  (17)  the  distributed  control  on  the  structure  has  the 
explicit  form 

fc{P.t)  =  Feit)S{P^Pi)  (26) 

where  Pi  denotes  the  point  at  the  top  of  the  structure.  Inserting  Eq.  (26)  into  Eq.  (18),  we  obtain 


fc  —  hcFe  (27) 

in  which 

he  =  (l>{Px)  (28) 

is  a  control  influence  vector  for  the  structure.  It  follows  that  the  generalized  control  vector  remains 
in  the  form  of  Eq.  (20),  but  the  control  influence  matrix,  Eq.  (21),  reduces  to 


1 

0 


(29) 


We  propose  to  carry  out  control  by  direct  feedback  control,  whereby  the  sensors  and  actuators  are 
arranged  in  collocated  pairs,  and  the  actuator  at  one  location  reacts  to  the  signal  from  the  sensor 
at  the  same  location  only.  In  the  case  at  hand,  the  control  pairs  are  on  the  base  and  at  the  top  of 
the  structure.  Linear  control  has  the  disadvantage  that  the  actuators  operate  even  when  the  state 
is  relatively  small.  Moreover,  if  the  force  required  exceeds  the  capacity  of  the  actuator,  i.e.,  if  the 
actuator  reaches  saturation,  the  control  ceases  to  be  lineair.  Optimal  control  in  the  sense  that  the 
time,  or  the  fuel  is  minimized  implies  bang-bang,  which  is  nonlinear.  But,  bang*bang  can  be  plagued 
by  chattering  [24],  so  that  we  consider  as  an  alternative  a  modified  on-off  control  with  a  two-tiered 
deadband  for  the  actuator  forces  Ff,  and  Fc.  A  generic  control  law  is  best  described  by  considering 
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the  modified  state  plane  u(t),  u(i)/f  shown  in  Fig.  2.  The  plane  is  divided  into  several  regions 
characterizing  the  actuator  force  for  any  given  state  according  to  the  control  law 


Fit)  = 


^  0  if  u,  ii/f  is  in  region  I 
—g  if  «,  ii/f  is  in  region  II 
5  if  u,  ii/f  is  in  region  III 
L  F{t—)  if  «, «//  is  in  region  IV 


(30) 


To  explain  the  control  law,  we  assume  that  the  sensor  measmes  the  state  u{t),  u{t)  If  at  a  given  timp 
t.  Then,  if  the  Euclidean  norm  of  the  modified  state  vector  x  =  [«  «//]^  is  relatively  small,  i.e., 
if  ||x||  =  -h  (ii//)2  <  di  or,  if  the  position  approaches  equilibrium  at  a  faster  rate  tbai)  e/,  the 
actuator  is  inactive.  Fit)  =  0.  This  case  corresponds  to  region  I.  If  the  state  is  outside  the  circle 
of  radius  and  is  such  that  the  position  is  to  the  right  of  equilibrium  and  is  moving  to  the  right, 
or  is  moving  to  the  left  at  a  rate  smaller  than  e,  i.e.,  if  ||xi|  >  di,  u(f)  >  0  and  «(i)//  >  -e,  then, 
F{i)  =  -9-  This  case  corresponds  to  region  11.  Similarly,  if  the  state  is  outside  the  circle  of  radius  dk, 
the  position  is  to  the  left  of  equilibrium  and  is  moving  to  the  left,  or  moving  to  the  right  at  a  rate 
smaller  than  e,  i.e.,  if  ||x||  >  di,  ti(f)  <  0  and  iiit)/ f  <  e,  then  F(t)  =  g.  This  defines  region  TTT. 
Finally,  there  is  region  IV  defined  by  di  <  ||x||  <  di,  in  which  Fit)  =  Fit-).  The  impUcation  is  that 
if  X  crosses  into  region  IV  coming  from  region  I,  in  which  F(f)  =  0,  the  control  force  is  maintained  at 
the  zero  level.  On  the  other  hand,  if  x  crosses  into  region  IV  coming  from  region  H,  or  from  region 
in,  then  the  control  force  is  maintained  at  —g,  or  g,  respectively.  Clearly,  this  is  nonlinear  control, 
and  its  effect  is  somewhat  similar  to  the  effect  of  Coulomb  damping.  By  including  a  dead  zone,  we 
agree  to  tolerate  small  motions,  too  small  to  bother  controlling  them.  This  saves  fuel  and  prevents 
chattering,  which  reduces  wear  and  tear  on  the  actuator.  The  introduction  of  region  IV,  in  which  the 
control  is  maintained  at  the  preceding  level  a  little  longer,  is  designed  to  reduce  chattering  even  more. 
The  choice  of  the  parameters  g,  f,  di,di  and  e  depend  on  the  system  dynamic  characteristics  amd  on 
the  nature  of  the  ground  excitation.  The  control  law  is  applicable  to  both  the  actuator  force 
on  the  base  and  the  actuator  force  F^it)  at  the  top  of  the  structure.  Accordingly,  every  quantity  in 
Eq.  (30)  and  Fig.  2  is  denoted  by  either  the  subscript  b  or  the  subscript  e.  Of  course,  the  parameters 
for  Ft,  differ  from  the  parameters  for  Fe,  the  main  difference  being  that  g  is  significantly  larger  for  Ft, 
than  for  Fg. 


4.  Numerical  Example 

The  base-isolated  control  design  has  been  applied  to  a  structure  modeled  as  an  Euler-BemouUi 
beam  clamped  at  the  rigid  base  and  free  at  the  top,  as  shown  in  Fig.  1.  The  elastic  displacement  «« 
of  the  structure  has  been  discretized  in  space  by  means  of  five  admissible  functions  (t  =  1, 2, . . . ,  5) 
representing  the  five  lowest  eigenfunctions  of  a  cantilever  beam.  The  parameters  of  the  structure  and 
base  are  as  follows: 


f  =  64  m,  p  =  1.4  X  10®  kg/m,  =  2  x  10®  MN  x  m*,  C*  =  O.OSKe 

mi,  =  4.48  X  10®  kg,  a  =  0.5  MN  •  s/m,  ki,  =  10  MN/m  (31) 

The  control  parameters  are 


S6  =  50  MN,  fb  =  1,  dib  =  0.1,  dib  =  0.5,  cj  =  0.05 

=  0.1  MN,  /e  =  1,  du  =  0.1,  die  =  0.5,  €«  =  0.1  (32) 

Moreover,  the  ground  displacement  was  simulated  by  the  function 

N 

“s  (<)  =  vit)  sin  ujit  (33) 

»=i 
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where  N  =  9,  Bi  =  0.5,  B2  =  -0.65,  Bs  =  0.35,  B4  =  -0.85,  B5  =  1.15,  Be  =  -1.25,  Bj  =  1.05, 
Bs  =  —1,  Bg  =  0.95,  (jJi  =  1,  U2  =  1.2,  ct>3  =  2,  W4  =  2.3,  cj$  =  3,  we  =  3.1,  u}^  =  4,  wg  =  4.3,  ug  =  9 


and 


vit)  =  < 


0<t<ti 

tl<t<t2 

t2<t 


(34) 


in  which  ti  =  20  s,  t2  =  40  s.  Figures  3  and  4  show  the  displacement  and  velocity  of  the  ground  for 
0  <  i  <  100  s. 

Figures  5  and  6  depict  the  displacement  of  the  base  and  of  the  top  of  the  building,  respectively, 
whereas  Figs.  7  and  8  show  the  corresponding  velocities,  in  which  the  uncontrolled  response  is  plotted 
in  a  dashed  line  and  the  controlled  one  in  a  solid  line.  On  the  other  hand.  Figs.  9  and  10  display  the 
actuator  force  on  the  base  and  on  the  top  of  the  structure.  These  preliminary  results  appeair  quite 
encouraging.  Figures  5-8  indicate  that  the  controls  reduce  the  displacement  and  velocity  during  the 
earthquaJce  but  increase  the  residual  displacement  and  velocity  somewhat  after  the  termination  of  the 
earthquake.  The  residual  displacement  and  velocity  can  be  reduced  further  by  choosing  smaller  deiid 
zone  parameters,  but  this  is  likely  to  increase  chattering. 


Conclusions 

This  paper  presents  a  base-isolation  control  design  capable  of  reducing  the  motion  of  structures 
relative  to  the  inertial  space  during  earthquakes,  thus  achieving  the  basic  objectives  of  preventing 
injury  to  occupants  and  damage  to  the  contents  amd  protecting  the  integrity  of  structures.  The 
control  law  is  a  modified  on-off  with  deadband,  a  nonlinear  control  more  economical  than  linear 
control  and  easier  to  implement.  Preliminary  results  are  very  encouraging.  The  performance  can  be 
further  improved  through  an  optimization  of  the  various  control  parameters. 
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Fig.  1  -  Model  of  a  Base-Isolated  Structure 


iif 

i 

I 


State  Plane 


Fig.  3  -  Displctcement  of  the  Ground 
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Abstract 

A  control  algorithm  has  been  developed  for  the  flutter  suppression  of  low-aspect  ratio  composite 
wings.  The  control  system  uses  surface-mounted  piezoelectric  sensors  and  actuators  in  conjunction 
with  a  linear  quadratic  regulator  design.  As  a  test  of  the  feasibility  of  the  design,  the  algorithm  has 
been  tested  on  an  aircraft  model  including  a  trapezoidal  composite  plate  wing  as  well  as  rigid-body 
pitch  and  plunge  degrees  of  freedom. 

1.  Introduction 

This  paper  is  concerned  with  the  design  of  a  modern  adaptive  aircraft  wing.  Such  a  wing  must  be 
capable  of  sensing  its  current  dynamic  state  and  respond  in  such  a  manner  as  to  prevent  divergence 
or  body-freedom  flutter.  Design  of  such  an  adaptive,  or  “smart”  structure  has  become  feasible  with 
the  advent  of  adaptive  materials,  such  as  piezoelectric  ceramics  and  films,  shape  memory  alloys  and 
fiber  optics  (Refs.  1,  2  and  3).  In  particular,  piezoelectric  materials  generate  a  measurable  voltage 
proportional  to  the  state  of  strain  in  the  material.  This  property,  together  with  their  light  weight  and 
high  strength  makes  piezoelectrics  ideal  for  use  as  sensing  materials  in  modern  aircraft  structures. 
Piezoelectric  materials  also  have  a  converse  property  whereby  they  deform  in  proportion  to  an  applied 
voltage  field.  This  converse  effect  provides  the  control  designer  with  a  means  of  inducing  strains  in 
the  host  structure  and  thereby  altering  its  dynamic  characteristics.  The  basic  premise  behind  smart- 
structure  design  is  that  intelligent  materials  are  incorporated  into  the  structure  itself,  thus  giving  the 
structure  the  ability  to  sense  and  react  to  changes  in  its  dynamic  state  according  to  an  appropriate 
control  law. 

For  the  flutter  suppression  problem  at  hand,  it  is  proposed  to  incorporate  surface-mounted  piezo¬ 
electric  patches  into  the  wing  design,  which,  together  with  appropriate  control  methodology,  can 
favorably  alter  the  flutter  dynamic  characteristics. 

2.  Aircraft  Wing  Model 

The  structural  model  includes  the  essential  physical  characteristics  required  for  flutter  analysis  of 
modern  low-aspect  ratio  composite  wings.  A  view  of  the  aircraft  model  is  shown  in  Fig.  1.  The  wing 
is  modeled  as  a  trapezoidal,  shear-deformable,  composite  plate  with  root  and  tip  chords  parallel  to 
the  flow.  There  are  2k  symmetrically  stacked,  variable  thickness,  generally  orthotropic  plies  in  the 
laminate  (Fig.  2).  The  piezoelectric  patches  are  mounted  symmetrically  on  both  the  upper  and  lower 
surfaces  of  the  wing,  with  those  on  top  playing  the  role  of  actuators  and  those  at  the  bottom  serving 
as  collocated  sensors.  Research  has  shown  that  rigid-body  motions  of  an  aircraft  play  an  important 
role  in  the  occurrence  of  certain  types  of  flutter  phenomena  (Ref.  4).  For  this  reason,  fuselage  mass 
and  inertia  are  included  and  the  model  is  assumed  to  undergo  rigid-body  plunge  (translation  in  the 
z-direction)  and  rigid-body  pitch  (rotation  about  the  y-axis).  The  control  of  the  rigid-body  modes 
must  be  carried  out  separately,  as  it  is  not  feasible  to  alter  these  modes  by  means  of  piezoelectric 
actuation.  Rigid-body  control  can  be  introduced  into  the  system  through  the  use  of  thrusters  and 
torquers  or  through  aerodynamic  control  surfaces.  This  type  of  model  formulation  was  first  presented 
in  Ref.  10  to  study  the  effects  of  aeroelastic  tailoring  on  flutter  speed. 
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3.  System  Equations  of  Motion 

The  equations  of  motion  for  the  system  in  Fig.  1  are  derived  by  means  of  the  extended  Hamilton’s 
principle-  To  this  end,  it  is  first  necessary  to  derive  expressions  for  the  system  kinetic.energy,  potential 
energy  and  the  virtual  work  performed  by  all  nonconservative  forces. 

i.  Kinetic  energy 

The  total  kinetic  energy  of  the  fuselage/plate  model  includes  contributions  from  rigid-body  motions 
and  elastic  plate  deformations.  The  absolute  displacement  of  a  point  on  the  fuselage  is  given  by 

Wf{x,  t)  =  wc(t)  +  (x  -  xc)ipcit)  (1) 


where  xc  is  the  position  of  the  system  center  of  mass,  wc  the  rigid-body  plunge  degree  of  freedom 
and  V'c  the  rigid-body  pitch  angle.  The  absolute  displacement  of  a  point  on  the  flexible  plate  is  given 
by 

uix,y,z,t)=ztj;x{x,y,t),  v(x,y,z,t)  =  zil;y{x,y,t) 

Wp{x,y,t)  =  wc{t)  +  (x  -  xc)i’cit)  -1-  w(x,y,t) 

in  which  u  and  v  are  elastic  displacements  in  the  x  and  y  directions,  and  are  rotations  of 
a  line  originally  normal  to  the  mid-plane  of  the  undeformed  plate  and  w  is  the  transverse  elastic 
displacement  of  the  plate.  TaJdng  the  appropriate  time  derivatives,  we  obtain  the  following  expression 
for  the  system  kinetic  energy: 


T  =\  f  w)dMf  +  \  (  {u^  +  +  mi)dMp 

^  JMj  ^  JMp 

Jm  \^c  +  {x  -  xc)‘ipc\  dMf  +  ^j  ^z^ipl  +  z^ipl  +  ^wc  +  (x  -  xc)ipc  +  jdMp 

(McWc  +  Icipc^  J  +  d)c  J  rripWdAp 

+  ipc  mp{x  -  xc)'wdAp  (3) 

JAp 


where 


Me  =  Mf  +  Mp,  Ic  =  I  (x  -  xc)^dMf  +  I  (x  -  xc)‘ 

JMf  JMp 

k  Phi 


dMp, 


Mr. 


=  E  r  -fp  =  E  r 

j=—k  j=^k 


(4a,  b) 
(4c,  d) 


in  which  Mf  is  the  total  mass  of  the  fuselage,  Mp  the  total  mass  of  the  plate,  trip  the  mass  per  unit 
area  of  plate,  pj  the  mass  per  unit  volume  of  plate  and  Ip  the  mass  moment  of  inertia  per  unit  area 
of  plate.  Note  that  there  are  2k  stacked  plies  and  hj  —  hj-i  defines  the  thickness  of  ply  j. 


ii.  System  potential  energy 

The  potential  energy  for  the  wing/fiiselage  system  consists  only  of  the  elastic  strain  energy  in  the 
flexible  wing.  Because  the  plate  model  is  a  composite  laminate,  first-order  shear  deformation  theory 
is  used  in  the  analysis.  Essentially,  this  amounts  to  relaxing  the  constraints  imposed  on  the  rotation 
and  by  Kirchoff’s  assumptions.  Under  the  first-order  theory,  and  'tpy  remain  independent 
degrees  of  freedom. 

The  piezoelectric  patches  are  treated  as  surface-mounted  isotropic  plies.  The  voltage-induced 
strain  is  included  in  the  stress-strain  relationships  from  laminate  plate  theory.  For  each  patch,  the 
stress-strain  relationship  is 
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where  is  the  reduced 
induced  strains  given  by 


stiffness  matrix  for  the  piezoelectric  material  and  A^;  and  ky  are  voltage- 


(6) 


in  which  Vz{x,yyt)  is  the  voltage  applied  across  the  patch,  ex  and  Cy  are  piezoelectric  constants  and 
t  is  the  patch  thickness. 

Using  the  laminate  plate  theory  with  first-order  shear  deformation  (Ref.  11),  we  can  write  the 
expression  for  the  total  laminate  strain  energy  in  the  form 


f  / 

'^XyX 

T 

Dll  Di2  Di6 

'^XyX 

v=  ( 

Di2  D22  D26 

Ja^  \ 

"1"  '^VyX  _ 

_Di6  D26  D66_ 

_'^Xyy  +  '^yyX  _ 

•iT 

A44 

A45 

'tpy+W,y' 

,-^45 

A55_ 

.V'x  +«;,* 

T 

'Fn 

Fi2 

Fie 

Cx 

\ 

^yyy 

Fi2 

F22 

D26 

)dAp 

_‘0a;,2/  +  '^yyX  _ 

_Fiq 

D26 

Fee_ 

0 

1 

(7). 


in  which  the  total  laminate  extensional,  bending  and  piezoelectric  stiffness  coefficients  are  given  re¬ 
spectively  by 


Dat  =  \  Fat  -  (8a,  6,  c) 


j=i 


i=i 


i=i 


where  hj  and  hj-i,  which  are  in  general  functions  of  x  and  y,  were  defined  earlier  and  m  is  the  number 
of  actuator  patches.  The  last  term  in  Eq.  (7)  represents  the  voltage-dependent  actuation  strain  energy 
of  the  system. 

iii.  Virtual  work 

The  only  nonconservative  forces  present  in  this  model  are  due  to  aerodynamic  loading  of  the  wing. 
The  model  under  consideration  is  a  trapezoidal  wing  characterized  by  a  low-aspect  ratio  and  forward 
sweep.  The  flight  regime  for  flutter  of  such  a  wing  is  undoubtedly  supersonic.  For  large  Mach  numbers, 
there  is  a  weak  memory  effect,  as  well  as  weak  three-dimensional  effects.  These  factors  suggest  the 
use  of  piston  theory  (Ref.  5),  in  which  the  pressure  difference  between  the  upper  and  lower  surfaces 
of  the  plate  is  related  to  the  absolute  displacement  of  the  plate,  or  by  an  aerodynamic  operator 


Ap  =  -C(x)(£  +  i|)»„C(x) 


M 


(9a,  b) 


where  U  is  the  free-stream  airspeed,  q  the  ffee-stream  dynamic  pressure,  M  the  free-stream  Mach 
number,  7  the  ratio  of  specific  heats  and  the  plate  half-thickness.  The  virtual  work  performed  by 
the  aerodyanmic  forces  is 


dW  =  j  Ap5wpdAp  =  j  ^5wc  +  W{x-xc)S'4>c  +  W5w^dAp 


in  which  Swp  is  the  virtual  displacement  of  the  wing  and 


W  =  C{x)  jv’c  +  i  ^wc  +  (x  -  xc)^c  +  ^]  I 


(10) 


(11) 
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The  system  equations  of  motion  are  now  derived  by  means  of  the  extended  Hamilton’s  principle 
(Ref.  6) 

t2 

—  5V  +  5W)dt  =  0,  6wc  =  Sipc  —  Sw  =  Sipx  =  Sifjy  =  0  at  ti,t2  (12) 

Introducing  Eqs.  (3),  (7)  and  (10)  into  Eq.  (12)  we  obtain  a  hybrid  system  of  equations  consisting  of 
two  ordinary  differential  equations  for  the  rigid-body  motions  and  three  partial  differential  equations 
for  the  elastic  plate  displacements.  Spatial  discretization  through  a  series  expansion  allows  reduction 
of  the  three  partial  differential  equations  to  a  system  of  ordinary  differential  equations  in  terms  of 
generalized  coordinates.  The  first  two  generalized  coordinates  correspond  to  the  rigid-body  degrees 
of  freedom 

^c{t)  =  qi{t),  '4)c{t)  =  q^it)  (13a, 6) 

On  the  other  hand,  the  elastic  displacements  are  expressed  as  series  of  trial  functions  multiplied  by 
generalized  coordinates,  or 


'*+2  2n+2  3n+2 

w{x,y,t)  =  '^4>i{x,y)qi{t),  ^  M^,y)qi(t),  i>y(x,y,t)  =  Y 

i=3  i=n+3  i=2n+3 

(14a,  6,c) 

Substitution  of  Eqs.  (13)  and  (14),  in  conjunction  with  Eqs.  (3),  (7)  and  (10)  directly  into  Hamilton’s 
principle  results  in  the  discretized  equations  of  motion 

Mq{t)  +  Hq{t)  +  {K  +  KA)q{t)  =  BVp(t)  +  BYrb{t)  (15) 

where  M  is  a  system  mass  matrix,  K  a  system  elastic  stiffriess  matrix,  H  an  aerodynamic  damping 
matrix,  Ka  an  aerod5mamic  stiffness  matrix,  Vp(t)  a  vector  of  control  voltages  for  the  piezoelectric 
actuators  and  Vr5(i)  a  vector  of  control  inputs  for  the  rigid-body  actuators;  H  and  B  are  participation 
matrices  corresponding  to  the  piezoelectric  and  rigid-body  actuators  respectively.  Both  Ka  and  H  are 
depend  on  the  free-stream  airspeed  U.  In  addition,  the  aerodynamic  stifftiess  matrix  is  nonsymmetric, 
thus  rendering  the  problem  non-self-adjoint  (Ref.  6). 

4.  Convergence  of  the  Free- Vibration  Solution 

The  convergence  and  accuracy  of  the  discretized  solution  depends  on  the  nature  of  the  trial  func¬ 
tions  used  in  Eqs.  (13).  For  non-self-adjoint  systems,  the  trial  functions  (f>i{x,y)  are  generally  from 
the  class  of  comparison  functions,  which  satisfy  all  the  problem  boundary  conditions  (Ref.  6).  The 
cantilever  plate  under  consideration  is  subject  to  natural  boundary  conditions  at  the  three  free  edges, 
which  are  further  complicated  by  the  fact  that  the  leading  and  trailing  edges  are  functions  of  both 
X  and  y.  Hence,  comparison  functions  are  not  feasible  here,  so  that  we  do  the  next  best  thing  and 
choose  the  trial  functions  from  the  class  of  quasi-comparison  functions,  defined  as  linear  combinations 
of  admissible  functions  (shape  functions)  capable  of  satisfying  all  the  problem  boundary  conditions 
(Ref.  7).  Unlike  comparison  functions,  admissible  functions  need  satisfy  only  the  geometric  boundary 
conditions  at  the  clamped  edge  of  the  plate.  Quasi-comparison  functions  have  been  shown  to  exhibit 
faster  convergence  than  both  admissible  functions  and  comparison  functions  for  both  self-adjoint  and 
non-self-adjoint  systems  (Refs.  7  and  8).  Furthermore,  the  class  of  quasi-comparison  functions  is  much 
broader  than  the  class  of  comparison  functions,  and  it  generally  involves  linear  combinations  of  several 
families  of  admissible  functions.  For  the  problem  at  hand,  half  of  the  trial  functions  are  chosen  as 
trigonometric  functions  and  half  as  power  series. 

To  demonstrate  the  convergence  and  acciuracy  of  the  solution,  natural  frequencies  were  calculated 
for  two  different  models  using  increasing  numbers  of  trial  functions.  The  first  model  is  an  aluminum 
rectangular  cantilever  plate,  for  which  an  exact  solution  is  available  (Ref.  9).  The  results  are  shown 
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in  Fig.  3  for  the  first  three  natural  frequencies  of  the  plate, 
nondimensionalized  according  to 


Q  =  uA 


P 

E{2tNY 


In  Fig.  3,  the  frequency  has  been 


(16) 


where  A  is  the  plate  area,  E  the  Young’s  modulus,  p  the  plate  mass  density  and  tpf  the  plate  half- 
thickness.  Table  1  shows  a  comparison  between  the  three  lowest  computed  and  exant  values  of  the 
nondimensional  natural  frequencies  =  1,2,3).  As  can  be  concluded,  the  agreement  is  reasonably 
good,  considering  the  complexity  of  the  model.  The  second  model  is  a  graphite/epoxy  forward-swept 
wing  model.  The  results  in  Fig.  4  indicate  that  we  have  good  convergence  for  the  first  five  modes  if 
twenty  terms  are  used  in  each  of  the  series  expansions,  Eqs.  (14). 


Table  1  -  Nondimensional  Natural  Frequencies  of 
Rectangular  Aluminum  Cantilever  Plate 


i 

Computed  fif 

Exact 

1 

0.8808 

0.8366 

2 

4.442 

4.355 

_3_ 

5.418 

5.219 

5.  State  Space  Formulation 


For  flutter  analysis  and  control  design,  it  is  convenient  to  cast  the  system  equations  of  motion  in 
the  state  space.  This  permits  control  design  by  means  of  the  linear  quadratic  regulator  theory.  To  this 
end  we  introduce  the  state  vector  as  x(t)  =  [<l^(i)  and  rewrite  the  wing  model  equations  of 

motion  in  the  state  form 


x(t)  =  Ax{t)  H-  BY{t) 
y(t)  =  Cx{t) 


(17) 


where 


A  = 


0 

-M-^K  +  Ka) 
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B  = 


0  0  _ 
M-'^B  M-'^B 


(18a,  6) 


are  coefficient  matrices  and  C  is  the  output  matrix  relating  sensor  measurements  to  the  state  variables; 
V (t)  is  the  vector  of  control  inputs,  which  in  this  case  consists  of  both  piezoelectric  and  rigid-body 
actuator  inputs,  or 


v(<)=[v^,  vjr 


(19) 


6.  Flutter  Analysis 

Flutter  analysis  consists  of  solving  the  eigenvalue  problem  associated  with  the  airspeed-dependent 
state  matrix  A,  Eq.  (18a).  Because  the  matrix  is  not  symmetric,  the  eigenvalues  take  the  form 


A  =  a  ± 


(20) 


with  the  real  part  indicating  aerodynamic  damping  and  the  imaginary  part  the  corresponding  fre¬ 
quency.  For  a  stable  system,  all  the  modes  must  have  negative  real  part.  In  flutter  analysis,  the 
eigenvalue  problem  is  solved  for  a  series  of  increasing  airspeeds.  The  first  airspeed  for  which  one  of 
the  system  eigenvalues  exhibits  a  zero  real  part  is  known  as  the  open-loop  flutter  speed.  It  should  be 
noted  that  all  analysis  is  carried  out  for  a  linear  model.  Hence,  we  only  determine  the  onset  of  flutter. 
Indeed,  post-flutter  analysis  is  characterized  by  nonlinear  behavior. 

As  an  example,  the  flutter  analysis  was  carried  out  for  a  graphite/epoxy  wing  model  with  30  deg. 
forward  sweep  and  a  full-span  aspect  ratio  of  3.  The  results  are  shown  in  Figs.  5  and  6,  where  the 
dynamic  pressure  has  been  nondimensionalized  according  to 


2qA^  ^  PairV^A^ 

E{2tNy  E{2tNY 


(21) 
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in  which  pair  is  the  air  density  and  V  the  free-stream  airspeed;  all  other  quantities  have  been  defined 
previously.  In  Fig.  5  we  see  that  as  the  dynamic  pressure  is  increased,  the  rigid-body  pitch  mode 
becomes  more  stable,  while  simultaneously  the  first  fiexible  bending  mode  tends  toward  instability. 
In  Fig.  6,  we  see  that  the  frequencies  of  the  two  modes  coalesce  as  the  dynamic  pressure  is  increased. 
Hence,  the  flutter  mechanism  for  this  case  is  the  coalescence  of  the  rigid-body  pitch  and  first  flexible 
bending  mode,  known  as  body-freedom  flutter. 


7.  Linear  Quadratic  Regulator  Design 

A  preliminary  control  design  has  been  carried  out  to  demonstrate  the  feasibility  of  increasing  the 
speed  of  the  wing/fuselage  model.  This  control  design  assumes  that  the  entire  state  is  available  for 
feedback  and  amounts  to  placing  all  the  closed-loop  eigenvalues  in  the  left-half  of  the  complex  plane 
at  each  airspeed.  To  this  end,  we  use  the  linear  quadratic  regulator  theory  to  stabilize  the  system  at 
each  airspeed. 

Following  the  usual  procedure,  the  control  law  is  chosen  so  as  to  minimize  the  quadratic  cost 
functional 

00 

•^=11  +  Y^KV]  dt  (22) 
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in  which 
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is  a  positive  definite  control  weighting  matrix  and 
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(24) 


is  a  positive  semi-definite  state  weighting  matrix.  It  should  be  pointed  out  that  the  state  weighting 
matrix  Q  was  chosen  so  that  the  first  term  in  the  cost  functional  represents  the  sum  of  the  system 
kinetic  and  potential  energies,  or 


oo  oo 

\  j  +  q^^q]  dt  (25) 

0  0 

Application  of  Pontryagin’s  minimum  principle  yields  a  state  feedback  control  law  given  by 

V(t)  =  (26) 


where  Kg  is  the  solution  to  the  algebraic  matrix  Riccati  equation 


0  =  -Q-  A^Kg  -  KgA  +  KgBR-^B^Kg  (27) 

Because  the  state  matrix  depends  on  the  airspeed,  a  control  law  must  be  formulated  for  a  series 
of  increasing  airspeeds,  resulting  in  an  airspeed-dependent  gain  schedule.  The  solution  to  the  linear 
quadratic  regulator  problem  guarantees  asymptotic  stability.  However,  at  each  airspeed  the  maxi¬ 
mum  actuation  voltage  must  be  checked  for  saturation  through  simulation  of  the  closed-loop  system. 
Naturally,  as  the  airspeed  increases,  more  control  effort  must  be  utilized  to  stabilize  the  system.  The 
airspeed  at  which  one  of  the  piezoelectric  actuators  reaches  saturation  becomes  the  new  maximum 
airspeed  of  the  system. 

As  an  example,  a  control  design  was  carried  out  for  control  of  the  bending-torsion  flutter  of  a 
cantilever  graphite/epoxy  plate  with  no  forward  sweep  and  a  full-span  aspect  ratio  of  6.  Ten  PZT 
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actuator  pairs  were  utilized  in  conjunction  with  full-state  feedback.  The  control  design  was  carried  out 
beginning  at  an  airspeed  slightly  below  the  open-loop  flutter  airspeed  of  the  model.  The  results  are 
shown  in  Fig.  7,  which  represents  a  plot  of  the  normalized  maximum  actuation  voltage  as  a  function 
of  the  nondimensional  dynamic  pressure.  The  maximum  actuation  voltage  has  been  normalized  by 
dividing  it  by  the  saturation  voltage  of  the  piezoelectric  material,  or 

(28) 

ysat 

so  that  saturation  occurs  when  V  =  1.  It  is  obvious  from  this  graph  that  very  little  control  effort 
is  needed  below  the  open-loop  flutter  speed  of  the  system,  as  expected.  As  the  dynamic  pressure 
increases,  the  maximum  actuation  voltage  increases  until  it  eventually  reaches  saturation.  The  control 
design  has  increased  the  maximum  dynamic  pressure  of  this  plate  model  by  approximately  45%. 
Although  a  gain  matrix  was  calculated  for  each  increasing  airspeed,  numerical  simulation  has  shown 
that  the  gain  matrix  calculated  at  the  saturation  airspeed  is  sufficient  to  stabilize  the  system  at  all 
lower  airspeeds.  This  result  simplifies  the  control  implementation  significantly  and  agrees  with  similar 
results  presented  in  Ref.  3. 

8.  Conclusions 

An  aircraft  wing  model  capable  of  predicting  accurately  various  forms  of  flutter  phenomena  has 
been  developed.  Preliminary  results  indicate  that  it  may  be  possible  to  increase  the  flutter  speed 
of  an  aircraft  wing  by  means  of  controls  using  piezoelectric  actuators.  Some  subjects  for  future 
consideration  include  1)  output  feedback  utilizing  the  piezoelectric  sensors  and  2)  model  reduction 
(possibly  transforming  to  modal  space)  to  eliminate  the  higher  frequency  modes  from  the  discrete 
model.  The  need  for  model  reduction  is  based  on  two  factors.  First,  the  high  frequency  modes  are 
not  accurate  and  are  causing  numerical  problems  in  the  control  simulation.  In  addition,  only  the  first 
few  modes  participate  in  any  of  the  flutter  mechanisms  studied. 
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Piezoelectric  Patches 


Fig.  1  -  Aircraft  Wing  with  Surface-Mounted  Piezoelectric  Patches 
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Fig.  2  -  Laminate  Cross  Section 
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^  “  Eigenvalue  Real  Part  Versus  Nondimensional  Dynamic 
Pressure  for  Forward-Swept  Wing 


Fig.  7  -  Normalized  Maximum  Actuation  Voltage  Versus 
Nondimensional  Dynamic  Pressure 
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Abstract 

The  stability  behavior  of  a  compressible  viscous  fluid  flow  between  two  coaxial  infinitely-long 
cylinders  with  a  flexible  support  is  analyzed.  The  outer  cylinder  is  fixed,  and  the  rotational  speed 
of  the  inner  cylinder  is  chosen  to  be  suflBciently  low  so  that  laminar-turbulent  transition  or  even 
fully- developed  turbulent  flow  cannot  appear.  First  of  all,  a  correct  formulation  of  the  governing 
boundary  value  problem  in  the  sense  of  continuum  mechanics  -  including  an  accurate  description 
of  all  boundary  and  transition  conditions  -  is  given.  Next,  the  simplified  boundary  value  problem 
representing  the  stationary  motion  in  the  form  of  a  laminar  shear  flow  is  deduced.  Subsequently, 
the  linearized  equations  of  motion  for  small  superimposed  perturbations  are  derived.  Finally,  the 
procedure  used  to  solve  the  formulated  equation  set  approximately  is  described.  It  can  be  recognized 
that  two  independent  stability  problems  appear:  the  first  one  represents  a  Taylor-like  vortex  flow 
instability  still  possible  for  flexibly-supported  cylinders;  the  second  one  is  a  real  transverse  interaction 
problem  without  axial  perturbations.  Attention  is  focussed  on  the  stability  limit  in  the  form  of  a 
threshold  speed  for  varying  characteristic  parameters.  In  the  present  paper,  the  first  stability  problem 
is  completely  analyzed  without  significant  additional  restrictions.  For  the  second  problem,  the  results 
for  the  special  case  of  a  narrow  fluid-filled  gap  are  presented. 

1.  Introduction 

The  stability  behavior  of  an  incompressible  viscous  fluid  flow  between  two  coaxial  rotating  cylinders 
is  a  classical  problem  in  hydrodynamics  (Ref.  2,  3).  Interesting  secondary  effects  are  related  to  an 
eccentric  mounting  of  the  cylinders  (Ref.  5),  the  presence  of  an  axial  flow  (Ref.  6)  or  the  influence 
of  the  compressibility  of  the  fluid  (Ref.  10).  A  further  important  modification  concerns  the  support 
itself,  which  is  assumed  to  be  rigid  in  all  available  references.  In  the  present  work,  a  flexible  bedding 
in  the  radial  direction  is  assumed  and  the  dependence  of  the  critical  Taylor  number  on  the  stiffness 
property  of  the  suspension  is  the  main  objective.  The  results  for  a  compressible  fluid  are  compared 
with  those  for  an  incompressible  fluid  (Ref.  9). 

Technical  backround  includes  the  interaction  of  rotating  shafts  and  the  surrounding  seals,  for 
instance  (Ref.  4).  But  then,  different  practical  facts,  e.g.,  finite  length  and  non-uniform  geometry  of 
the  seals,  and  very  often  such  high  angular  speeds  that  a  fully  turbulent  flow  results,  complicate  the 
problem  to  be  solved  so  extreme  that  purely  numerical  investigations  are  required. 

2.  Formulation 

Consider  an  elastically  supported  (foundation  stiffness  per  unit  length  k),  rigid  and  perfectly 
balanced  cylinder  of  radius  Ri  and  mass  density  gc>  It  rotates  at  a  constant  angular  speed  in  a 
centric  position  within  a  cylindrical  rigid  stator  of  radius  Rq.  Fig.  1  illustrates  the  geometry  and  shows 
the  introduced  r^(p^z-  coordinate  system  used  in  the  following.  The  gap  between  the  two  cylinders 
is  filled  with  a  Newtonian  compressible  fluid  of  mass  density  at  constant  temperature  (constant 
dynamic  viscosity  /i).  The  purely  azimuthal  flow  field  (uq  =  u;o  =  0)  is  laminar  and  rotationally. 
symmetric  with  its  velocity  t;o(r)  in  the  circumferential  direction  (p  and  pressure  po(^)-  The  rotating 


287 


V.  MEHL,  J.  WAUER 


inner  cylinder  moves  due  to  the  small  transverse  displacements  Ax(i),  Ay{t)  and  the  state  variables 
of  the  fluid  fluctuate  [Au{r,(p,z,t),Av{r,(p,z,t),Aw(ry(p^Zyt)yAp{r,(p,z^i)]  about  their  stationary 
values  because  of  the  eccentric  motion  of  the  inner  cylinder. 


Fig.  1:  Geometry  of  both  cylinders 

The  problem  is  described  by  the  continuity  equation,  the  momentum  equations  in  radial,  azimuthal 
and  axial  directions  and  the  state  equation  for  a  perfect  gas,  then  by  the  dynamic  transition  conditions 
at  the  surface  (located  at  r  =  -}-  Ax  cos  (p  -f-  Ay  sin  (p)  between  fluid  and  rotating  inner  cylinder 

(force  balance  for  this  cylinder)  and  the  kinematical  boundary  and  transition  conditions  (no-slip)  at 
the  surface  between  fluid  and  stator  and  between  fluid  and  rotor. 

The  governing  equations  of  motion  are  written  down  in  dimensionless  form  with  nondimensional 
variables 

r  =  f{R,-Ri),  f  =  p  =  piJ?fiV 

X  =  x{Ra-Ri),  y=y{Ra-Ri),  2  =  z{Ra-Ri), 
u  =  u  RiO,,  V  =  V  RiQ,,  w  —  w  RiCl, 
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After  dropping  all  overbars  for  convenience,  the  boundary  value  problem  reads 


dgp  ,  dgp  ,  v  dgp  dgp 


du  u  \  dv  dw  \ 
dr  r  r  d(p  dz  j 


( du  du  V  du  du  \ 

_  ^  J_(  j.  _i  7  dv  ^  1  d^w  _  1  d^v  ^ 

dr  Rey3  5r2  Zr  dr  r^  d<p'^ dz^  3r2  3r2  d<p'^  Z  drdz  ^ drdip  j  ’ 


t; 


.  -  -  -  _  -  dv  uv' 

dz  r  , 


\  dp  if  d^v  Idv  4  d^v  d^v 


—  + 


+ 


+ 


r  d(p  Re\^  dr^  r  dr  d(p^  dz^  r^  d(p  3r  d(pdz  ^  3r  drd(p  J  ’ 

(dw  dw  V  dw  dw  \ 

ar+"* “fej 

dp  1  Idw  1  d^w  4d^w  1  d^v  1  d^u  1 


- r  + ' 


7  _j_  1 


w 


+ 


1  d^u 


_  — —  + 


dz  Re  I  dr^  ^  r  dr  r^  dcp^  3  dz^  ^  3r  d(pdz  3  drdz  3r  dz  i  ’ 


+  t: 


+ 


■  + 


d?x  ^  Sya 

H? 


6^(x^  6a  f .  . 

+  p  9  4 - /  ( — cr^r  cos  +  <7^^  sin  v?)  i  ,  a  .a  =  0, 

/Le*^  TT  J  ^  ^  ^  ^>'r=i+Ar  cos(/>+Ay  sm  v>  ^  ’ 

0 

9  .  27r 

d^2/  670^  6a  f ,  .  , 

-7-5-  +  ,  y - /  (cTrr  smyj  +  Crw  cos  w)  dip  —  Q, 

dt^  Re^  T  J  ^  ^  ^^r=i+Aa:cos<^+Ay  sm  VJ  ^  ’ 

0 

“(1  +  ^,  V5,  2,  t)  =  ^(1+  i  ^0,  z,  t)  =  u;(l  +  ^,  2,  t)  =  0, 

u{-  +  Ax  cos  y?  +  Ay  sm  z,  <)  =— j—  cos  sm  (p, 


u(i  +  Ax  cosy>+Ay  siny),^,z,t)  =1  -  ^^sin^Jd- ^^cosy>, 

at  dt 

w{~  +  Ax  cos(p  +  Ay  sin  (p,  cp,  2,  t)  =  0 
with 


dAy 


2  ( du  I  f  du  u  1 5i;  dw 
CTrr  —  "“P  ”}“  "rr —  i  “r —  — -  —  [  _ —  ^  ^  —  ■  -■■  -I-  — - 


H - h 


+ 


Re  y  dr  3  V  ^  d(p  dz 

for  a  compressible  fluid. 


Re  \  dr 


dv  V  1  du^ 
—  —  — |-  — 


d(p 


289 


V.  MEHL,  J.  WAUER 


3.  An^dysis 

In  the  perturbed  state  the  displacements  of  the  cylinder  are  given  as 

x{t)  =  Xo  +  Ax(^),  y{t)  =  yo  +  Ay{t),  xq  =  yo  =  0, 

whereas  the  state  variables  Aq{r,(p,z,t)  {q  £  u,v,w,p)  about  the  stationary  flow  state  9o(^) 
(90  €  vo,Po  #  0,  Wo  =  =  0)  are 

t)  =  vo(r)  +  Aw(r,  <p,  z,  t),  p(r,  (p,  z,  t)  =  po(r)  +  Ap(r,  <p,z,t), 

‘>i{r,‘P,z,t)=  0  +  Au(r,(p,z,t),  w{r,(p,z,t)  =  0  + Aw{r,(p,z,t). 

Considering  the  stationary  state  of  the  boundary  value  problem  first,  all  A- terms  are  ignored  so  that 
a  time-independent  boundary  value  problem 

d^vp  1  ^wq  ^0 
r  dr  ’  dr^  r  dr  r^  ’ 

wo(i)  =  l.  t;o(l  +  i)  =  0 

for  wo(r),po(j‘)  remains.  Obviously,  this  describes  a  circumferential  Couette  flow  unchanged  in 
comparison  with  the  classical  Taylor  vortex  flow  problem  and  stable  for  sufficiently  low  Reynolds 
numbers.  Even  for  a  finite  gap,  an  analytical  solution 


Po(r)  =  po.  •  (ar) 


(  -2{a  +  \f  \  f  ar^-1  / 

\  Eu(a  -F  2)2a2  J  .  g  \  2Eu(2  -1-  V  a2r2  /  J 


eo(r)  =  Po(r) 

can  be  given.  It  is  remarkable  that  the  stationary  flow  field  remains  the  same  also  for  an  incompressible 
fluid  (but  the  pressure  changes). 

To  formulate  the  variational  equations  characterizing  the  superimposed  small  perturbations,  a 
Taylor  expansion  of  first  order 


q{^  +  Ax  cos  <p  -i-  Ay  sin  <p,  <p,  z,  t)  =  g(i,  p,  z,  t)  + 


(Ax  cos  if  +  Ay  sin  (p) 


is  used  in  the  transition  conditions.  Then  the  stationary  quantities  50 (^)  ^ire  subtracted  and  the 
remaining  equations  are  linearized  in  the  A-quantities.  This  yields  a  boundary  value  problem 

/ dAu  Au  1  dAv  dAw\  1  dAp  .  dgo  vq  dAp  _ 

^0  I  -X - i - 1 - X - 1 z —  1  +  - ^  - ^  - a —  ”  O’ 

\  or  r  r  Off  dz  J  Eu  at  or  Eu  r  dp 


Qo 


( dAu  ^  ^0  ( dAu  ^  Vq  ^  _  dAp 

y  ^  r  \  j  Eur  ^  dr 

1  (Ad^Au  4  dAu  4Au  1  d^Au  d^Au  7  dAv  1  d^Av  ld^Aw\ 


'  + 


Re  \  3  dr^  ^  3r  dr  3  ^  dp^  ^  dz^  Zr^  dp  3r  drdp  3  drdz  j  ’ 


^0 


dAv 

dt 


•  + 


d^o  ^0  \  \  _  1  dAp 

dr  r  )  r  dp  j  r  dp 
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+ J_  f  +  i  ^^At)  7  dAu  1  d^Aw  1  d^Au 

Re  y  dr^  T  dr  5r^  Qip^  Qz^  d(p  3r  d(pdz  ^  3r  drd(p 

f  dAw  i;o  dAw\  dAp 

^^\dt~^rd(p)  dz 

, _ f  d^ Aw  ^  dAw  ^  d^Aw  4  d^Aw  1  d'^Av  1  d^Au  1 

Re  y  dr^  r  dr  r^  dip^  3  dz'^  3r  dpdz  ^  3  drdz  Zr  dz  j  ’ 


<PAx  Sa^j  ,  6oc 

dV  Re^  TT 


27r  ✓ 

?/ 


,  2  fSAu  l/'aAu  A«  I«A»  aAm\1 


1  f dAv  Av  1  dAu\  , 


^  ^Azcos^  + Aj/sin^^  |<fy!  =  I 


d?Ay  ^  Soc^'^  ^  ,6a^[\\(^  2  { dAu  \  f  dAu  Au  I  dAv  dAw\\\ 


1  /  dAv  Av  1 5Au\ 


1  / a^vo  a  /Vo 


5r  ^  i?e  V  dr^  dr 


cos  p  ^Ax  cos^  -h  Ay  sin  =  0, 


Au{l  Ai;(l  +  1  ip,  z,t)  =  Aw(l  +  p,  z,  i)  =  0, 

A  ,1  dAx  dAy  . 

Ml  ,  ^^0  /A  A  ♦  X  dAx  .  dAv 

-,p,z,t)  +  •  (Aa:cos(;c5  H- Aysin^j  = - —sinp+  ^.^cosv?, 

j.  dtt  dt 

Or 

Au,  Av,  Aw,  Ap  27r-periodic  in  p. 

To  separate  the  t-  and  z- dependence,  assume  the  following  solution: 


Aq{r,p,z,i)zz  Q{r,  p)  ■ 


,CtAt+t<7J5  Q  C  I  ^ 


’  L«J  Lc^.  V,  P\’ 


Aw(r,  <p,  2,  t)  =  -iW{r,  ip)  -  e“^<+‘ , 

Aa:(t)  =  A  -  e“^‘,  Ay{t)  =  Y  ■ 

The  resulting  boundary  value  problem  is 

J?VU  ,  1  dV  ,  \  ,  «A„  .  ,=  „  ,  .0  dP 


\  ar  r  r  a^  /  Eu  Eu  r  Eu  r  dip 
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eo(aAC7  +  —  (~-2V 
\  r  \dip 


A^P  =  J-L 

Eu  r  dr 


J_  /4^  ±^_iU_  1  d^U 

Re  Is  dr^  ^  Sr  dr  3  dip^ 


-a^U  - 


7  dV  1  d‘^V  cdW 


+ 


+  T- 


Sr^  d(p  3r  drd(p  S  dr  j 


Qo  I  aXV  + 


dvo  ,  Vo 


dr 


vodV 


+  -  U+-^ 


IdP 


r  dp 


r  dp 


1  fd^V  I  dV  V  4  d^V 

iZe  y  dr^  r  dr  r^  Sr^  dp^  ^ 


2„  .  7  dU  <7  dW  .  1  d^U 


+ 


+ 


3r^  dp  Sr  dp  Sr  drdp  I  ’ 


/  vodW\  „  1 

^0  (  aAW^  -\ - —  I  =  o-P  +  — 

V  r  dp  J  R* 

{aXf  + 


d^W  .  I  dW  ,  1  d'^W  4<r_ 

Sr  dp  S  dr  Sr^ 


Re  \dr^  r  dr  r^  dp^  3^  ^ ^  ^  ^ 


^2  , 


Pe2 


A  + 


/‘ff/'n  2  (dU  IfdU  U  IdV  aV 

7 


COS<^ 


+ 


+ 


1  fdV  V  1 

sl«r-7+;— I”"' 


Re 
dpo 


dU\  , 
r  dp  ) 


1  ( d^VQ  d  /vo> 

dr  ^  Pei  9r  V  r 


[Xcosy;  +  ysiny))  fdp  =  0, 


))sm^J  (. 

a  ^ 

.  .,2  ,  <5aSl^  Jilfn  2  (dU  Ifdu  IdV  „r\^\ 

(«A)  +— Jy  +  _  .y||^|^p__^___(^_  +  _  +  __  +  ^W.j  J  j 

1  /dV  V  18a\  1 

R;l87-7-^ra7j'“'°J/' 

a 

^  ^  (t)  )  p  cos  ^  +  y  sin  |d^  =  0, 


sin  (p 


U{1  +  i,p)  =  y(i  +  ^,p)  =  W(i  +  Ip)  =  0. 

U  (^,  p)e'-’’^  =  q:A(A  cos  y>  +  y  sin  p),  iy(i,  y.)  =  0, 


•  (X  COS  9?  +  y  sin  p)  =  aA(— X  sin  9c?  +  Y  cos  v?), 
[/,  V,  P  25r-periodic  in  p. 


Two  cases  have  to  be  distinguished: 

L  (T  7!^  0,  2.  cr  =  0. 

If  the  wave  number  cr  is  finite,  obviously  the  kinematical  transition  conditions  between  fluid 
and  inner  cylinder  enforce  that  the  displacements  of  the  inner  cylinder  vanish:  X  =  Y  =  0.  As  a 
consequence,  the  ^dependence  does  not  occur  any  longer  and  the  dynamic  transition  conditions  are 
identically  fulfilled.  The  remaining  boundary  value  problem  coincides  with  the  classical  one  governing 
the  Taylor  vortex  flow  instability  which  has  been  analyzed  in  detail  also  for  a  finite  fluid  gap  (Ref.  8). 
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A  vanishing  wave  number  a  means  that  all  variables  Uy  V,  W  and  P  will  be  independent  of  the  axial 
space  coordinate  z.  The  velocity  component  W  appears  only  in  one  equation,  which  is  independent 
from  the  other  equations.  Assuming  solutions  for  the  remaining  variables  Q{Q  G  V,  P)  in  product 
form 


oo 

=  X^(Qn(r)  sinn^  +  Q„(r)  cos  n<p),  QeU,P, 

n=0  ^  ' 

oo 

V)  =  X^(v„(r)  sinny?  +  V„(r)  cosn^^ 

n=0 

leads  for  every  ordinal  number  n(n  =  0, 1,..., oo)  to  a  certain  eigenvalue  problem.  In  the  dynamic 

27r 

transition  condition,  the  integral  f  ..A(p  vanishes  identically  for  n  ^  1  because  f  sin  9?  sin  n(pcl(p  =  0 

for  n  ^  1.  This  leads  to  Ax,  Aj/  =  0  in  these  cases.  Only  for  n  =  1,  coupled  fluid-cylinder  vibrations^ 
are  described,  so  that  in  the  following,  this  case  is  dealt  with  exclusively.  Dropping  the  index  n  =  1 
and  taking  notice  that  ^  =  (.)'  yields 


^0 


fu'  +  l  u-^v)  +  ^p  +  -^u--^p  =  0, 

\  r  Eur  Eur 


Qc[u'  +  -U  +  -v]  +  ^P+^U  +  -^P  =  Q, 
r  r  J  Eu  Eur  Eur 


00 


00 


00 


faXO'  -—(u  +  2  v)')  -  -^^P  =  -P'  +  —  (-U''+—  U'-  —  U  +  —  V  -  — 

V  r  V  JJ  Eur  ^  Re  \Z  ^  3r  3r2  ^  3r2  Zr  J’ 

- 2 ±  (Ir + 1  r- i  17- jL r  +  If-), 

(..v  +  5  (17 + F)  + ff)  = -ip  +  ±  +  i  K' -  ^  ^ +  ia-) . 

-  K) t,)  =  ±  1  r  -  jL  F- jL  F.  J.r), 


y+6\piy--^ 


U(l  +  i)  =  U(l  +  i)  =  V(l  +  i)  =  V(l  +  L)  =  0, 


Ui^)  =  aXY,  Ui^)  =  aXX,  V(L)  =  aAY  -  t,' (i)  A,  F(i)  = -aAA -«{,(!)  Y. 

Finally,  eliminate  A,  Y  and  obtain  in  this  way  a  complicated  eigenvalue  problem  in  C/,  Y,  P,  {/,  Y,  P 
with  space-dependent  coefficients.  Only  an  approximate  solution  seems  to  be  possible.  Galerkin’s 
method  using  Ritz  series  expansions  fulfilling  all  boundary  conditions  is  promising.  But  finding 
comparison  functions  for  the  present  problem  ~  especially  for  the  pressure  P,  P  -  is  a  lengthy  pre¬ 
calculation. 
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An  alternative  seems  to  be  to  consider  the  stability  problem  for  a  narrow  gap  a  <C  1-  Here,  a 
shifted  reference  frame  using  the  transformation 


1  . 
a  I 


is  appropriate.  Applying  it,  there  are  several  simplifications.  On  the  one  hand,  the  location  of  the 
fluid  surfaces  in  the  centered  position  of  the  inner  cylinder  change, 


T  = 


a 


r  = 


a 


and  on  the  other  hand,  the  derivatives  themselves  are  modified: 


dr  di  ’  dr^  ’ 


Here,  the  coefficients  are  constant  [using  t;o(^)  —  —1,  Uq  =  0]  if  the  ^-dependence  of  vq  is  neglected 

because  |^|  <  |  [set  =  t^o(O)  =  |].  So,  a  further  simplification  of  the  governing  eigenvalue 
problem  follows: 


^0 


{U'  +  a?7  -  ay) 


a  aA  _  a  — 


«(r  +  »I;+,F)  +  j|-t7+|ip+5|-P  =  o, 

«.  («w  - 1  ((7 + 2F))  =  -f-  +  ±  (iu-  + -  \av)  +  JjP, 

^0  (aXV  +(^^-lju+  =  _Q.p  +  ^  ^  ^  1  ^ 

^0  (aAF  +  (I  -  l)  C7  -  j  =  aP  +  ^  +  aV  -  iaCT^ , 


[/(!)  =  K(l)  =  cr(|)=F(i)  =  0, 

U(-\)  +  aAC/(-|)  -  aAl^(-|)  =  0,  i7(-|)  -  aXUi-^)  -  aAV(-i)  =  0, 

[  A  +  (^2  +  a  +  — 'j  U{-^)  -  (2  +  a)—  W-i)  -  —  p(  i  ] 

V  ZEuQojRej  ''  ''  /jg  ''  2-'  ZEuRego^^  2J 


4aA  A 


+«<g  +  l)  FH)  +  «*(g  +  l)  +  P(-i)  =  0, 

3^)  I)  + “)£  ^(4)  -  i  n-i)  H-  3^n-i) 


pr_l^  - 


ZEuRego  J 


Pi-h)  =  o, 


where  ^  =  (.)'.  This  eigenvalue  problem  in  U{0,  PiO  ^(0-  P{0  possesses  constant 

coefficients  and  is  much  easier  to  solve.  The  classical  solution  in  exponential  form  leads  to  a  matrix 
eigenvalue  problem  solvable  by  standard  methods. 
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4.  Results 


Fig.  2:  Stability  chart  for  the  incompressible  Taylor  vortex  flow  problem  {ex  ^  0) 

For  an  incompressible  fluid,  the  Taylor  vortex  flow  instability  problem  appearing  also  for  rotating 
cylinders  with  a  flexible  support  is  completely  discussed.  Even  for  a  finite  gap,  all  essential  results 
can  be  found  in  the  literature.  Fig.  2  shows  the  square  of  the  Taylor  number  Ta^  =  aRe^  versus 
the  wave  number  a  with  the  non-dimensional  gap  width  q  as  a  parameter.  The  numerical  results  are 
based  on  a  4-term  Galerkin  approximation  (Ref.  1)  and  are  in  good  agreement  with  those  calculated 
in  an  earlier  paper  (Ref.  8)  using  another  approach.  As  is  generally  known,  the  local  minimum  of  the 
depicted  graphs  characterizes  the  stability  limit.  If  this  limit  will  not  be  exceeded,  it  is  guaranteed 
that  all  perturbations  die  away  and  the  stationary  Couette  flow  remains  stable.  For  a  narrow  gap, 
a  -C  1,  for  instance,  there  results  a  critical  Taylor  number  Ta^  =  1696  and  a  corresponding  wave 
number  a  =  3.12. 


Fig.  3:  Taylor  instability:  critical  Reynolds  number  versus  gap  width  a 
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The  influence  of  compressibility  is  characterized  by  a  non- vanishing  Mach  number  M{Eu  <  oo). 
Fig.  4  shows  that  the  stability  limit  increases  with  increasing  Mach  number,  but  very  slightly  for  small 
values  of  a.  The  relationship  between  Re  and  M  is  given  by 

Re  =  aRi  —  M. 

1/ 

For  any  fluid  with  sound  velocity  c  and  viscosity  u,  very  small  values  of  a  and  Ri  are  necessary  to 
fulfill  the  equation.  But  for  very  small  values  of  a,  the  stability  limit  is  nearly  constant  for  varying 
M.  Even  for  a  =  1  and  M  =  1,  the  stability  limit  is  3%  higher  than  for  M  =  0,  but  with  air  as  fluid 
a  radius  of  less  than  Sfim  is  needed,  which  does  not  make  sense.  There  remains  the  small  area  (*)  of 
technical  interest.  Here  the  influence  of  compressibility  can  be  neglected  (Ref,  10). 


Fig.  4:  Influence  of  compressibility  on  the  stability  limit  of  the  Taylor  problem 

The  eigenvalue  problem  for  a  narrow  gap  (governing  the  stability  behavior  in  the  case  of  coupled 
fluid-structure  vibrations  where  <r  =  0)  is  solved  numerically.  Attention  is  focussed  on  the  stability 
limit  where  the  real  part  of  A  changes  from  its  original  negative  value  to  a  positive  one.  But  it  has  to 
be  noticed  that  the  corresponding  imaginary  part  of  A  cannot  be  expected  to  be  zero  there  (5{  A}  0). 
This  means  (see  Fig.  5)  that  the  centre  S  of  the  inner  cylinder  rotates  on  a  circle  of  constant  radius 
(3J{A}  =  0)  about  the  centre  O  of  the  stator.  The  angular  speed  is  a;  =  S{A}  Q  «  The  threshold 
speed  is  characterized  by  the  minimum  of  Re  for  which  this  condition  is  fulfilled  as  a  function  of  the 
parameters  a,M,6  and  7  (Fig.  6). 


Fig.  5:  Coupled  fluid-structure  vibrations  (<7  =  0)  at  Re  =  Rcc 
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For  the  second  case  this  stability  chart  shows  that  for  a  not  too  small,  the  influence  of  M  is 
negligible,  too.  But  for  very  small  values  of  a,  the  stability  limit  jumps  up  with  increasing  M,  the 
more  evidently  the  smaller  the  bedding  stiffness  7.  It  is  worth  discussing  the  special  case  of  7  =  0. 
For  an  incompressible  fluid,  the  whole  range  is  unstable,  whereas  for  even  a  very  small  value  of  M  the 
stationary  state  is  possible,  only  in  a  small  area  indeed.  The  difference  is  large  for  small  a;  a  limiting 
process  M  0  is  not  possible.  The  reason  is  that  the  corresponding  equation  set  is  degenerate  for 
the  case  M  =  0.  This  means  that  here  an  incompressible  fluid  must  be  treated  as  a  compressible  fluid 
with  very  small  M  in  order  to  obtain  the  right  results. 


R&c 


Fig.  6:  Stability  chart  for  the  coupled  fluid-structure  vibrations 

It  is  obvious  that  the  threshold  speed  and  the  type  of  instability  (<r  0  or  (j  =  0)  depend  on  the 

parameters  a  (gap  width)  -C  1  and  7  (stiffness),  in  general.  The  effective  stability  limit  is  therefore 
given  by  the  lowest  branch  of  the  two  instability  forms.  It  follows  qualitatively  that  one  gets  Taylor- 
vortices  for  a  large  gap  and  high  stiffness,  but  instability  with  cylinder  vibrations  for  a  narrow  gap  and 
low  stiffness  (Fig.  7).  If  7  tends  to  infinity,  only  Taylor  vortices  are  possible,  and  the  displacements 
of  the  inner  cylinder  are  zero. 
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5.  Conclusion 

The  stability  behavior  of  the  fluid  flow  between  coaxial  rotating  cylinders  with  a  flexible  support 
has  been  analyzed.  Without  essential  restrictions,  the  outer  cylinder  was  constructed  as  a  stator,  and 
the  inner  flexibly  supported  cylinder  rotated  at  constant  speed.  The  compressible  fluid  was  assumed 
to  have  constant  temperature  and  viscosity. 

The  governing  boundary  value  problem  demonstrates  that  a  circumferential  Couette  flow  between 
the  coaxial  rotating  cylinders  is  the  stationary  state  also  for  a  flexibly  supported  inner  cylinder.  The 
variational  equations  lead  to  two  independent  eigenvalue  problems.  The  discussion  shows  that  two 
different  types  of  instability  can  appear,  the  Taylor  vortex  flow  instability  about  a  non-oscillating 
inner  cylinder  and  coupled  transverse  vibrations  of  the  fluid-cylinder  system.  The  type  and  onset  of 
instability  -  the  critical  Reynolds  number  -  depend  on  parameters  characterizing  gap  width  a  (to  be 
small  here),  stiffness  7  and  compressibility  (Mach  number  M). 
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Abstract 

This  paper  outlines  a  role  for  covariance  contrd  theory  in  civil  structures.  Covariance  control  theory 
assigns  a  specified  covariance  upperbound  to  the  amtrolled  structural  system.  It  is  known  that  the 
ener^-to-peak  gain  for  a  linear  system  is  precisely  the  maximum  singular  value  of  the  output  covariance 
matrix.  This  paper  shows  that  using  covariance  control  theory,  and  adding  base  accelerometers  (in 
addition  to  other  sensors  on  the  rest  of  the  structure)  enhances  the  ability  to  keep  the  peak  stresses  (at 
multiple  places  throughout  the  structure)  smaller  in  the  presence  of  energy  bounded,  but  uncertain  base 
accelerations  from  earthquakes.  Some  comments  are  added  to  show  the  same  technique  for  redesign  of 
the  Hubble  Space  Telescop)€  controller. 


1  Introduction 


Civil  engineering  structures  are  large,  dynamically  rich  (complex  models  with  many  modes 
of  vibration),  and  therefore  presents  a  challenge  for  control  and  structures  theory,  and  presents  a 
substantial  test  to  investigate  the  true  limitations  of  control  thecs'y.  A  brief  summary  of  the  existing 
results  in  structure  control  are  in  Yang  et  ai  (1990b),  Abdel  and  Leipholz  (1983),  Meirovitch  et  aL 
(1983),  Soong  (1990),  Tonnasula  et  al.  (1994). 

Our  approach  develops  analytical  methods  which  can  guarantee  upper  bounds  on  each  output  in 
the  presence  of  uncertain  disturbances  with  known  energy  bounds.  It  is  reasonable  to  assume  a  limit  to 
the  energy  of  the  disturbance,  since  fw:  any  given  past  earthquake  records,  the  integral  of  the  squared 
signal  (energy)  is  readily  computable.  Our  design  therefore  presumes  a  priwi  knowledge  of  an  upper 
bound  of  the  integral  squared  of  the  earthquake  signals  (accelerations)  records,  rather  than  the  actual 
earthquake  signal  itself. 

Rrom  the  literature,  the  stability  guarantees  using  co-located  sensors  and  actuatcxs  require  infinite 
bandwidth  actuators  and  sensors  and  perfect  models.  Yet  the  bandwidth  of  the  control  device  is  not 
high  compared  to  all  the  modes  of  the  structure.  Hence  many  stability  “guarantees”  in  the  present 
literature  are  not  realistic  ot  practical,  and  building  safety  is  definitely  not  guaranteed  with  these 
designs.  A  Bounded  Inpui^Bounded  Output  (BIBO)  type  of  stabUity  proof  is  more  appropriate,  to 
include  the  disturbance  dynamics  in  the  stabUity  discussions.  In  fact,  because  the  exact  dynamics  of 
the  disturbances  are  not  known  a  priori,  existing  tedmiques  generally  do  not  guarantee  stabUity  of  the 
system.  Tedmiques  for  contrd  design  in  the  presence  of  uncertain  disturbances  have  been  developed 
by  Johnson  et  al.  (1971).  Applying  these  ideas  of  “disturbance  estimation”  to  the  seismic  excitation 
problem  suggests  using  accelerometer  feedback  to  measure  the  earthquake  excitation  and  using  this 
signal  in  feedback.  Also  in  Zhu  et  al.  (1991),  we  are  able  to  guarantee  specific  levels  of  performance  in 
the  presence  of  uncertain  disturbances. 

We  shall  combine  the  ideas  of  disturbance  accommodating  control  [Johnson  et  al.  (1971)]  and  the 
robust  control  work  of  [Zhu  et  aL  (1991)]  to  provide  a  structural  controUer  with  stabUity  guarantees 
and  performance  upperbounds  in  the  presence  of  unknown  but  bounded  energy  disturbances. 
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This  paper  adds  the  discrete  counterpart  to  the  continuous  time  problem  soved  in  Zhu  et  al.  (1994). 

2  Output  Covariance  Constraint  Problem  With  Disturbance 
Feedback 

Consider  the  following  dynamic  system 

X  =  Ax  +  Bu  +  DiWi +  D2W2 

yi  =  Qx;  t  =  ;  y=[yf,y^,...,y^]^  =  Cx 

zi  =  Mx-hvi  (1) 

Z2  =  Wj  +  V2 

where  x  is  the  state  vectOT,  Wi  and  W2  arc  system  disturbances,  y<(»  =  1, 2,  •  •  • ,  m)  are  the  performance 
output  vectors,  Zi  the  measurement  of  the  system  with  measurement  nc^  Vi,  and  finally  Z3  is  the 
measurement  of  the  ^tem  disturbance  W2  with  measurement  noise  V2.  The  system  disturbance  W2 
is  measurable  in  many  engineering  control  problems.  For  instance,  in  the  building  structure  control 
problems,  the  earthquake  disturbance  to  the  building  can  be  measured  by  imbedding  the  accelerometers 
in  the  building  foundation.  Later  in  this  section,  it  will  be  shown  that  by  feeding  back  the  measured 
disturbances  to  the  controller  the  closed  loop  system  performance  can  be  improved  significantly.  Here 
we  assume  that  the  system  noises  wi  and  W2,  and  measurement  noises  Vi  and  V2  are  independent 
zero-mean  white  noises,  that  is, 

fooWi(t)  =  0,  5ooW2(t)  =  0  ,  £»vi(i)  =  0;  5ooV2(t)  =  0;  (2a) 

focWi(t)wf(t-r)  =  Wi5(r)  ;  -  r)  =  W^Sir)  ;  (2b) 

^ocVi(i)v?’(*-r)=Vi5(r)  ;  S„yait)yl {t  -  r)  =  VaSir) ,  (2c) 

where  5oo{  ]  =  limt-.oo  £[■],  ^d  £  is  an  expectation  operation.  We  shall  consider  the  full  order  dynamic 
feedback  with  disturbance  feedback. 

2.1.  Full  Order  Dynamic  Controller. 

Consider  the  following  dynamic  controller 

Xc  =  AcXc  +  PiZi  H-  F2Z2 

n  =  Gxc  (3) 

The  resulting  closed  loop  system  has  the  form 
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Let  Ct*  =  [0,G]  and  Ccl  =  [C,C].  Now  we  are  ready  to  define  the  Output  Covariance  Constraint 
problem. 


2.2.  Output  Covariance  Constraint  Problem  with  Disturbance  Feedback. 

The  Output  Covariance  Constraint  problem  with  Disturbance  feedback  (OCCD)  is^  defined  as  fol¬ 
lows: 

Find  a  full  order  dynamic  feedback  controller  (3)  to  minimize 


JOCCD  =  fooU^(*)Ru(t) 

subject  to 

Yi  ^  S^yi{t)yJ (t)  <  Yi,  i  =  1, 2,  •  •  • ,  m 
where  Yj  =  [^CL^^cL]ii  ^  satisfies 

0  =  XA?^  + AclX  +  DclWclD^l  ,  Wci  =  block  diag  [Wi,  Wj,  Vi,  Vj]  (7) 

□ 

The  OCCD  problem  reduces  to  the  Output  Covariance  Constraint  (OCC)  problem  in  [Zhu  et  oi 
(1991)]  when  Z2  =0,  W2  =  0,  Wj  =  0,  Vj  =  0.  The  closed  loop  system  can  be  written  in  the  fOTn 
of  (4),  where  the  closed  loop  system  matrices  and  Ccl  ar®  defined  in  (5).  The  following 

Thewem  provides  the  necessary  and  sufficient  conditims  for  the  OCCD  problem. 


Theorem  1  Suppose  that  the  proposed  OCCD  problem  is  regular  (the  solution  of  the  problem  depends 
on  the  choice  of  the  cost  function).  Assume  that  the  triples  (A,B,  C)  and  (A,,  Di,  are  stabiUzable 
and  detectable.  Then  the  following  statements  are  equivalent: 


(i)  the  matrices  (Ac,Pi,F2,G^  describe  the  optimal  OCCD  controller. 

(ii)  Fi  =  5avi^vr‘  ;  F,  =  DjWaCWa  +  Vj)-! ; 

G  =  -R-^B^’K;  Ac  =  A  +  BG-FiM; 

0  =  XA^  +  AX-XM’'VJ-‘MX 

+  FaVaF^’  +  (Fa  -  D2)Wj(Fj  -  Djf  +  DiWiDf  ; 

0  =  A^K  +  KA-KBR-^B^'K  +  C^QC; 

0  =  Xe(A  +  BG)’’H-(A  +  BG)Xc  +  FiViF?’  +  F3(Wj  +  V2)F5’; 

0  =  QilCiXCf-Yil,  X  =  X  +  Xc; 

Q  =  Wocfc«iia5[Qi,Q2,  -,QTOl  >0.  (8) 

Proof  of  Theorem  1 

The  necessity  of  the  proof  is  simUar  to  the  OCC  problem  treated  in  Zhu  et  at.  (1991).  One  only 
needs  to  form  the  closed  loop  cost  fiincticm,  and  apply  the  Khun-Tucker  conditions.  Then  the  resulting 
necessary  conditions  are  the  consequence  of  the  partial  derivatives.  Note  from  the  eqs.  for  G,  K,  in  (8) 
that  G  is  the  <^timal  LQ  control  gain  for  some  choice  of  weighting  matrix  Q.  We  will  show  that  the 
OCCD  controller  is  an  LQG  controller  fcx*  a  slightly  modified  estimator  to  account  fcH^  the  measured 
distnirbances. 


The  pr<x>f  of  the  sufficiency  will  be  divided  into  parts:  i)  the  conditions  of  the  optimal  estimation 
problem,  ii)  the  separaticxi  principle  of  the  LQG  problem  with  disturbance  feedback.  Then,  combine 
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the  results  of  steps  i)  and  ii),  and  apply  the  procedure  in  Zhu  et  aL  (1993),  to  complete  the  proof. 


i)  Optimal  Estimator 

Consider  the  following  estimator  to  estimate  the  state  of  (1),  given  u(f),  Zi(t),  and  z^it). 

Xc  =  A<;Xc  +  Bu  +  F2Z2 +  Fl(Zl  -MXc)  (9) 

The  error  covariance  X  =  f’ooCx  —  Xc)(x  —  x^.)^,  satisfies  the  following  Lyapunov  equation 

0  =  X(A-FiM)^  +  (A-,FiM)X  +  FiViFf +  DiWiDf 

+F2  V2F5’  +  (D2  -  F2)W2(D2  -  Fif  .  (10) 

Fot  any  Fi  such  that  A  -  FiM  is  asymptotically  stable,  let  X  (Xo)  denote  the  solutioi  of  (10)  with 
the  choice  F2  (Fj),  where 

F5  =  D2W2(W2  +  V2)-‘.  (11) 

Now  for  any  P2,  we  have 

X  >  Xo  .  (12) 

A  well-known  property  of  Lyapunov  equations  is  the  following: 

Lemma  1  Given  0  =  P<A*  -J-  APi  -i-  Qi,  and  A  is  stable,  then  Pi  >  P2  »/Qi  >  Q2. 

Now,  to  prove  (12)  we  mily  need  to  show  that  for  any  F2  with  prqier  rfinwnainn^ 

F2V2F?  +  (D2  -  F2)W2(D2  -  F2)^  >  F^VjFf  +  (D2  -  F2)W2(D2  -  F5)^  .  (13) 

Consider  that 

(P2  -  D2W2(V2  +  W2)-1J(V2  -I-  W2)[F2  -  DoW2(V2  +  Wj)-*]^ 

=  F2(V2  +  W2)Fi’  -  F2D2W2  -  D2W2P^  +  D2#D^ 

=  F2V2FJ  +  (D2  -  F2)W2(Do  -  F2)^  -  D2(W2  -  .  (14) 

where  $  =  W2(V2  +  W2)“^W2.  Hence,  we  obtain 

F2V2FI’  +  (Dj  -  F2)W2(D2  -  F2)^  =  D2[W2  -  #]D|'  (15) 

+(F2  -  D2W2(V2  -I-  W2)-^](V2  -I-  W2)IF2  -  D2W2(V2  +  W2)-‘f . 

Note  that 

F5V2F5  -I-  (D2  -  F§)W2(D2  -  F^)’’  =  D2[W2  -  W2(V2  -I-  W2)-lW2)Di’  (16) 

and  the  fact  that 

(F2  -  D2W2(V2  +  W2)-‘](V2  -1-  W2)[F2  -  D2W2(V2  -|-  W2)-^f  >  0 

leads  to  (13).  Now  that  we  must  choose  the  smallest  forcing  term  in  (10)  relative  to  P2.  The  smallest 
Rrobenious  norm  of  these  terms  is  given  by  P2  =  D2W2(V2  -1-  W2)“*.  The  problem  of  OnHing  the  Fi 
yielding  the  smallest  X  is  a  standard  problem  yielding  the  Fi,  as  follows 

Fi  =  XMVr^  F2  =  D2W3(V2-1-W2)-^  (17) 

0  =  XA^-l-AX-XM^Vi-‘MX-l-F2V2Ff 
-!-(F2  -  D2)W2(F2  -  Dj)^  -I-  DiWiDf  . 
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ii)  Separation  Principle 


One  can  prove  a  separation  principle,  by  fdlowing  the  same  procedure  as  that  in.Kwakemaak  and 
Si  van  (1972).  Then  we  have  the  conclusion  that  the  best  full  order  LQG  controller  with  disturbance 
feedback  is  the  combination  of  the  optimal  estimator  (17)  and  the  standard  state  feedback  LQG  gain, 


where  K  satisfies 


G  =  -R-‘B^K 


(18) 


0  =  A^K  +  KA-KBR”^B’'K  +  C^QC.  (19) 

Note  that  the  corresponding  LQG  cost  is 


Jlqg  =  ^ooIy^Qy  +  u^Ru] ,  Q  >  0  .  (20) 

Combining  the  optimal  estimator  gain  and  state  feedback  gain,  we  know  that  for  a  fixed  output 
weighting  matrix  Q,  the  controller  minimizing  the  above  LQG  cost  satisfies  (8)  with  fixed  Q  =  Q. 

The  sufficiency  of  (ii)  now  follows  similarly  to  the  procedure  as  in  Zhu  et  al.  (1993),  concluding 
that  any  controller  (A^  G,  Fi,  F2)  described  by  (3)  is  an  optimal  OCCD  controller.  □ 


Theorem  1  establishes  the  fact  that  the  solution  to  the  OCCD  problem  is  the  solution  to  a  standard 
LQG  problem  (when  W2  =  0,  V2  =  0,  Z2  =  0,  V2  =  0),  and  to  a  modified  LQG  problem  otherwise. 
The  weighting  matrix  Q  is  not  known  a  priori,  however,  note  that  the  estimation  error  covariance, 
without  disturbance  feedback,  satisfies 

0  =  XA^  +  AX  -  XM^VJ-^MX  +  DiWiDf  +  ,  X  >  0  ,  (21) 

and  with  disturbance  feedback  X  >  0  satisfies 

0  =  XA^’  +  AX-XM^Vj-^MX  +  DiWiDf +  D2W2DI' 

-D2W2(W2+V2)-‘W2DJ.  (22) 

Since  the  forcing  term  of  Riccati  equation  (21)  minus  that  of  (22)  is 

D2W2(W2  +  V2)-‘W2Di’  >  0  , 

we  have 

x>x, 

whidi  proves  the  following  Lemma. 

Lemma  2  The  full  order  OCCD  controller  reduces  the  optimal  estimation  error,  hence,  improves  the 
maximal  achievable  performance  in  the  LQG  problem 

Remark : 

The  maximum  achievable  performance  of  the  OCC  problem  with  disturbance  feedback  is  always  better 
or  equal  to  that  without  disturbance  feedback.  This  is  obvious  because  the  OCC  controller  is  a  feasible 
solution  of  the  OCCD  problem. 

The  (^timal  controller  satisfying  (8)  can  be  designed  by  the  following  OCCD  algcarithm  with  guar¬ 
anteed  optimality  and  convergence,  see  Zhu  et  ai  (1993). 
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2.3.  The  OCCD  AlgOTithm. 


1.  Given  system  matrices  (A,B,Di,D2,M,  C),  input  noise  intensity  matrices  (Yi^V2,  Wi,  W2), 

weighting  matrix  R,  initial  output  weighting  matrix  (?(0),  output  variance  bound  =  1, 2,  •  •  • ,  m), 

0  <  /?  <  1,  error  bound  c  >  0,  and  free  parameter  a  >  0. 

2.  Compute  the  optimal  estimate  gains  Fi  and  F2,  where 

Fi  =  ;  Fj  =  D2W2(W2  +  V2)-'  (23) 

0  =  XA^  +  AX-j^^V5f^MX  +  F2V2F|’ 

+(D2  -  F2)W2(D2  -  F2)^  +  DiWjDf  (24) 

3.  Compute  the  state  feedback  LQG  gain  with  fixed  Q(j) 

G(i)  =  -R-iB^K(i) .  (25) 

where 

0  =  K07)A  +  A^K(j)  -  KC;)BR-iB^K(i)  +  C^Q(i)C  .  (26) 

4.  Compute 

m 

^rrU)  =  E  IIQ‘(?)(C<  (x  +  Xo(i))  cj  -  Yilll  (27) 

i=l 

where  Xc(i)  satisfies 

0  =  X^j{A  +  BGj)’’  +  (A  +  BGj)Xcj  +  Fi  ViFf  +  F2(W2  +  V2)F^  (28) 

5.  If  €rr{j)  <  C,  stop.  ElsC,  let 


Qi(i  +  l)=y3Qi(i)  +  (l-j3)EA+E^,  (29) 

where 

QiU)  +  a  [CilX  +  Xi,]Cr  -  Yi]  =  EA+E^  +  EA_E^,  (30) 

and  A-|.  (A-)  oxitains  zeros  and  all  positive  (negative)  eigenvalues  of  the  left  hand  side,  and  E 
is  the  unitary  matrix  of  eigenvect<m.  Go  to  Step  3. 

Remark  1 

The  controller  can  be  designed  to  ccmstrain  the  output  Loo  norms,  using  the  fact  in  Zhu  et  al,  (1989) 
that 

l|y<ll«  <  S'lYilllwcLil?  .  (31) 

where  a{  )  is  the  maximum  singular  value  of  (•],  and  ||  •  ||^  and  ||  *  ||^  are  defined  by 

lly<ll»=s«pyi’(<)y<(*):  l|wcr,||2=  /  w5i(t)W-Vcz,(t)df,W>0  (32) 

t>o  Jq 

and  W  is  defined  in  (9).  By  designing  the  OCCD  controller  so  that  Y*  <  ail<,  <xie  can  guarantee 
l|yt||2o  ^  in  the  presence  of  any  disturbance  with  the  property  l|WcL||2  < 
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3  Discrete  Time  OCC  Problem  With  Disturbcmce  Feedback 


Consider  the  following  discrete  time  system 

x(/:  +  l)  =  Ax(*:)  +  Bu(*:)  +  DiWi(A;)  +  D2W2(jfc) 
y(*:)  =  Cx(A:) 

Zi{k)  =  Mx(k)  +  vi  (k) 

Z2(*)  =  W2(fc)+V2(i)  (33) 

where  wi,  W2y  vi,  and  t;2  are  independent  zero  mean  white  noises  with  covariances  W\, 

Vj,  and  V2.  Let  the  closed  loop  system  with  the  state  feedback  controller 


u(*)  =  GiX(*)+G2Z2(*) 


and  the  full  order  dynamic  controller 


in  the  following  form 


where 


Xc(A:+l)  =  AcXc(A;)  +  PiZi(/:)  +  P2Z2(^) 
xi{k)  =  GiXc(fc)  +  G2Z2(ib) 


Xciik)  =  Acz,xcx.(i)  +  Dclwcl(^) 
yCL  (^)  =  OcL^L  (k)  +  HcL  WCL  (^) 


Wi 
W2 
Vl 

L  ^2  J 


and  for  the  state  feedback 


and  full  order  dynamic  feedback 


XCL  =  X 


XCL  = 

Now  we  can  define  the  OCC  problem  with  Disturbance  feedback  (OCCD). 


X-Xc  . 
Xc 


(34) 


(35) 


(36) 


(37) 


(38) 


(39) 


3.1.  The  discrete  OCCD  problem. 

Find  a  state  feedback  controller  (34)  and  full  order  dynamic  feedback  controller  (35)  to 
minimize  the  following  OCCD  cost 

Jbccc  =  £ooU^(fc)Ru(A:),  R  >  0  (40) 

subject  to 

X  =  AclXAcJ  +  Dcl  Wcz-  DcJ  ;  Wet  =  block  diag  [Wi,  W2,  Vj,  V2]  (41) 

and 

Soo  Viik)  Yi^ik)  =  Ci  Xct  Ci^  <  =  Yi ,  t  =  1,  2,  .  •  • ,  m  (42) 
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where  R  and  Yi  (*  =  1,  2,  •••,  tn)  are  given,  y  =  [yi^,  ya’’, ••  • , yn^] !  Yi  =  Qxct  € 
(^c»[  ]  =  pinifc^oo^  [*]])  and  5  is  an  expectation  operator. 


The  physical  meaning  of  the  discrete  time  OCCD  problem  is  similar  to  the  continuous  time  case: 
Minimizing  the  control  effort  subject  to  output  performance  requirements  on  each  output  group.  The 
following  Lemma  provides  the  connection  between  stochastic  and  deterministic  OCCD  problem  for 
discrete  systems. 


Lemma  3  For  the  discrete  time  closed  loop  system  (36),  suppose  that  the  closed  loop  system  ^  asymp¬ 
totically  stable.  Let  the  input  £2  norm 


I|Wcl()I|2 


i 


'^CX,(*)WciwcL(*)  : 


and  the  output  £00  norm 


11  yCL(’)lloo 


supy^i(A:)ycL(*) 

U>o 


(43) 


(44) 


Define  the  input  I2  disturbance  set 


=  {wcL  :  k  -  II  wet  (•)  II2  <  1 }  . 


(45) 


then 


a(Yl  =  sup  ||Yct()||oo 


(46) 


where 


Y  =  CclXC5x,  and  X  satisfies 


X  =  Aci^XAci^  + 


Using  the  equation  (46),  the  stochastic  OCCD  problem  can  be  interpretted  into  the  following  assuming 
that  R  =  diag  [rir2  •  •  •  r^u  ]  >  0  and  Yi  =  >  0  (t  =  2,  -  • ,  m). 


3.2.  The  deterministic  interpretation  of  the  OCCD  problem. 

Find  a  state  feedbadc  controller  (34)  ex*  fiill  c^der  dynamic  controller  (35)  to  minimize  the  deter¬ 
ministic  OCCD  cost 

JoCCD  =  II  “*  ll“>^ 

i_l  WCL  €  Ow 

subject  to 

lly<()ll^  <  eli  =  l,2,-m.  (48) 

Hence,  the  OCCD  controller  minimizes  a  w<x^  case  weighted  control  bound  subject  to  the  worst  case 
foo  output  constraints.  Over  the  given  £2  disturbance  set 
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3.3.  State  feedback  case. 

For  the  state  feedback  controller  (34)  the  closed  loop  system  matrices  are  defined  as  follows: 

“  A4-BG,  Dcl  =  Pi>D2  +BG2,  0,  BG2]  , 

Cy  =  C;  =  G;  Uy  =  0;  H,*  =  [0,  BG2,  0,  BGj]  (49) 

The  following  theorem  provides  the  sufiicient  c<Miditi<»is  for  the  pair  (Gi,  G2)  to  be  an  optimal  OCCD 
state  feedback  controller. 


Theorem  2  Suppose  that  the  given  system  is  stabiUzable,  the  OCCD  problem  is  regular,  and  there  ex¬ 
ists  one  optimal  controller  as  the  defined  OCCD  problem.  Then  the  following  statements  are  equivalent: 


(i)  the  pair  (Gi,  G2)  is  an  optimal  OCCD  controller. 

(ii)  there  exists  some  matrix  Q  =  block  diag  (Qi ,  Q2,  •  ♦  •  Qm)  ^  0  such  that 


GiX  =  -(R  +  B^KB)-‘B^KAX;  (50) 

Ga  =  -(R  +  B’'KB)-^B’’KD2W2  (W2+V2)-\  (51) 

where  K  and  X  satisfy 

K  =  A’'KA-A^KB(R  +  B^KB)-^B’’KA  +  C’’QC7;  (52) 

X  =  (A  +  BGi)X(A  +  BGi)’’  +  (D2  +  BG2)W2(D2  +  BG2)^ 

+D1W1D?’  +  BGaVl'B^  (53) 


and  the  optimal  cost  is 

JoccD  =  trace  K(DiWiDf  + Da  WaDi*) 

-  troceB’’KD2W2(W2  +  V2)-‘W2DjKB(R+B^KB)-‘. 


Proof  of  Theorem  2 

The  proof  can  be  mainly  divided  into  two  independent  parts:  1)  assuming  that  Q  >  0  is  given,  show 
that  the  solution  of  the  foUowing  <^imization  problem 

minimttm 

^  Gi,  G2  Jlqgd  =  foo  (u^(t)Ru(t)  +  y^(t)Qy(t)) 
subject  to  system  ( 1 )  and  controller  (2) 


satisfies  (50  to  53),  that  is,  the  pair  (Gi,  G2)  is  an  optimal  LQGD  controller  is  and  only  is  (Gx,  G2) 
satisfies  equaticms  (50  to  53),  and  2)  show  that  is  the  pair  (Gi,  G2)  is  an  optimal  OCCD  controller, 
there  exists  a  matrix  Q  >  0  with  block  diagonal  structure  so  that  (Gx,  G2)  is  an  optimal  LQGD 
controller  with  the  following  cost  function 

Jlqgd  =  4o(u^(*)B-'iW+y’'(<)Qy(0)-  (54) 

The  sufiicient  proof  of  the  second  part  is  avaUable  in  [Zhu  et  oL  1993]  and  necessary  proof  is  simply 
here.  We  only  provide  the  proof  of  the  first  part. 
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To  prove  the  first  part,  consider  the  following  weighted  EVobenius  norms  with  expection 
operatOT  Ego. 

Nx  =  5„||[Gi  +  (R  +  B^KB)-VKA]x(t)|iV+BrKB)  (55) 

and 

N2  =  'eco||[G2  +  (R  +  B^KB)"VKD2W2(W2  +  V2)-‘]x(t)||%^BrKB)  (56) 

where  K  is  the  positive  semidefimte  solution  of  equation  (52)  whose  positive  semideiinite  solution  exists 
under  the  stabUizability  assumpticHi  in  Theorem  2. 

Note  that 

Ni  =  troceB^KD2W2(W2  +  V2)"^W2D2^KB(R  +  B^KB)"‘ 

+  trace  (R  +  B^KB)  G2(W2  +  V2)  G^  +  2 trace B’'KD2 W2G2  (57) 

and 

N2  =  iroceB^KAXA'*’KB(R+B’’KB)-* 

+  trace GiXGi(R  +  B^KB)  +  2  trace B^KX  x  Gi’’,  (58) 

where  X  satisfying  (53)  is  the  closed  loop  state  covariance  matrix.  The  LQGD  cost  (54) 
can  be  rewritten  into  the  foUowing  format: 

Jlqgd  =  trace  RGiXGj^  +  trace  RG2(W2  +  V2)G^  +  trace  QCXC’’.  (59) 

Using  equations  (57  to  58),  we  can  obtain  that 

Jlqgd  =  Ari+JV2- trace  B’’KBG2(W2+V2)G2^- 2  trace  B^KD2W2G2 
-  trace  B^KD2W2(W2  +  V2)~^W2D2’’KB(R  +  B^KB)"‘ 

-trace  GiXGi’’B^KB+  trace X[C^QC  -  A^KB(R  +  B^KB)"‘b^Ka] 

-2  trace  B^KAXGi’’.  (60) 

Substituting  the  Riccati  equation  into  (60)  yields 

Jlqgd  =  iVi+Nb- trace  B^KBG2(W2  +  V2)GJ- 2  trace  B^KD2W2G2 

-  trace  B^KD2W2(W2  +  V2)“^W2D^KB(R  +  B’’KB)”^ 

-  trace  GiXGjB^KB  +  trace  X  [k  -  AKA^] 

-  2  trace  B^’KAXGi’’  (61) 

or  equivalently 

Jlqgd  =  Afi  +  Af2  -  trace  KD2 W2D^  -  trace B’’KD2 W2(W2  +  V2)"^ 

W2Di’KB(R  +  B^KB)"^  +  trace  K  [X  -  (A  +  BGi)X(A  +  BGif] 

-  BGaViGjB'^  -  (D2  +  BG2)W2(D2  +  BG).  (62) 

Using  the  Lyapunov  equation  (54),  equation  (55)  becomes 

Jlqgd  =  N1  +  N2+  trace  Ji-fDiWiDf  +  D2W2DI] 

-  trace  B’’KD2W2(W2  +  V2)"‘  W2Di’KB(R  +  B^KB)"^  (63) 
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Hence,  the  minimum  can  be  obtained  by  setting 


Ni  =  0  and  A/j  =  0, 

that  is 

trace  [Gi  +  (R  +  B^KB)"‘b’’KA]  x[Gi  +  (R  +  B^KB)"‘b^Ka]’^  =  0  - 

(64) 

and 

trace  [Gj  +  (R  +  B^KB)"^B’’KD2W2(W2  +  Va)"^]  (W2  +  V2)  • 

G2  +  (R  +  B^KB)"^B^KD2W2(W2  +  V2)‘^]  =  0, 

(65) 

or  equivalently, 

[Gi  +  (R  +  B^KB)“^B’’KA]x  =  0 

(66) 

and 

G2  +  (R  +  B^KB)"‘b^KD2W2(W2  +  V2)"^  =  0  ' 

(67) 

whidi  completes  the  theorem. 

□ 

4  Conclusions 

Earthquake  accelerations  can  be  measured  by  accelerometers  embedded  in  the  foundation.  Using 
these  sensors  in  a  feedbadc  scheme  can  improve  the  dynamic  response  considerably.  An  algorithm 
given  to  guarantee  that  the  peak  response  is  bounded  below  a  specified  number  in  the  presence 
unknown  earthquake  accelerations  with  known  energy  bounds. 


309 


S»  BS* 


G.  G.  ZHU  AND  R.  E.  SKELTON 


References 


1.  Abdel- Rohman,  M.  and  H.H.  Leipholz.  “Active  Control  of  Tall  Building,’’  ASME  J.  Struct 
Engr.,  1983,  107(7). 

2.  Chang,  C.  Hybrid  Control  of  Civil  Structures,  Ph.D.  Dissertation,  Purdue  Univeraty,  May,  1993. 

3.  Johnson,  C.D.  and  R,E.  Skelt<m.  “Optimal  Desaturation  of  Momentum  Exchange  C<Hitrol  Sys¬ 
tems,”  AIAA  Journal,  1971,  9(1). 

4.  Kobori,  T.,  N.  Koshika,  K.  Yamada  and  Y.  Ikeda.  “Seismic-response-controlled  Structure  with 
Active  Mass  Driver  System,  Part  1.  Design,”  Earthquake  Engineering  and  Structural  Dynamics, 
1991,  22:133-149. 

5.  Kwakemaak,  H.  and  R.  Sivan.  Linear  Optimal  Control  Systems,  1972,  Wiley,  New  York. 

6.  Meirovitch,  L.  and  L.M.  Silverberg.  “Control  of  Structure  Subjected  to  Seimic  Excitation,” 
ASME  J,  Engrg.  Mech.,  1983,  109(2). 

7.  Sakamota,  M.,  K.  Sasaki,  and  T.  Kcboci.  “Active  Structural  Response  Control  System,”  Mechor 
tronics,  1992,  2(5):503-519. 

8.  Soong,  T.T.  Active  Structural  Control:  Theory  and  Practice,  1990,  Longman,  London,  U.K.,  and 
Wiley,  New  York. 

9.  Wilson,  D.A.  “Convolution  and  Hankel  Operat(»r  Nc^ms  for  Linear  Systems,”  IEEE  Trans,  Aur 
tomat  Contr,,  1989,  34(1). 

10.  Yang,  J.N.,  A.  Akbarpour,  and  P.  Ghaemmaghami.  “New  Optimal  Control  Algorithm  for  Struc¬ 
tural  Control,”  ASME  J.  Engrg.  Mech.„  1987,  113. 

11.  Yang,  J.N.,  A.  Danielians,  and  S.C.  Liu.  Aseimic  Hybrid  Contrd  System  for  Building  Structure 
Under  Strong  Earthquake,”  J.  of  Intell.  Mater.  Syst.  and  Structure,  1990,  1. 

12.  Zhu,  G.,  M.  Corless,  and  R.  Skelton.  “Robustness  Pro|>erties  of  Covariance  Controllers,”  In. 
Proceedings  of  Allerton  Conf,  1989,  Mcmticello,  IL. 

13.  Zhu,  G.,  M.  Rotea,  and  R.  Skelton.  “A  Convergent  Feasible  Algorithm  for  the  Output  Covariance 
Constraint  Problem,”  In  1993  American  Control  Conference,  1993,  San  Francisco,  CalifcHrnia. 

14.  Zhu,  G.  and  R.E.  Skelton.  “Mixed  and  Loo  Problems  by  Weight  Selection  in  Quadratic 
Optimal  Control,”  Int.  J.  Control,  1991,  53(5). 

15.  Zhu,  G.  and  R.  Skelton.  “Output  Covariance  Constraint  Problem  with  Disturbance  Feedbadc,” 
Proceedings,  1st  World  Conference  on  Structural  Control,  Pasadena  CA,  August  1994,  pp.  FP4- 
32-41. 

16.  Tonnasula,  D.,  B.  Spencer,  and  M.  Sain,  “Limiting  Extreme  Structural  Responses  Using  an  Effi¬ 
cient  Ncxilinear  Control  Law,”  Proceedings  1st  World  Conference  on  Structural  Control,  Pasadena 
CA,  August  1994,  pp.  FP4-22-31. 


310 


METHODS  TO  COMPUTE  PROBABILISTIC  STABILITY  MEASURES 

FOR  CONTROLLED  SYSTEMS 


R.  V.  Field,  Jr.,  P.  G.  Voulgaris,  and  L.  A.  Bergman 
University  of  Illinois 
Urbana,  IL  61801 


Abstract 

Model  uncertainty,  if  ignored,  can  seriously  degrade  the  performance  of  an  otherwise  well-designed 
control  system.  If  the  level  of  this  uncertainty  is  extreme,  the  system  may  even  be  driven  to  instability.  In  the 
context  of  structural  control,  performance  degradation  and  instability  imply  excessive  vibration  or  even  struc¬ 
tural  failure.  Robust  control  has  typically  been  applied  to  the  issue  of  model  uncertainty  through  worst-case 
analyses.  These  traditional  methods  include  the  use  of  the  structured  singular  value,  as  applied  to  the  small  gain 
condition,  to  provide  estimates  of  controller  robustness.  However,  this  emphasis  on  the  worst-case  scenario  has 
not  allowed  a  probabilistic  understanding  of  robust  control.  Because  of  this,  an  attempt  to  view  controller 
robustness  as  a  probability  measure  is  presented.  As  a  result,  a  much  more  intuitive  insight  into  controller 
robustness  can  be  obtained.  In  this  context,  the  joint  probability  distribution  is  of  dimension  equal  to  the  number 
of  uncertain  parameters,  and  the  failure  hypersurface  is  defined  by  the  onset  of  instability  of  the  closed-loop 
system  in  the  eigenspace.  A  computed  measure  of  system  reliability  is  then  used  to  estimate  controller  robust¬ 
ness.  It  is  demonstrated  via  an  example  that  this  method  can  provide  accurate  results  on  the  probability  of 
failure.  Moreover,  a  comparison  of  this  method  to  a  suitably  modified  structured  singular  value  robustness  anal¬ 
ysis  in  a  probabilistic  framework  is  performed.  It  is  shown  that  the  method  is  superior  despite  the  qualitative 
accuracy  of  the  structured  singular  value  analysis. 

1.  Introduction 

The  distribution  of  eigenvalues  in  uncertain  dynamical  systems  and  its  relationship  to  the  robustness  of 
structural  systems  have  been  topics  of  some  interest  in  recent  years,  as  discussed,  for  example,  by  Field  et  at. 
(Ref.  4),  Spencer  et  al  (Refs.  9-11),  and  Stengel  and  Ray  (Refs,  7,12).  Stengel  and  Ray  (Ref.  12)  were  among 
the  first  to  use  large-scale  Monte  Carlo  simulation  to  estimate  the  robustness  of  uncertain  controlled  structural 
systems.  Using  this  approach,  one  constructs  a  distribution  of  root  loci  simulating  the  stochastic  behavior  of  the 
closed-loop  pole  locations.  Because  this  is  a  graphical  method,  one  gains  an  intuitive  understanding  of  system 
robustness.  The  results  reported  were  quite  promising,  but  the  large  number  of  realizations  required  to  attain  a 
high  degree  of  accuracy  in  the  distribution  of  the  tails  of  the  closed-loop  poles  may  render  this  approach  compu¬ 
tationally  unattractive. 

In  a  recent  series  of  papers,  however,  Spencer  et  al  (Refs.  9-11),  and  coworkers  have  introduced  a 
“systematic  approach  for  determining  the  probability  that  instability  will  result  from  the  uncertainties  inherently 
present  in  a  controlled  structure”.  This  probability  measure  is  a  direct  indication  of  the  robustness  of  the  closed- 
loop  system.  In  addition,  as  opposed  to  the  more  “brute-force”  Monte  Carlo  simulation  approach,  this  method 
provides  a  means  of  evaluating  the  reliability  of  the  system  directly. 

As  described  in  Spencer  (Ref.  11),  this  investigation  into  the  probability  of  failure  of  controlled  struc¬ 
tures  has  led  to  a  method  for  characterizing  the  stability  of  a  system  based  upon  an  eigenvalue  criterion,  namely 
the  probability  that  the  real  part  of  every  eigenvalue  will  be  contained  strictly  in  the  left-half  plane.  First  and 
second  order  reliability  methods  (FORM/SORM),  shown  to  be  accurate  for  series-type  system  reliability  prob¬ 
lems  by  Madsen  (Ref.  6),  were  used  for  estimating  the  probability  of  system  instability.  A  series  of  numerical 
examples  were  constructed  in  which  the  stability  of  a  controlled  single  degree-of-freedom  system  with  four 
uncertain  parameters  was  analyzed. 

Traditional  methods  used  to  assess  controller  robustness,  involving  the  use  of  the  singular  value  of  some 
mapping  as  applied  to  a  small  gain  condition,  are  often  conservative  in  nature.  Therefore,  the  focus  of  this  work 
involves  comparing  robustness  estimates  using  the  FORM  methodology  with  those  estimates  obtained  using 
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more  traditional  techniques.  In  particular,  a  method  is  introduced  herein  to  reformulate  the  robustness  measure 
gained  from  the  structured  singular  value  analysis  (e.g..  Ref.  3)  into  a  probabilistic  framework.  Upon  applying 
these  techniques,  one  then  has  two  different  methods  to  intuitively  assess  the  robustness  of-the  system. 

One  realistic  application  of  these  methods  involves  the  control  of  a  single-story  building  constrained  to 
a  single  degree-of-freedom,  subject  to  seismic  excitation.  In  order  to  provide  more  realism,  the  example 
includes  the  effects  of  controller  time  delay,  a  significant  contributor  to  system  instabilify.  Utilizing  both 
methods  of  assessing  controller  robustness,  an  attempt  is  made  to  individually  characterize  the  robustness  qual¬ 
ities  of  several  control  law  designs.  Modem  controller  designs  based  on  procedures  such  as  LQR,  optimal  H2 , 
and  optimal  are  considered  to  facilitate  comparisons  with  other  results  in  the  literature.  Furthermore,  upon 
comparison  to  simulation  results,  one  can  conclude  which  assessment  method  is  more  effective  for  this  partic¬ 
ular  class  of  problems. 

2.  Problem  Definition 

Consider  the  equation  of  motion  for  an  n  -dimensional  stmcture  subject  to  controller  time  delay  and 
including  a  multiplicative  model  of  the  uncertainty  in  the  structure  and  delay, 

+  ^m)  (I  +  4)  4(t)  +  (I  +  A^)  q(t)  =  B^u(t  -  x  ( 1  +  6^) ) .  (1) 

Here,  ,  and  A^,  represent  the  uncertainty  in  the  mass,  damping,  and  stiffness  matrices,  respectively,  and 

5^  represents  the  scalar  uncertainty  in  the  time  delay  of  the  control  input.  Note  that,  in  general,  the  A-  ’s  are 
completely  populated  and  each  element  can  be  modeled  as  an  independent  random  variable,  with  mean  m  ■  and 
standard  deviation  a- . 

When  applying  active  control  strategies  to  the  structure  described  above,  the  robustness  of  individual 
control  designs  can  be  assessed  by  considering  the  various  pole  locations  of  the  closed-loop  system.  This  is 
illustrated  in  Fig.  1. 

«(t  -  X  ( 1 


Fig.  I  Closed-loop  system  including  uncertainty. 

Herein,  the  robustness  of  several  control  designs  will  be  assessed  using  two  different  methods,  each  to  be 
described  in  the  following  sections. 

3.  The  FORM  Method 

A  method  to  assess  the  robustness  of  the  closed-loop  system  using  first-order  reliability  methods 
(FORM)  is  introduced.  The  dynamics  of  the  closed-loop  system  shown  in  Fig.  1  can  be  represented  by 

^CL  ~  (2) 

where  A  is  used  to  represent  the  uncertainty  of  the  entire  closed-loop  system.  A  stability  analysis  can  be 
completed  by  examining  the  eigenvalues  of 

det[s\-A(,j(^A)\  =0.  (3) 


Stability  requires  that  the  real  part  of  every  eigenvalue  be  contained  in  the  open  left-half  plane  (OLHP)  or,  alter¬ 
natively,  that  no  one  eigenvalue  have  real  part  contained  in  the  closed  right-half  plane  (CRHP).  This  notion  of 
stability  can  be  posed  in  terms  of  the  probability  of  instability  or  probability  of  failure,  ,  as  (Refs.  6,9,10) 


P^  =P  UR«[A,(A)]  >0  , 


where  Xj  is  the  j  th  eigenvalue  of  Eq.  (3)  and  N  denotes  the  order  of  the  closed-loop  system.  Since  this  expres¬ 
sion  cannot,  in  general,  be  evaluated  directly  (Ref.  1 1),  an  alternative  approach  is  to  recognize  that  Eq.  (4)  is,  in 
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fact,  the  failure  condition  for  a  series-type  system.  The  problem  can  thus  be  approximated  by  a  series  of 
“components”  with  limit  state  functions  defined  as 

gj(A)  =  -Re  [x/A)]  ,  j  =  1,2,...,  N.  (5) 

If  any  one  of  the  components  fails  (Le.,  gj(A)  <  0 ),  then  the  entire  system  is  considered  failed.  The  notion  of 
system  failure  is  illustrated  graphically  in  Fig.  2  for  a  three  mode  system  with  two  random  parameters.  As  illus¬ 
trated,  the  system  failure  region  is  the  union  of  all  modal  failure  regions,  and  the  number  of  random  quantities 
defines  the  dimension  of  the  parameter  space. 


Fig.  2  Stability  region  ofthree-mode  system  with  two  uncertain  parameters. 

The  problem  can  be  reformulated  in  a  normalized  probability  space,  assuming  p  degrees-of-random- 
ness,  through  the  transformation  given  by  Spencer  (Ref.  11) 

z.  =  T(8.),f  =  1,2,...,/7,  (6) 

where  T  is  a  nonlinear  operator  defined  as 

(7) 

This  transformation  is  always  possible  for  continuous  random  variables  with  invertible  distribution  functions. 
Here,  6.  represents  the  variate  in  the  original  parameter  space,  fP,  and  is  the  variate  in  the  normalized  proba¬ 
bility  space,  normally  distributed  with  zero  mean  and  unit  variance.  Assuming  that  the  variates  are  mutually 
independent,  this  transformation  can  be  performed  on  each  independently  using 

z,  =  T(8,)  =  0‘'[F^.(8,)]  ,  (8) 


where  O(-)  represents  the  standard  unit  normal  distribution  function  and  F^.(“)  is  the  marginal  cumulative 
distribution  function  of  the  i  th  random  variable.  Likewise, 


GfZ)  =  gf[-\A)),j  =  1, 2,  ...,N,  (9) 

represents  the  set  of  identical  limit  state  functions,  where  Z  depicts  the  normalized  random  uncertainties, 
mapped  to 

Conceptually,  the  reliability  index,  P ,  is  the  minimum  Euclidean  distance  from  the  origin  to  the  design 
point,  z*  ,  in  0\C,  provided  that  the  design  point  defines  a  limit  state  surface.  This  can  be  stated  mathematically 
as  the  solution  to  the  constrained  optimization  problem  (Ref.  11), 


^FORM  _  P  _  |2|  j  =  1^2,  N . 

G/Z)  =  0 

This  leads  directly  to  a  first-order  approximation  to  the  probability  of  instability,  or  failure,  given  by 

FORM  ,,  nFORM^ 


runm  »  . 

Pf=Pf  = ‘IK#  ), 


(10) 


(11) 
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where  the  location  of  the  failure  surfaces  in  N  determines  the  sign  of  ,  Note  that  the  solution  to  Eq.  (10) 

is  the  global  minimum  contained  in  For  an  -dimensional  problem,  there  will,  in  theory,  be  N  reliability 
indices. 

When  applying  Eq.  (1 1)  to  determine  ,  it  is  imperative  to  consider  the  shape  of  these  limit  state  func¬ 
tions  in  9^.  Highly  dependent  failure  boundaries  tend  to  overlap  or  nest,  causing  the  failure  probabilities  of 
higher-order  modes  to  tend  to  be  subsets  of  the  lower-order  modes.  In  addition,  and  quife  frequently  when 
considering  structural  problems,  one  mode  can  dominate  the  contributions  of  the  others  (/.e., 
Pi«  P2  <  •••  Pa^)-  In  these  situations,  Eq.  (11),  with  Pj  =  P,  provides  an  adequate  approximation  to 

(Ref.  6).  Two  scenarios  of  this  type  are  depicted  in  Fig.  3. 


Fig.  3  Illustrations  of  the  FORM  approximation  for  multiple-mode  systems. 


However,  when  confronted  with  a  multiple-mode  system  that  does  not  behave  as  illustrated  in  the  figure, 
Eq.  (11)  may  not  provide  an  adequate  estimate  of  Py .  Other  FORM  and  SORM  methods  are  available  to 
combine  reliability  information  for  several  modes  in  a  system  reliability  analysis.  For  example,  reliability  index 
results  and  design-point  coordinates  can  be  used  to  estimate  correlation  between  modes,  bimodal  intersection 
probabilities,  and  the  probability  of  the  union  of  failure  events,  Le.,  system  failure  (Ref.  6).  As  previously  stated, 
the  procedure  used  herein  selects  only  the  minimum  of  single-mode  reliability  indices.  Therefore,  by  neglecting 
the  contributions  from  other  failure  modes,  it  may  sometimes  overestimate  the  system  reliability. 

4.  The  (i -Analysis  Method 

An  alternative  route  in  assigning  a  probabilistic  measure  of  robustness  utilizes  some  of  the  tools  of  deter¬ 
ministic  robust  control.  In  particular,  analysis  based  on  the  notion  of  the  structured  singular  value,  herein  termed 
p, -analysis,  can  be  utilized  in  a  probabilistic  manner  to  provide  estimates  to  the  probability  of  failure. 

To  perform  a  |i  -analysis,  the  closed  loop  dynamics  are  represented  so  that  the  uncertainty  block,  A ,  that 
contains  all  of  the  uncertainties  present,  is  extracted  as  shown  in  Fig.  4  (Refs.  1 ,3). 


Fig.  4  Augmented  structure  used  in  structured  singular  value  (\i)  analysis. 

The  A  block  is  in  feedback  with  the  (stable)  nominal  closed  loop  system  H ,  where  the  latter  is  produced  by  the 
interconnection  of  the  nominal  plant,  P(5) ,  and  the  controller,  K(5) .  The  nominal  plant,  however,  can  be  repre¬ 
sented  in  an  augmented  form,  notated  as  P^„„(^)  and  given  by 

X  =  Aa:  +  BjW^  +  B2«  (12) 
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Zj.  —  CjX  +  + 0^2*^  (13) 

y  =  C2X  +  D2iW^  +  D22W,  (14) 

where  the  matrices  A ,  B2 ,  C2 ,  and  D22  are  the  state-space  description  of  the  original  plant,  F(s) ,  and  x  and 
u  are  the  state  and  input  vectors,  respectively.  The  vectors  and  Zj. ,  connect  the  nominal  closed-loop  system, 
H,  with  the  uncertainty  block,  A.  The  remaining  matrices  Bj ,  Cj ,  Djj ,  Dj2,  and  are  required  to 
augment  the  original  plant  to  be  compatible  with  these  additional  inputs  and  outputs. 

Robust  stability  of  the  closed-loop  system  depends  on  the  size  of  H(/(o) ,  For  the  structural  system  given 
by  Eq.  (1),  the  uncertainty  block  can  be  represented  as 


0  0  0 
0  0  0 

0  0  0 

0  0  0  A^ 


(15) 


where  A^  in  Eq.  (15)  is  a  (stable)  error  due  to  the  uncertainty  in  the  time  delay.  For  the  framework  presented 
herein,  this  delay  uncertainty  can  be  extracted  as 


(16) 


The  structured  singular  value  of  a  complex  matrix  M ,  associated  with  the  structure  of  A ,  is  defined  as 

(Ref.  3) 


ii[M] 


0 

1 

m/{d[Q]:  ^fir(I-QM)  =  0} 
Q 


if  inf {alQ]:  detil-QM)^0}  =  0 
else 


(17) 


where  Q  is  any  complex  matrix  with  structure  identical  to  that  of  A  (f.e.,  block  diagonal  of  the  same  dimen¬ 
sions),  and  ^  [Q]  is  the  maximum  singular  value  of  Q .  Assuming  that  the  nominal  closed-loop  system,  H ,  is 
stable,  a  condition  for  robust  stability  can  be  given  as 


sup  {p.  [HO®)]  a  [AO©)]  }  <  1 ,  (18) 

CO 

where  \i  is  the  structured  singular  value  of  HO©)  • 

This  structured  singular  value  analysis  can  be  reformulated  in  a  probabilistic  framework.  A  probability 
estimate  of  the  stability  of  the  closed-loop  system  is  simply  the  probability  that  Eq.  (18)  is  satisfied.  Hence,  the 
probability  of  instability,  or  failure,  in  this  |Lt  -analysis  framework,  can  be  given  as 


p't  =  I  -  P  (  sup  {[I  [HO®)]  CF  [AOm)] }  <  1)  .  (19) 

J  CO 

This  method  may  provide  conservative  estimates  of  controller  robustness  for  several  reasons  (Ref.  1).  If 
Eq.  (18)  is  satisfied,  the  closed-loop  system  is  stable  for  all  admissible  uncertainty.  Violation  of  Eq.  (18), 
however,  does  not  imply  that  the  system  is  unstable  since  it  is  only  a  sufficient  condition  for  stability.  It  can  be 
shown  that  violation  of  Eq.  (18)  does  imply  that  there  exists  a  perturbation  system,  A(s) ,  possibly  dynamic,  with 
size  ||A||^  at  most  equal  to  (\i  [HC/©*)] )  ,  where  ©*  is  that  frequency  where  violation  of  Eq.  (18)  occurs. 

Nonetheless,  it  is  not  specified  how  probable  this  destabilizing  A(5)  may  be  in  the  operating  space  of  the  system, 
leading  to  a  “worst-case”  assessment  of  the  robustness  of  the  closed-loop  system.  In  addition,  such  an  uncer¬ 
tainty  may  be  totally  dynamic,  which  is  inunediately  excluded  here  since  mixed  (f.e.,  real  parametric  and 
dynamic)  uncertainty  is  considered.  Finally,  the  computation  of  |Li,  as  shown  in  Eq.  (17),  can  be  done,  in 
general,  only  approximately  by  computing  an  upper  bound  (Refs.  1,3), 

^[M]  <  in^alDMD'*]  ,  (20) 
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where  D  is  any  stable,  invertible  matrix  that  commutes  with  the  uncertainty  block,  A .  Hence,  the  presence  of 
these  concepts  will  contribute  to  the  conservativeness  of  the  p  -analysis  method. 

5.  Control  Design 

The  robustness  of  several  different  optimal  control  strategies  for  the  nominal  system  is  to  be  assessed. 
This  section  provides  a  brief  overview  of  the  various  controller  designs  used.  The  first  two  designs  assume  that 
state  feedback  is  available  for  measurement  and  they  result  in  a  constant  gain  control  law.-  ^  second  set  of 
designs  operates  on  the  more  realistic  assumption  that  only  output  feedback  is  available,  and  noise  signals  are 
present  in  the  loop. 

To  begin,  consider  the  nominal  closed-loop  system  shown  in  Fig.  5. 


Fig.  5  Block  diagram  of  closed-loop  system  to  be  controlled. 


Here,  d{t)  is  an  exogenous  disturbance  (e.g.,  a  seismic  excitation),  n{t)  models  any  sensor  noise,  y{i)  is  the 
measured  output  vector,  and  u{t  -  x)  is  the  input,  subject  to  controller  time  delay.  In  addition,  let  the  input 
vector,  w{t) ,  and  the  regulated  output  vector,  z{t) ,  be  given  by 


w{t)  = 


dit) 

ji(0 


and  z{t)  - 


r'«(0  J 


(21) 


where  Q  and  R  are  positive  semidefinite  and  positive  definite  matrices  that  weight  the  state  of  the  structure  and 
control  input,  respectively.  The  W^(5)  and  W^(.y)  blocks  in  Fig.  5  represent  weighting  filters  that  can  be  used  to 
model  the  generation  of  the  disturbance  and  noise.  In  general,  they  can  be  dynamic  filters,  but  for  all  the  cases 
considered  herein,  they  are  assumed  static  and  fixed. 

To  apply  state  feedback  techniques,  assume  that  state  information  is  directly  available,  y(f)  -  x(t)  (and 

hence  n(t)  =  0 ).  With  the  additional  assumptions  that  x  =  0  and  d(t)  is  unit  intensity  white  noise,  the  Linear- 

Quadratic  (LQ)  design  goal  is  to  minimize  the  expectation  of  a  specific  quadratic  cost  function 

1 
2 

(22) 


This  cost  function  can  be  shown  to  be  equivalent  to  the  H2  norm  of  the  transfer  function  from  d(t)  to  z(f) ,  i.e., 

1 
2 

=  Il^-^z|l2.  (23) 

The  optimal  controller  for  this  problem  is  the  Linear  Quadratic  Regulator;  i.e,^  a  state  feedback  gain  matrix,  K , 
that  is  obtained  from  a  solution  of  a  standard  algebraic  Riccati  equation.  Note  that  this  controller  is  the  same  one 
that  is  obtained  for  the  more  usual  (deterministic)  system,  where  d(t)  =  0  and  the  objective  is  to  minimize 

^  =  I  [x^(x)Qji:(t:)  +  «^(x)Rb(x)]  dx ,  (24) 

•^0 


lim  E 


ip 


—  I  z  (x)z(x) Jx 


lim  E 


(x)z(x)<fx 
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for  some  initial  defined  state,  i.e.,  x(0)  =  .  Herein,  this  design  is  referred  to  as  the  nominal  LQR  control. 

In  the  presence  of  time  delay,  a  simple  modification  of  the  optimal  LQR  gains  can  be  introduced  to 
account  for  any  phase  additions  introduced  by  the  delay  (Refs.  8,1 1).  The  corresponding  solution  is  simply  a 
revised  gain  set  attempting  to  correct  for  phase  additions  due  to  controller  delay  and  is  herein  termed  the  phase- 
corrected  LQR  control  (LQRPC). 

Usually  in  structural  systems,  state  information  is  unavailable  for  direct  measurement.  In  addition, 
measurement  noise  signals  are  generally  present  and  tend  to  degrade  the  performance  of  the  closed-loop. 
Modeling  these  added  terms  provides  a  much  more  realistic  control  problem.  Herein,  the  authors  consider  two 
optimal  output  feedback  design  methods  for  the  nominal  system  of  Fig  5.  The  notion  of  optimality  should  be 
related  to  the  particular  assumptions  on  the  system  inputs  as  well  as  the  cost  objectives. 

The  first  is  the  optimal  design  (or  LQG),  where  it  is  assumed  that  both  d(t)  and  n (f)  are  unit  inten¬ 

sity,  uncorrelated  white  noise  processes.  The  objective  is  to  minimize  the  steady-state  variance  of  the  output 


lim  E\ 


z  (x)z(x)dt  = 


The  second  is  the  optimal  design,  where  it  is  assumed  that  both  d(t)  and  nif)  are  energy  bounded 
signals.  The  design  goal  is  to  minimize  the  “worst  case”  amplification  of  the  energy  of  the  output,  i.e.. 


Z  (x)z(x)£(x 


sup - 

r  “ 


(x)w(x)d't 


T  =  lk-H>z|L 


There  are  two  important  things  to  note  at  this  time.  First,  in  order  to  apply  the  usual  finite-dimensional 
H2  and  design  methods,  the  time  delay  must  be  approximated  by  a  rational  transfer  function  (Ref.  8). 
Second,  the  input/output  pair  given  by  Eq.  (21)  is  identical  for  all  the  control  designs  considered.  This  allows 
the  best  comparison  of  the  robustness  characteristics  of  each  individual  design  since,  in  each  case,  an  identical 
closed-loop  transfer  function  is  used. 

6.  Examples 

A  model  simulating  a  three-story  building  has  been  braced  to  allow  only  a  single  degree-of-ffeedom 
(SDOF).  The  control  is  applied  to  the  structure  using  prestressed  active  tendons  connected  to  a  servocontrolled 
hydraulic  actuator.  Figure  6  illustrates  the  SDOF  model,  as  first  reported  by  Chung  et  al.  (Ref.  2). 


Fig.  6  Single  degree-of-freedom  structure  with  active  tendon  control 
The  equation  of  motion  of  this  system  is 

mq{t)  +  cq(t)  +  kq{t)  =  -  (4k  cos  a)  u(jt  -  X)  +  md{t) , 
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where  m ,  c ,  and  k  are  the  mass,  damping,  and  stiffness  values,  respectively,  of  the  SDOF  structure  and  q,  q, 
and  q  are  the  acceleration,  velocity,  and  position,  respectively,  associated  with  the  floor  of  the  structure.  Addi¬ 
tionally,  and  a  are  deterministic  parameters  associated  with  the  structure  of  the  control.law,  u  is  the  position 
of  the  controlling  actuator,  and  d{f)  represents  the  acceleration  of  the  ground.  In  addition,  when  utilizing  output 
feedback,  the  measurement  signal  is  corrupted  by  noise 

y{t)  =  q{t)  +  n(0 .  (28) 

Herein,  both  d{t)  and  n{t)  are  modeled  as  white  noise  processes  with  zero  mean  and  unit  intensity.  Some  statis¬ 
tical  information  for  the  parameters  is  presented  in  Table  1. 


Parameter 

Mean,  m 

m  (Ib-s^/in) 

16.69 

c  (Ib-s/in) 

9.02 

k  (Ib/in) 

7,934 

t  (ms) 

20 

(Ib/in) 

2,124 

a  (degrees) 

36 

Table  1:  Model  parameters  for  SDOF  structure. 

To  assess  the  robustness  of  the  closed-loop  system,  consider  the  expression 

=  -  (4fc^cosa)  u(t  -  m^(l  +  8^)) ,  (29) 


where  the  5-  ’s  and  m . ’s  represent  the  uncertainties  and  mean  values,  respectively,  of  the  mass,  damping,  stiff¬ 
ness,  and  time  delay  parameters.  Utilizing  the  FORM  approach,  it  can  be  shown  that  the  constrained 
optimization  problem  for  this  application,  as  introduced  in  Eq.  (10),  is  given  by 


(.FORM  .  ri  2  2 


Re(k{)  =  0 
Re(kj)<0 


,k  =  2,3,  ...A  |>.j|<|A,2|<...A^. 


(30) 


Here,  the  ’s  are  the  random  quantities,  mapped  to  the  normalized  probability  space,  and  the  ’s  are  the 
closed-loop  eigenvalues,  sorted  by  magnitude.  The  probability  of  failure  is  then  given  by  Eq.  (11).  Note  that  the 
uncertainties,  5^ ,  can  take  on  any  definable  probability  distribution  since  that  information  is  used  in  the  transfor¬ 
mation  to  the  normalized  probability  space.  Herein,  however,  only  identical  uniform  variates  will  be  considered. 

To  assess  controller  robustness  using  the  |X -analysis  method,  recall  Eq.  (18),  where  the  condition  for 
robust  stability  was  stated  with  respect  to  the  mapping  H .  In  a  probabilistic  framework,  the  probability  of 
stability  is 


=/>  ( sup{\i[fiumo[Mj(i>)] }  <  1) . 

0) 


(31) 


Since  all  5^.  are  assumed  to  be  mutually  independent,  the  probability  of  stability  is  simply  the  product  of  two 
independent  events,  given  by 


Ps^  =  p  (  [HO'co)]  a  [ A*  ^  Jjai)]  }  <  1 )  ,  where  ^  „ 


8,  0  0 

0  8,  0 

0  0  8„ 


(32) 


and 
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(  suj>  {fi  [HOco)]  |A,(;a))|}  <  1)  .  (33) 

In  the  previous  expression,  is  2i  function  of  the  time  delay  and  its  uncertainty.  Assuming  positive  uncer¬ 

tainty  in  the  delay  (/.e.,  5^  >  0 ),  5^  can  be  extracted  as  a  multiplicative  stable  error,  as  shown  in  Fig.  7. 


Fig,  7  Equivalent  model  of  time  delay  assuming  positive  uncertainty. 


Likewise,  if  5^  <  0 ,  the  uncertainty  in  the  time  delay  can  be  extracted  as  a  stable  division  error,  shown  in  Fig.  8. 


Ax 

Fig,  8  Equivalent  model  of  time  delay  assuming  negative  uncertainty. 


The  uncertainty  block  given  by  Eq.  (32)  is  static  for  this  example,  so  an  equivalent  expression  for  the 
first  stability  condition  is  given  by 


^ ^  ^  [HO®)]  }  [A*  <-  „,]<  1 )  (34) 

In  addition,  Aj^  ^  ^  has  nonzero  elements  on  the  diagonal  only.  Hence 

Ps,  =  [|5,|]  <  ^  =  p[k\  <  =  ^  |5c|  <  =  ^  h\  <  -  (35) 

where 

=  sup  {n[HO®)]}.  (36) 

^  0) 


To  further  evaluate  Eq.  (35),  the  distributions  of  m ,  c ,  and  k  must  be  specified.  While  any  combination  of 
distribution  functions  may  be  used  here,  only  identical  uniform  distributions  will  be  considered,  since  it  makes 
the  computation  of  easier.  Therefore,  when  formulating  the  A  block,  the  actual  parameter  uncertainty  is 
weighted  so  that  each  |6.|  is  independent  and  uniformly  distributed  on  [-1,1] . 

Continuing,  since  Eq.  (35)  involves  independent  events,  it  can  be  rewritten  as 


Note  that  each  event  of  Eq.  (37)  is  of  equal  probability.  Hence, 

f  1  i/0<ii<l 


(37) 


(38) 


To  estimate  p^  ,  recall  that  5^  is  uniformly  distributed  over  a  specified  range  {i.e.  [-5^  ,8^  ] ).  For 
any  arbitrary  8^ ,  the  corresponding  (multiplicative)  modeling  error,  A^ ,  can  be  bounded  by  a  (frequency)  enve¬ 
lope,  given  by 


|A,C7©)|<|W5  0®)|  V®, 


(39) 


where 
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lVgO<o)  = 


2.1;co 


(40) 


Note  that,  when  5,^  is  negative,  the  corresponding  (division)  modeling  error,  ,  can  also  be  bounded  by  the 
expression  given  in  Eq.  (40). 

Assume  for  the  moment  that  5^  is  positive,  and  let  H  represent  the  nominal  closed-loop  system.  Then 
a  simple  estimate  of  can  be  given  by 

P  {^l [HO'®)] \W^m\}  <  1  j .  (41) 


This  probability  measure  can  be  obtained  by  finding  the  critical  delay  uncertainty,  ,  for  which  the  plots  of 
\i  [H(/a))]  and  the  upper  bound  vs.  frequency  just  touch.  Hence,  the  simplified  probability  estimate  for  , 
assuming  8,^  >  0 ,  can  be  given  as 


P(0<8,<8f')  = 

V 


28. 


1 

2 


else 


(42) 


Similarly,  if  8^  is  negative,  let  H  represent  the  nominal  closed-loop  system,  and 


n  =  5KP  {lt[HC/fi))]}  .  (43) 

”  0) 

One  can  again  find  a  critical  value  of  the  delay  uncertainty,  ,  for  which  the  plots  of  |X  [H(ja))]  and  the 
upper  bound  vs.  frequency  just  touch.  The  simplified  probability  estimate  for  p^  ,  assuming  8^  <  0 ,  can  be  now 
given  as 


f 

P(8r<5,<0)  = 


V 


~cr/r 

28. 


zcrit  _ 

if  8x  > 


else 


(44) 


Combining  the  above  arguments  for  positive  and  negative  8,^ ,  it  is  easy  to  show  that  a  probability  of 
failure  estimate  for  this  SDOF  structure,  assuming  p,  jl  >  1 ,  can  be  given  as 

P/  =  1  -  [(=)V  (0  <  8,  <  8f ')  +  (^4 Jp  (sf'  ^  8,  <  0)  j  .  (45) 

The  controller  design  techniques  described  earlier  were  applied  to  the  SDOF  structure.  Similar  to 
previous  work  by  Spencer  et  al  (Ref.  1 1),  the  weighting  matrices  of  z{t) ,  as  given  by  Eq.  (21),  were  selected  to 
be 


Q  = 


k  0 
0  0 


and  R  =  A:  , 


(46) 


where  k  and  are  set  to  their  mean  values,  as  given  in  Table  1.  In  addition,  to  prescribe  an  external  distur- 
bance-to-noise  ratio  of  25:1,  the  filters  shown  in  Fig.  5  were  set  to 


W.  =  \  = 

d  n  25 


(47) 
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From  the  previous  discussion,  it  is  obvious  that  the  addition  of  the  time  delay  as  a  random  quantity 
complicates  the  p  -analysis  method.  Therefore,  first  consider  the  robustness  of  the  system  subject  to  a  determin¬ 
istic  time  delay,  t  =  20  ms.  FORM  and  p  -analysis  robustness  estimates  of  the  four  controllers  are  presented  in 
Table  2,  where  m ,  c ,  and  k  are  modeled  as  independent  uniform  random  variables  with  a  specified  coefficient 
of  variation  (COV). 


Controller 

fi 

p) 

^FORM 

FORM 

Pf 

MCS 

Pf 

LQR 

1.151 

0.3450 

oo 

0.0 

0.0 

LQRPC 

0.7937 

0.0 

oo 

0.0 

0.0 

1.920 

0.8586 

0.6171 

0.2686 

0.2683 

9.074 

0.9987 

1.1710 

0.8792 

0.8788 

Table  2:  Robustness  estimates  (x  =20  ms)  using  FORM  and  V'y  COV^  ^  25%. 


FORM  conservative  nature  of  the  p  -analysis  method  is  readily  apparent  from  the  data  since,  in  all  cases, 
Pf  <  .  However,  while  the  two  assessment  methods  do  provide  different  estimates  of  robustness,  they  do 

predict  a  similar  pattern.  The  data  clearly  illustrates  the  high  level  of  accuracy  encountered  when  using  the 
FORM  method. 

With  the  addition  of  the  random  time  delay,  the  robustness  estimates  using  the  p -analysis  method 
become  even  more  conservative  as  indicated  in  Table  3.  Again,  although  both  methods  predict  similar  trends, 
the  robustness  estimates  using  the  FORM  method  are  clearly  superior  to  those  utilizing  the  p  -analysis  method. 
This  leads  to  the  general  observation  that,  when  considering  systems  of  this  type  and  in  this  framework,  the  well- 
established  reliability  methods  are  more  useful. 

In  regard  to  the  individual  controller  robustness,  it  is  clear  from  the  data  that  the  LQR  and  LQRPC 
control  are  the  most  robust  to  the  presence  of  model  uncertainty.  This  can  be  attributed  to  the  inherently  good 
robustness  properties  of  LQ  regulators  (e.g.,  guaranteed  phase  and  gain  margins,  etc.\  see  Ref.  5  for  more 
details).  None  of  the  nominal  output  feedback  designs  can  match  the  robustness  of  the  LQ  designs.  Hence,  the 
need  for  output  feedback  techniques  that  can  directly  incorporate  uncertainty  into  the  design  process  is  apparent. 


Controller 

fi 

Pf 

r^FORM 

P 

FORM 

Pf 

MCS 

Pf 

LQR 

1.559 

1.613 

0.8575 

2.598 

4.69e-3 

0.0 

LQRPC 

1.391 

L426 

0.6395 

oo 

0.0 

0.0 

Hi 

7.719 

8.054 

0.9987 

0.9709 

0.8342 

0.8339 

43.813 

43.061 

1.0 

2.7589 

0.9971 

0.9968 

Table  3:  Robustness  estimates  using  FORM  and  p,  random  x,  COV ^  .c.k,.=25%. 


7.  Conclusions 

Traditional  methods  used  to  assess  controller  robustness  may  sometimes  have  precluded  a  probabilistic 
understanding  of  robust  control.  In  this  paper,  methods  to  assess  robustness  as  a  probability  measure  have  been 
presented.  In  addition  to  the  valuable  insight  gained  concerning  robust  stability  of  the  closed-loop,  with  the  use 
of  these  methods,  one  can  classify  the  robustness  characteristics  of  various  control  designs  for  the  specific 
problem  at  hand. 

The  first-order  reliability  method  (FORM),  as  used  herein  to  estimate  robustness,  is  an  approximation 
that  relies  upon  two  assumptions.  First,  the  failure  surface  defining  the  onset  of  instability  must  be  fairly  linear. 


321 


R.V.  FIELD,  JR.,  P.G.  VOULGARIS,  AND  L.A.  BERGMAN 


If  it  is  not,  the  first-order  curve  fit  to  the  failure  surface  may  become  inadequate.  Second,  the  most  probable 
failure  condition  must  be  sufficiently  governed  by  a  single  mode.  Highly  uncorrelated  failure  modes  may  lead 
to  inaccuracy  of  the  FORM  approximation,  and  more  sophisticated  FORM/SORM  methods  may  be  needed. 
However,  for  the  problem  considered  herein,  robustness  estimates  using  the  FORM  method  are  quite  adequate. 
This  may  be  attributed  to  the  high  level  of  correlation  between  failure  modes,  typical  of  a  structural  system. 

The  use  of  the  structured  singular  value,  p ,  to  assess  controller  robustness  proved  -to  be  conservative 
when  applied  in  a  probabilistic  framework.  The  main  premise  of  this  method  operates  only  upon  the  maximum 
structured  singular  value  and,  hence,  evaluates  the  “worst-case”  scenario  only.  In  addition,  the  fundamental 
robust  stability  criterion  used  is  valid  for  uncertainty  that  may  contain  much  more  than  the  class  of  uncertainty 
considered  here.  The  examples  considered  assumed  only  real  parametric  uncertainty,  a  small  subclass.  As  a 
result,  the  analysis  gave,  although  qualitatively  accurate,  quite  conservative  results.  That  is,  p  -analysis  can 
correctly  predict  which  controller  is  more  robust  probabilistically,  yet  the  predicted  probability  of  failure  can  be 
quite  conservative.  Therefore,  it  is  possible  to  conclude  that  the  FORM  method  provides  superior  robustness 
estimates  when  applied  to  structural  control  problems. 

When  considering  the  control  schemes,  the  obvious  choice  is  one  that  utilizes  state  feedback,  provided 
the  state  vector  is  available,  which  rarely  occurs  in  structural  applications.  In  all  cases,  the  LQR  design 
possessed  very  good  robustness  qualities.  In  addition,  the  mapping  used  to  adjust  the  control  gains  for  controller 
delay  purposes  further  improved  the  robustness  of  the  system.  However,  when  output  feedback  is  required  for 
implementability,  the  robustness  of  the  closed-loop  generated  by  the  nominally  optimal  and  H2  controllers 

may  be  poor,  particularly  if  there  exists  any  uncertainty  in  the  time  delay.  Future  work  is  needed  to  investigate 
techniques  that  can  incorporate  robustness  directly  into  the  design  process.  Based  on  the  qualitative  accuracy  of 
the  \i  -analysis  in  a  probabilistic  framework,  |i  -synthesis  design  techniques  can  provide  the  tools  to  improve 
the  robustness  qualities  of  the  closed-loop  system. 
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Abstract 


The  research  for  non-passive  strategies  for  seismic  response  reduction  has  been  the  subject  of  many 
efforts,  and  active  control  schemes  are  being  intensively  investigated  for  practical  implementation.  The 
main  concerns  arising  from  active  control  approaches  are  the  large  control  forces  and  power  require¬ 
ments  associated  with  response  reduction  of  massive  civil  structures  under  strong  earthquakes.  Some 
alternative  ways,  such  as  semi-active  control  approaches,  are  currently  being  considered  to  achieve  the 
desired  performance  without  the  need  of  such  a  large  external  power  sources.  In  this  paper  a  hybrid 
strategy  involving  both  active  and  semi-active  control  is  investigated.  The  proposed  method  is  based 
on  the  sliding  mode  control  approach  and  its  feasibility  is  evaluated  by  numerical  simulations. 

1  Introduction 

Although  a  large  majority  of  civil  structures  are  being  currently  designed  such  that  they  can  withstand 
the  forces  and  accommodate  the  deformation  that  are  likely  to  be  imposed  by  a  design  level  earthquake, 
the  methods  axe  also  being  sought  whereby  one  can  reduce  these  imposed  forces  and  deformations  so 
that  more  economical  and  safer  designs  can  be  achieved.  These  methods  are  of  passive  and  active  kind. 
In  the  passive  methods,  one  tries  to  reduce  the  response  either  by  installing  devices  such  as  dampers 
which  can  dissipate  vibration  energy  or  by  installing  base  isolators  which  filter  out  the  input  energy 
such  that  the  filtered  input  does  not  excite  the  dominant  structural  modes.  A  combination  of  the  two 
types  of  passive  devices  can  also  be  used.  The  active  methods  for  reducing  the  response,  on  the  other 
hand,  apply  counteractive  forces  to  reduce  the  response.  In  the  civil  engineering  community,  the  active 
methods  are  further  classified  as  active  control  and  semi-active  control  methods.  The  methods  in  which 
the  counteractive  forces  are  applied  by  an  external  device  such  as  an  actuator  usually  operated  by  a 
large  energy  source  are  being  referred  to  active  control  methods.  The  semi-active  control  methods,  on 
the  other  hand,  are  those  which  actively  regulate  the  reactive  forces  inside  a  structure  by  temporally 
manipulating  installed  devices  such  as  dampers  and  stiffeners  by  simple  closing  and  opening  of  fluid 
passages  or  by  regulation  of  electric  current  or  magnetic  flux.  Since  civil  structures  are  usually  massive, 
the  active  control  methods  may  need  a  very  large  capacity  actuator  with  a  large  power  source  which 
can  apply  a  large  force  very  swiftly  to  achieve  a  desired  level  of  control.  The  high  level  of  peak  power 
and  force  can  limit  the  practical  application  of  active  methods  to  civil  structures.  One  can,  however, 
supplement  the  active  control  method  with  a  semi-active  devices  to  reduce  the  peak  power  and  force 
level  requirements  to  acceptable  levels.  This  paper  examines  the  possibility  of  using  such  a  hybrid 
combination  of  the  two  methods.  The  sliding  mode  control  approach  {Utkin,  1992)  is  used  to  develop 
the  controllers  for  the  active  and  semi-active  methods.  Numerical  results  are  presented  to  examine  the 
effectiveness  of  the  proposed  hybrid  method  in  reducing  the  response  and  the  power  and  force  demand 
placed  on  an  actuator. 
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2  System  Equations 

The  equations  of  motion  of  a  n/-degree-of-freedom  shear  building  model  subjected  to  a  seismic  excita¬ 
tion  Xg{t)  and  control  actions  u  can  be  written  as: 

Mz  -h  [C  +  Cv(z,z)]  z  +  [K4-Kv(z,z)]  z  =  — -H  D  u  (1) 

in  which  z  €  designates  the  relative  displacements  of  each  degree-of-freedom  and  where  M,  C,  K  € 
gjn/xn/  represent  the  structural  mass,  damping  and  stiffness  matrices,  respectively.  The  vector  r  G 
denotes  the  influence  of  the  groimd  motion  on  each  degree-of-freedom.  The  vector  u  G  contains 
the  me  control  actions  whose  locations  are  identifled  through  the  matrix  D  G  The  matrices 

Cv  and  Kv  represent  the  contributions  of  variable  damping  and  stiffness  devices,  respectively.  Each 
one  of  these  devices  is  characterized  by  variable  stiffness  and  damping  coefiicients  ky.  and  Cy.  which  we 
assume  can  be  changed  independently.  We  consider  also  that  the  number  of  such  semi-active  devices 
is  at  most  equal  to  the  number  of  degrees-of-freedom,  that  is 
We  introduce  an  appropriate  change  of  coordinates  defined  by 

z  =  Tdd  (2) 

where  the  matrix  Td  G  is  a  transformation  matrix  from  relative  displacements  to  interstory 

drifts,  Td  is  chosen  such  that  it  diagonalizes  the  matrices  Cv  and  Kv  In  terms  of  the  new  variables 
d  the  equations  of  motion  (1)  take  the  form 

Md+[C  +  Cv  d4-  K  +  Kv  d  = -TJ  M  r  Xg  +  TJ  Du  (3) 

where  the  transformed  structural  matrices  are  given  by 

M  =  TjMTd  ;  C  =  TjCTd  ;  K  =  TjKTd  (4) 

and  the  variable  damping  and  stiffness  contribution  is  represented,  respectively,  by 

Cv  =  TjCvTd  ;  Kv  =  TjKvTd  (5) 

With  this  transformation  ,  the  only  nonzero  diagonal  elements  of  the  variable  damping  and  stiffness 
contributiont  matrices  are  the  coefiicients  Cy.  and  ky. ,  respectively. 

The  equations  of  motion  (3)  can  be  written  in  state  space  form  as  follows 

77  =  A77  -f  Av^  +BiU  +exp  (6) 

where  the  state  vector  17  G  3?^^  is  given  by 


with 

A=f  -  hf  .  1  .  A  - 

[  -M-^K  -M-^C  J  L  -M-^Kv  -M-^Cv 

R  -  [  ®  1  --  /  ®  \ 

‘  [  M-^Tj  D  J  ’  ®  \  -M-^TdM  r  / 

where  we  assume  that  the  columns  of  the  input  matrix  Bi  are  linearly  independent,  that  is,  rank{^)  = 

TTlc* 

The  contribution  of  the  semi-active  devices  to  the  state  equations  is  given  by  the  term 
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The  degrees-of-freedom  associated  with  a  semi-active  action  can  be  identified  by  nsing  a  location  matrix 
L  €  such  that 


^  =  L'^d  and  ^  =  L’^d 


(11) 


then  we  can  write 


Aviy  = 


0 

M-^L 


(12) 


where  both  and  axe  reduced  size  ’<"»»»)  diagonal  matrices  containing  only  the  coefficients 
of  the  semi-active  devices,  that  is  =  diag{kvi)  and  =  diag{c„.). 

Considering  equation  (12)  we  can  write  the  state  equations  (6)  in  the  following  form 


j)  =  Atj  -1-Bi  u  -1-  B2  v  -f-  exg 


(13) 


where  the  control  action  v  is  defined  as 

v  =  -[Kl  ]{  I  } 

and  the  input  matrix  B2  €  is  defined  as 

R=[  ® 

M-i  L 


(14) 


(15) 


3  Sliding  Surface  Design 

To  develop  a  control  algorithm  for  the  system  (13),  it  is  proposed  to  use  the  sliding  mode  control 
approach.  The  main  idea  of  this  method  consists  of  enforcing  a  set  of  pre-defined  relationships 
between  the  state  variables  77.  These  constraints  could  have  either  hnear  or  nonlinear  functional  form. 
For  the  hnear  case,  they  can  be  expressed  as  follows: 

3(77)  =  Cs  7J  =  0  (16) 

where  the  constant  matrix  Cs  has  dimensions  rris  x  n.  This  defines  a  (n  —  m5)-dimensional  manifold  in 
the  state  space  and  it  is  called  the  sliding  surface.  Here  we  will  consider  the  case  in  which  the  number 
of  active  control  actions  is  equal  to  the  number  of  constraints  represented  by  the  sliding  surface;  that 
is,  rris  =  me  =  m. 

The  matrix  Cs  is  selected  in  such  a  way  that  the  system  (13),  constrained  to  satisfy  (16),  shows 
desirable  characteristics.  This  constrained  motion  is  known  as  sliding  motion.  In  order  to  select  a 
suitable  surface  we  must  first  describe  the  resulting  sfiding  motion.  Since  the  definition  of  the  sliding 
surface  can  be  interpreted  as  a  set  of  constraints  on  the  state  variables,  it  is  natural  to  look  for  the 
description  of  the  sliding  motion  in  terms  of  a  reduced  number  of  variables.  We  will  obtain  such 
description  through  an  appropriate  transformation  of  the  state  equations  (13).  The  objective  of  such  a 
transformation  is  to  obtain  a  representation  where  the  active  control  actions  do  not  explicitly  appear 
in  the  equations  of  the  sliding  motion. 

To  build  this  transformation  we  consider  the  singular  value  decomposition  (Strang,  1988)  of  the 
active  control  input  matrix  Bi ,  given  by 


B^=V^RVJ 


(17) 


where  the  square  matrices  Vi 
the  following  structure 


and  V2  are  orthogonal,  and  the  matrix  R  has 


(18) 
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where  S  =  diag{(Ti)  with  >  0,  z  =  1,2,  We  use  this  factorization  to  define  a  matrix  T  as 
follows 

T  =  ViEp  (19) 

where  Ep  is  a  n  x  n  permutation  matrix  which  when  premultiplied  to  a  matrix  will  simply  interchange 
the  top  m  rows  with  the  bottom  n-m  rows.  We  use  this  matrix  T  to  define  a  new  set  of  state  variables 
y  in  the  following  form 

r7  =  Ty  (20) 

In  terms  of  the  new  set  of  variables,  the  state  equations  are  written  as 


y  =  Ay +  Biu  +  B2V  +  ex^ 


(21) 


where 

A  =  T"^AT  ;  Bi=  T-^Bi  ;  63=  T-^B2  ;  e  =  e  (22) 

in  which  the  transformed  input  matrix  Bi  shows  a  block  structure,  with  a  null  matrix  corresponding 
to  the  first  n  —  m  rows  whereas  the  remaining  m  rows  define  the  non-singular  matrix  =  S  Vj. 


Bi= 


0 

ft 


(23) 


The  sliding  smface  definition  (16)  can  also  be  written  in  terms  of  the  new  state  variables  as  follows 


S(y)  =  Qy  =  0 


(24) 


where 

Cs  =  C3T 


We  now  partition  the  system  equations  (21)  in  the  following  form 


(U 


All 

A2I 


Ai2 

A22 


I  y2  J  ^  [  ft 


U+ 


B21 

B22 


(25) 


(26) 


where  the  transformed  state  variables  y  have  been  separated  into  a  set  of  n  —  m  variables  in  the  vector 
yi,  and  the  remaining  m  variables  in  the  vector  y2.  Similarly,  equations  (24)  defining  the  sliding  surface 
can  be  written  as  follows 

s(y)  =  Qiyi  +  Cs2y2  =  0  (27) 

wherein  Csi  and  Cs2  are  appropriate  submatrices  of  Cs.  Without  any  loss  of  generahty,  we  can  also 
select 

Cs2  =  Im  (28) 

We  will  now  obtain  the  description  of  the  motion  when  constrained  to  the  sliding  surface.  Consider 
that  the  system  hits  the  sliding  manifold  at  some  time  th  and  it  is  forced  to  stay  there  by  some  active 
control  action  u  while  the  semi-active  devices  are  turned  off,  that  is  v  =  0.  Therefore, 


s(y)  =  Csy  =  0  Vf  > 

(29) 

s(y)  |u=u=  Csy  =  0  Vf  >  t/i 

v=0 

In  view  of  equations  (37)  and  (28),  these  two  conditions  imply  that 

(30) 

y2  =  -Csi  yi 

(31) 

y2  =  -Csiyi 

(32) 
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To  obtain  the  control  action  which  enforces  the  condition  (30),  we  substitute  (21)  into  (30)  and  obtain 
the  following 

s(y)  |u=u=  Cs{Ay  +  BiU  +  eig}  =  0  (33) 

v=0 

from  which  the  control  u  is  obtained  as  the  solution  of  the  following  equation 

CsBi  u  =  ~Cs A  y  -Csexg  (34) 

The  matrix  Cs  must  be  selected  such  that  the  rank  of  the  product  matrix  CgBi  is  equal  to  m.  This 
will  assure  the  nonsingulaxity  of  the  coefficient  matrix  in  equation  (39),  which  can  be  solved  uniquely 
to  obtain  u  as  follows 


U  =  Ueg  4-  (35) 

where 

Ueg  = Ay  and  (36) 

in  which  we  have  used  the  fact  that  CsB  =  ft.  The  term  Ueq  is  the  so-called  equivalent  control 
{Utkin,  1971)  whereas  the  second  term  Uh  represents  the  feedforward  term  required  to  counteract  the 
effect  of  the  external  disturbance  on  the  sliding  motion. 

Using  the  control  defined  in  (35)  in  the  partitioned  state  equations  (26),  and  considering  the  condi¬ 
tion  V  =  0,  we  obtain 


f  yi  1  r  _An_  _Aa2 

\  y2  /  — CslAii  — CsiAi2 


/  \ 

1  y2  r 

\  ““CslGi  J 

(37) 


We  notice  here  that  under  the  control  actions  {u  =  u,v  =  0},  the  dynamic  behavior  of  the  m  variables 
y2  is  totally  determined  by  equation  (32).  If  we  know  take  equation  (31)  into  account,  from  equation 
(37)  we  conclude  that  the  description  of  the  system  dynamics  under  sliding  motion  can  be  defined  in 
terms  of  the  n  —  m  variables  yi  as  follows 


yi  —  [All  ”  Ai2Csi]  yi  +  ©1  Xg  (38) 

Equation  (38)  offers  a  very  convenient  framework  to  perform  the  design  of  the  sliding  surface. 
Considering  that  we  have  already  assi^ed  Cs2  =  Im?  f^he  selection  of  the  shding  surface  may  now 
be  completed  by  choosing  the  matrix  Csi  such  that  we  obtain  some  desirable  characteristics  for  the 
reduced  order  dynamics  described  by  (38). 

Several  approaches  are  available  in  the  literature  to  obtain  Csi-  If  we  neglect  the  presence  of  the 
external  disturbance  ei  Xg  and  the  variables  y2  are  regarded  as  the  control  input  in  the  reduced  order 
system  given  by 

yi  =  All  yi  +  Ai2  y2  (39) 

then  the  problem  of  selecting  the  matrix  Cgi  can  be  solved  by  using  any  standard  technique  rendering 
a  linear  feedback  law  of  the  form  y2  =  — Csiyi-  Two  of  the  most  commonly  used  approaches  are 
the  eigenstructure  assignment  techniques  and  the  minimization  of  a  quadratic  functional,  and  several 
examples  of  applications  of  these  methods  in  the  context  of  sliding  mode  control  can  be  found  in  Utkin 
&  Young  (1978),  Darling  &  Zinober  (1986),  and  Yang  Sz  al  (1993),  among  others. 


4  Control  System  Design 

Having  established  the  sfiding  surface,  we  must  now  define  the  control  actions  required  to  force  the 
system  state  to  move  towards  this  sliding  surface.  In  standard  sliding  mode  control,  the  active  control 
action  will  force  the  system  state  to  remain  on  the  shding  surface  once  it  reaches  there.  To  achieve  this 
objective,  this  control  will  involve  some  form  of  discontinuity  with  respect  to  this  surface,  needed  to 
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alter  drastically  the  structure  of  the  system  each  time  the  state  77  tends  to  move  away  from  5(77)  =  0. 
In  this  context,  Lyapunov’s  direct  method  offers  a  convenient  framework  for  active  control  design. 
For  the  motion  in  the  space  {^i,  S2, . . . ,  we  want  to  guarantee  that  the  origin^^  i.e.  s  =  0,  is  an 
asymptotically  stable  equihbrium  point.  For  example,  if  we  consider  the  following  as  a  Lyapunov 
function  candidate: 

(40) 

where  W  is  a  symmetric  positive  definite  matrix,  then  the  active  control  action  must  be  selected  such 
that  it  forces  the  time  derivative  of  this  function,  defined  as 

j^iV)=s'^Ws  (41) 

to  be  a  negative  definite  function  (with  the  exclusion  of  the  discontinuity  points  as  the  time  derivative 
may  not  be  defined  there).  Under  these  conditions,  we  can  assure  the  existence  of  sliding  motion  and 
guarantee  that  any  motion  is  going  to  be  attracted  to  the  sliding  surface. 

In  the  case  of  semi-active  control,  we  note  that  the  control  actions  cannot  achieve  any  arbitrary 
value.  They  axe  constrained  by  the  fact  that  the  semi-active  devices  can  only  provide  non-negative 
stiffness  and  damping  values  ky.  and  Cy..  Therefore,  although  these  control  actions  may  succeed  in 
bringing  the  system  state  towards  the  sliding  surface,  they  may  not  be  able  to  force  the  system  to  stay 
there.  Therefore,  there  is  no  guarantee  for  the  existence  of  ideal  sliding  motion,  as  described  by  the 
reduced  order  equations  (38).  The  same  is  true  for  the  case  of  active  control  with  actuator  limits,  where 
instead  of  using  the  demanded  amount  of  active  control  authority  we  can  only  impose  control  actions 
within  a  pre-defined  limit. 

Nonetheless,  even  for  these  situations  where  ideal  sliding  motion  can  not  be  achieved,  the  shding 
mode  control  approach  will  provide  us  with  a  systematic  methodology  to  modify  the  behavior  of  the 
system  using  a  hybrid  control  scheme.  Let  us  assume  that  a  sliding  surface  has  been  selected  and  it  is 
given  by  equation  (16).  The  relative  position  of  the  system  state  with  respect  to  the  sliding  surface  is 
defined  in  terms  of  the  components  of  the  vector  s  and  a  measure  of  the  distance  from  s  =  0  can  be 
defined  as  follows 

(42) 

The  idea  is  to  reduce  any  tendency  of  the  system  state  moving  away  from  s  =  0.  That  is,  the  control 
actions  should  be  such  that  they  make  the  rate  of  change  of  this  function,  given  by 

s^Cs  I A  77  +  e  Xg  I  -h  Cs  Bi  u  -h  Cs  B2  v  (43) 

as  small  as  possible.  To  achieve  this  objective,  we  will  use  both  active  and  semi-active  control  actions. 
Let  the  active  control  component  u  be  defined  as  a  fraction  of  the  equivalent  control  defined  in  equation 
(36)  as  follows 

u=  — A77  (44) 

where  the  design  parameter  a  satisfies  0  <  a  <  1.  By  using  this  control  action  we  try  to  partially 
compensate  the  effect  of  the  system  response  on  the  time  derivative  of  V.  Substituting  (44)  into  the 
expression  (43)  we  obtain 

^(F)  =  s’^Cs  |(1  -  a)  At7  +  ex<,|+s^CsB2V  (45) 

The  last  term  of  this  equation  can  be  expressed  as 

C,  B2  V  =  -  A^i)  K,  -  0di)  c,,  (46) 

i=l  i=l 
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where  the  coefficient  jSi  represent  a  component  of  the  vector  /3  defined  as  follows 

/3’’  =  s^QB2  (47) 

Under  the  assumption  that  the  devices  are  designed  to  perform  in  a  bi-state  regime,  the  semi-active 
control  actions  can  be  defined  by  considering  equation  (46).  It  is  immediately  apparent  that  whenever 
the  terms  and  are  negative,  we  should  zero  out  their  contribution  to  the  function  (45), 

and  whenever  these  terms  are  positive  we  should  choose  the  largest  values  of  the  coejBSLcients  for  the 
corresponding  coeffiicients  and  c^. .  Therefore,  the  control  algorithm  becomes 


j^max 

(48) 

^max 

This  algorithm  is  used  to  obtain  the  following  numerical  results. 

(49) 

5  Numerical  Results 

We  will  consider  a  10  story  shear  building  model  for  the  numerical  simulations.  The  values  of  the 
floor  weights  correspond  to  those  of  a  typical  medium  size  office  building.  The  floor  mass  and  stiff¬ 
ness  values  are  shown  in  Figure  (1).  The  structural  damping  was  assumed  to  be  proportional,  with 
a  first  modal  damping  ratio  of  3.10%.  The  active  control  force  is  provided  through  a  system  of  ac¬ 
tive  tendons  installed  at  first  floor  level.  The  semi-active  devices  are  modelled  as  variable  stiffness 
and  damping  mechanisms  mounted  along  diagonal  braces.  These  devices  are  installed  on  the  first 
four  floors  of  the  structure,  and  we  assume  they  can  be  attached  and  detached  to  provide  addi¬ 
tional  stiffness  and  damping  when  required.  The  values  of  the  added  stiffness  coefficients  are  given 
by  {0.3A:7.e/,  0.3/:re/)0.2A:re/,0.1fcre/}  for  the  devices  from  the  first  up  to  the  fourth  floor,  respectively. 
The  reference  value  is  the  story  stiffness,  that  is  654.98  [MN/m].  Similarly,  the  added  damping  co¬ 
efficients  have  values  of  {0.3cre/,  0.3cre/,  0.2cre/,  O.lCre/}  for  the  devices  from  the  first  up  to  the  fourth 
floor,  respectively.  The  adopted  reference  value  Cref  is  6.15  [MN.sec/m].  The  numerical  results  have 
been  obtained  using  the  El  Centro  ground  acceleration  record,  with  a  maximum  acceleration  level  of 
0.3^. 

Figure  (2)  shows  the  time  histories  of  the  top  floor  relative  displacement  for  the  controlled  and 
uncontrolled  cases,  comparing  two  different  types  of  control  schemes.  In  Figure  (2.a)  the  controlled 
response  was  obtained  by  using  the  proposed  hybrid  control  approach,  where  the  active  control  compo¬ 
nent  was  implemented  as  defined  by  equation  (44)  with  a  value  of  a  equal  to  0.10.  Figure  (2.b)  allows 
the  comparison  with  a  fully  active  control  scheme.  In  this  figure,  the  controlled  response  was  obtained 
by  using  the  active  tendon  system  according  to  a  sliding  mode  control  law,  while  the  devices  were 
disconnected.  The  maximum  displacement  is  reduced  to  68%  and  52%  with  respect  to  the  uncontrolled 
case  for  the  hybrid  and  fully  active  control  cases,  respectively. 

Figure  (3)  shows  the  time  histories  of  the  top  floor  absolute  acceleration,  comparing  the  uncontrolled 
case  with  the  two  controlled  cases.  We  notice  that  the  hybrid  scheme  reduces  the  response  to  72%  with 
respect  to  the  uncontrolled  case,  while  the  fully  active  control  approach  achieves  a  reduction  of  74% 

For  any  fully  or  partially  active  control  system,  the  maximum  requirements  of  force  and  power  are 
critical  from  the  point  of  view  of  its  practical  feasibility.  Therefore,  in  Figure  (4)  we  compare  these 
requirements  for  the  two  controlled  cases.  Figure  (4.a)  shows  the  time  histories  for  the  control  forces, 
normahzed  with  respect  to  the  floor  weight.  We  notice  that  the  hybrid  scheme  demands  a  maximum 
control  force  which  is  approximately  50%  of  the  force  required  in  the  fully  active  case.  Figure  (4.b) 
shows  the  instantaneous  power  for  the  two  cases.  The  maximum  power  demand  for  the  hybrid  control 
is  approximately  80%  of  the  peak  power  corresponding  to  the  fully  active  control. 
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Natural  Freqs. 
[rad/sec] 

1 

6.40 

2 

19.06 

3 

31.29 

4 

42.82 

5 

53.39 

6 

62.78 

7 

70.76 

8 

77.16 

81.83 

10 

84.68 

FIGURE  1: 10-STORY  BUILDING  MODEL  USED  FOR  NUMERICAL  SIMULATIONS. 
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Displacement  [m] 


Displacement  [m] 


FIGURE  2:  UNCONTROLLED  AND  CONTROLLED  TOP  FLOOR  DISPLACEMENT, 
(a)  HYBRID  CONTROL  (b)  FULLY  ACTIVE  TENDON  SYSTEM. 


FIGURE  4;  CONTROL  FORCE  AND  INSTANTANEOUS  POWER. 
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6  Concluding  Remarks 

The  paper  presents  the  formulation  and  numerical  results  for  a  hybrid  control  approach  where  active 
and  semi-active  response  control  strategies  are  combined.  The  sliding  mode  control  approach  is  used 
to  design  the  controller.  If  one  employs  only  the  active  method  to  control  the  response,  the  peak  power 
and  maximum  force  requirements  can  be  very  high  to  achieve  a  desired  reduction  in  the  response. 
On  the  other  hand,  if  only  the  semi-active  method  is  used  then  not  enough  control  “authority  may  be 
available  to  achieve  a  desired  reduction  in  the  response.  A  combination  of  the  two  methods,  however, 
can  be  used  with  advantage  to  obtain  a  balanced  performance  with  acceptable  power  and  force  demand. 
The  numerical  results  indicate  that  the  use  of  semi-active  devices  can,  indeed,  be  utilized  to  reduce  the 
maximum  force  and  peak  power  required  by  the  active  control  method. 
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Abstract 

When  tall  buildings  are  subjected  to  environmental  loads  such  as  wind  and  earthgnaifp  large 
deflection  and  acceleration  responses  result.  Hence,  passive,  semi-active  and  active  vibration  control  schemes 
are  becoming  an  integral  part  of  the  structural  system  of  the  next  generation  of  tall  buildings.  This  paper 
presents  an  adaptive  fiiz^  logic  controller  (FLC)  which  works  in  conjunction  with  a  tuned  mass  damper 
(TMD)  ^stem.  The  FLC  can  cope  with  the  nonlinearities  associated  with  the  structural  system  and  adapt 
itself  to  dampen  wind-induced  oscillations.  It  is  assumed  that  a  controller  already  exists  which  can  control 
amplitude  of  the  oscillations  to  certain  extent.  The  FLC  learns  the  functioning  of  the  existing  controller  and 
tries  to  improve  the  performance  by  adapting  its  parameters.  The  FLC  approach  is  a  model-fl'ee  approach 
since  only  the  measured  variables  are  used  in  deriving  and  adapting  the  FLC  without  any  a  priori  knowledge 
of  the  ^stem  model.  The  paper  indicates  that  the  FLC  is  one  of  the  good  candidates  as  an  active  controller 
for  damping  wind-induced  building  oscillations. 

1.  Introduction 

Dynamic  loads  that  act  on  large  civil  structures  can  be  classified  into  two  main  types:  environmental, 
such  as  wind,  wave,  and  earthquake  loads;  and  man-made,  such  as  vehicular  and  pedestrian  trafiic  and  those 
caused  by  reciprocating  and  rotating  machineiy.  The  response  of  these  structures  to  dynamic  loads  will 
depend  on  the  intensity  and  duration  of  the  excitation,  the  structural  system,  and  the  ability  of  the  structural 
astern  to  dissipate  the  excitation  energy.  The  shape  of  the  structure  also  has  a  significant  effect  on  the  loading 
and  resulting  response  fi'om  wind  excitation. 

The  advent  of  high-strength,  lighter,  and  more  flexible  construction  materials  has  created  a  new 
generation  of  tall  buildings.  Due  to  the  smaller  amount  of  damping  provided  by  these  modem  stmctures,  large 
deflection  and  acceleration  responses  result  when  they  are  subjected  to  environmental  loads.  Such  large 
responses,  in  turn,  can  cause  human  discomfort  or  illness  and,  sometimes,  unsafe  conditions.  Passive,  semi¬ 
active,  and  active  vibration  control  schemes  are  becoming  an  integral  part  of  the  stmctural  system  of  the  next 
generation  of  tall  buildings.  This  paper  addresses  the  problem  of  providing  active  control  to  a  building 
stmcture  being  subjected  to  wind  excitation. 

It  has  been  shown  in  field  studies  that  tall  buildings  subjected  to  wind-induced  oscillations  usually 
oscillate  at  the  fundamental  frequency  of  the  building.  In  some  cases  this  is  coupled  with  torsional  motion 
when  the  torsional  and  lateral  oscillation  frequencies  are  close.  One  of  the  most  common  control  schemes 
used  to  correct  these  oscillations  is  a  tuned  mass  damper  (TMD)  system.  Basically,  a  TMD  consists  of  a  mass 
attached  to  the  building,  such  that  it  oscillates  at  the  same  frequency  as  the  structure  but  with  a  phase  shift. 
The  mass  is  attached  to  the  building  via  a  spring-dashpot  ^stem  and  the  energy  is  dissipated  by  the  dashpot 
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as  relative  motion  develops  between  the  mass  and  the  structure.  To  provide  active  control,  a  hydraulic  or 
electric  actuator  is  connected  between  the  building  and  the  TMD.  A  controller  issues  the  appropriate 
r/^Tntnand  signal  to  the  actuator  to  provide  the  desired  control  force.  The  active  control  system  essentially 
regulates  an  external  force  to  counteract  the  dynamic  response  of  the  building  or  structure.  - 
A  variety  of  control  schemes  have  been  proposed,  each  showing  varying  degrees  of  effectiveness.  Earlier 
approaches  to  the  problem  included  classic^  feedback  control  [1],  optimal  control  [2],  pole-assignment 
control  [3],  and  modal  control  [4].  More  recently,  methods  like  independent  modal  space- control  [5]  and 
bounded-state  control  [6]  have  been  proposed.  To  take  into  consideration  the  nonlinear  characteristics  of  a 
structures,  sUding-mode  control  ([7],  [8]),  Newmark-Beta-based  control  [9],  and  instantaneous  optimal 
control  [10]  have  been  considered.  Intelligent  control  using  neural  networks  ([11],  [12])  have  also  been 
proposed. 

There  has  been  a  rapid  growth  in  the  use  of  fiizzy  logic  in  a  wide  variety  of  consumer  products  and 
industrial  systems.  Fuzzy  logic  represents  one  of  the  model-free  approaches  to  the  problems  of  system 
identification  and  control.  The  control  of  the  vibrations  can  be  viewed  as  a  problem  of  mapping  between  the 
controller  inputs  and  controller  output  Fuzzy  logic  ^sterns  have  been  proved  to  be  umversal  approximators 
[13]  and  hence  are  good  candidates  for  solving  complex  control  problems.  Several  advantages  of  fuzzy  logic 
are  that  they  can  be  nonlinear,  can  be  adaptive,  can  admit  high  degree  of  parallel  implementation,  and  can 
tolerate  uncertainty  in  the  system.  More  importantly,  human  experience  and  expertise  about  the  system  and 
its  performance  can  be  incorporated  into  the  design  of  a  fuzzy  controller.  Section  2  describes  the  model  of  a 
building  used  for  simulation.  Section  3  explains  the  development  of  an  adaptive  FLC.  Section  4  presents  the 
results.  Finally,  Section  5  summarizes  the  paper  and  hints  at  future  work. 

2.  System  Model 

The  basic  idea  of  fuzzy  control  for  structural  systems  is  illustrated  for  a  building  equipped  with  a  tuned 
mags  damper.  The  building-TMD  system  is  being  subjected  to  wind  excitation.  Since  the  TMD  is  used 
primarily  to  suppress  the  first  fundamental  mode  in  wind-induced  motion,  a  single-degree-of-freedom,  but 
nonlinear  model,  of  the  building  gives  a  good  approximation  to  first-mode  structural  motion.  Figure  1  shows  a 
schematic  Hiagram  of  the  building-TMD  system.  It  is  a  shear-beam  model  of  the  structure  represented  by  a 
damped  spring-mass  system. 


Figure  1.  Building-TMD  Model 

The  building  is  modeled  by  a  first-mode  modal  mass  ms  and  a  damping  constant  bs.  The  spring  ks  can 
become  inelastic  with  a  restoring  force  given  by  [14] 

F^=aky^+{\-ci)kv  (l) 
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where  k  is  the  elastic  stifBaess,  a  is  the  ratio  of  postyielding  to  preyielding  stifiBaess  (0  <  a  <  1),  is  the 
building  displacement  and  y  is  a  nondimensional  auxiliary  variable  introduced  to  take  into  account  the 
inelastic  and  hysteretic  behavior  of  the  building  stiffiiess.  The  auxiliary  variable  v  is  modeled  by  the  nonlinear 
differential  equation 


V  =  ^  -  P  H’ 


r  V 


(2) 


where  X,  p,  and  y  determine  the  scale  and  general  shape  of  the  hysteresis,  and  t]  determines  the  smoothness  of 
the  force-displacement  (Fk  vs.  >^)  curve.  This  hysteretic  model  of  the  building  stiffiiess  provides  an  explicit 
mathematical  expression  with  enough  flexible  parameters  to  accurately  model  various  hysteretic  behaviors  of 
inelestic  systems.  This  model  has  been  used  extensively  in  response,  damage,  and  control  analyses  of 
structures. 

The  TMD  is  modeled  by  a  modal  mass  mo,  a  damping  constant  bo,  and  a  stiffiiess  constant  kp.  Its  absolute 
displacement  is  labeled  yo,  while  the  wind  force  acting  on  the  building  and  the  control  force  are  indicated  as 
Fy,  and  u,  respectively.  The  equations  of  motion  for  the  system  in  Figure  1  can  now  be  written  as 


THb 

Jb 

+  be 

Jb  + 

^  +  kp  z  +  -  M 

(3) 

Fb 

+  z] 

+bo  z 

+  kj,  z  =  1/ 

(4) 

where  z  =  (y^-y^  =  relative  displacement. 

3.  An  Adaptive  Fuzzy  Logic  Controller 

Figure  2  shows  the  block  diagram  of  an  adaptive  FLC. 


y6:d  is  p  la  cement  u  :  co  ntro  I  fo  rce 
yg  ;  velocity  ®  1  =  -  y  B  :  ® 2  “  ‘ 

Figure  2.  An  Adaptive  Fuzzy  Controller 
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Form  of  the  FLC 


RVV:  real-valued  variables 
FV:  fuzzy  variables 

Figure  3  Form  of  the  Fuzzy  Logic  Controller  Shown  in  Figure  2 


The  building  displacement  and  velocity  are  measured.  The  errors  between  desired  displacement  and 
velocity  (zero)  and  the  actual  displacement  and  velocity  (measured  values)  are  provided  to  the  FLC.  The  FLC 
itself  consists  of  a  fuzzifier,  a  rule  base,  an  inference  en^ne  and  a  defiizzifier  as  shown  in  Figure  3  [15].  The 
fuzzifier  is  the  plant  (or  building)-to-fuzzy  logic  system  inter&ce  and  performs  a  mapping  from  real-valued 
variables  into  fiizzy  variables.  The  fuzzy  rule  base  consists  of  a  collection  of  fuzzy  rules.  Fuzzy  rules  can  be 
developed  by  using  IF-THEN  rules  based  on  the  knowledge  and  can  be  fine  tuned  by  training  the  fiizzy  logic 
system  to  match  the  input-output  pairs.  Alternatively,  a  few  data  can  be  selected  as  input-output  pairs  to 
determine  the  parameters  of  Ae  FLC.  In  the  fuzzy  inference  engine,  fiizzy  logic  principles  are  used  to 
combine  the  fii^  IF-THEN  rules  in  the  fiizzy  rule  base  into  a  certain  mapping.  The  defiiz^er  is  the  fiizzy 
logic  system-to-plant  (or  building)  interface  and  performs  a  mapping  firom  fiizzy  variables  to  real-valued 
variables  (Eq.  (7)  in  the  Appendix).  The  control  force  determined  by  the  FLC  drives  the  TMD  system  to 
control  the  oscillations.  The  adaptation  mechanism  modifies  the  parameters  of  the  system  by  observing  the 
errors  in  displacement.  The  basic  steps  for  obtaining  above  configuration  shown  in  Figure  2  are  discussed 
briefly. 

*  Step  1: 

First,  obtain  a  nonadaptive  FLC  based  on  the  fimctioning  of  an  existing  controller. 

*  Step  2: 

Modify  the  parameters  of  the  FLC  to  get  an  improvement  over  the  existing  controller.  Some  intuition 
might  help  in  determining  the  direction  in  which  certain  parameters  should  be  varied.  In  the  worst  case 
(where  no  such  intuition  is  forthcoming),  run  several  simulation  tests  to  observe  the  effect  of  varying  different 
parameters  on  the  performance  of  the  controller. 

♦Step  3; 

Adapt  the  FLC  parameters  based  on  some  performance  criterion.  The  current  value  of  the  performance 
criterion  can  be  attributed  to  different  parameters  of  the  FLC  by  relating  the  FLC  parameters  to  the 
performance  criterion. 
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The  execution  of  above  mentioned  steps  is  described  next. 

*  Step  1: 

To  get  a  nonadaptive  FLC,  the  existing  controller  (proportional  controller)  was  put  on-line  and  several 
variables  such  as  building  displacement  building  ,  velocity  y^  and  control  force  u  (determined  by  the 
existing  controller)  were  recorded.  Inputs  to  the  FLC  are  y^  and  and  output  of  the  FLCis  control  force. 
Some  of  the  data  were  selected  as  input  and  output  pairs,  which  determined  the  centers  of  the  membership 
functions  of  inputs  and  output  Fifty  rules  were  selected.  This  method  of  determining  centers  of  input 
membership  functions  is  not  unique.  If  the  knowledge  of  behavior  of  the  ^stem  is  known,  some  linguistic 
rules  can  be  formed  rather  than  relying  completely  on  the  available  data.  The  widths  of  membership 
functions  were  chosen  randomly  as  O.L  If  the  widths  of  membership  functions  are  adjusted  properly  and  the 
selected  training  pairs  are  representative  of  the  operation  of  the  overall  ^stem,  the  FLC  would  function 
almost  as  good  as  the  existing  controller. 

*  Step  2: 

By  judiciously  modifying  the  output  and  widths  of  input  membership  functions,  the  FLC  can  be  made  to 
perform  better  than  the  existing  controller  to  a  certain  degree.  Centers  of  the  output  membership  functions 
were  modified  according  to  the  following  equation: 

uik  +  l)  =ir(it)+0.05  sign(u(k))  (5) 

where  sign  is  the  signum  function.  When  the  argument  is  positive,  its  value  is  1  and  when  the  argument  is 
negative,  its  value  is  -1. 

In  other  words,  5%  change  in  the  location  of  the  centers  of  output  membership  functions  in  proper 
direction  was  made.  If  the  center  value  is  positive,  the  magnitude  of  the  center  will  be  increased  in  a  positive 
direction.  If  the  center  value  is  negative,  the  magnitude  of  the  center  will  be  increased  in  a  negative  direction. 
Also,  some  simulation  tests  were  run  for  difierent  values  of  spreads  of  the  input  membership  functions.  The 
combination  of  changes  in  the  center  locations  of  output  membership  functions  and  the  changes  in  the  spreads 
of  input  membership  functions  could  result  in  better  performance  of  the  controller. 

*  Step  3: 

Furthermore,  if  the  parameters  of  the  FLC  are  modified  on-line  based  on  some  performance  criterion, 
even  better  performance  can  be  obtained.  The  adaptation  mechanism  shown  in  Figure  2  was  based  on  gradient 
descent  algorithm.  The  adaptation  equations  are  derived  in  the  Appendix.  The  centers  of  the  input 
membership  functions  and  the  output  membership  functions  were  adapted  on-line. 


4.  Results 

Simulation  tests  were  carried  out  for  the  duration  of  100  seconds,  with  a  step  size  of  0. 1.  Figure  4  shows 
the  response  of  a  building  in  the  absence  of  any  control  force. 
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absence  of  control  force 


Figure  4  Effect  of  Wind  on  Building  Displacement  in  the  Absence  of  Control  Force 


The  response  of  the  building  indicates  that  the  system  is  very  oscillatory  in  the  absence  of  any  control 
force.  The  maximum  amplitude  of  oscillations  is  4.4056.  This  stresses  the  need  of  some  control  force.  A 
proportional  controller  with  gain  25  was  used  to  limit  the  building  oscillations. 


Figures  Histogram  ofBuilding  Displacement  Corresponding  to  Proportional  Control 
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Figure  5  presents  the  histogram  of  the  building  displacement  when  proportional  control  is  used.  The 
proportional  control  is  effective  in  limiting  the  amplitude  of  oscillations  and  the  maximum  amplitude  of 
oscillations  was  observed  to  be  0.7033.  The  sum-squared-error  over  the  certain  simulation  period  was  9.3482. 
An  FLC  based  on  the  proportional  controller  performance  gave  a  maximmn  amplitude  of  1.0002  and  the  sum- 
squared  error  was  9.6264.  Some  changes  in  spreads  of  the  input  membership  functions  and  output  centers,  as 
suggested  in  step  2  in  section  3,  led  to  the  maximum  amplitude  of  0.6543  and  the  sum=squared-error  of 
9.1832.  This  corresponds  to  6.9  %  improvement  in  the  amplitude  reduction  and  4.0%  improvement  in  the 
sum-squared-error. 


Figure  6  Histogram  of  Building  Displacement  for  an  Adaptive  Fuzzy  Control 

Figure  6  presents  the  histogram  of  the  building  displacement  when  an  adaptive  fuzzy  control  is  used. 
The  maximum  amplitude  of  oscillations  was  observed  to  be  0.5508  and  the  sum-squared-error  was  8.7368. 
Thus  it  gave  an  improvement  of  21.6835%  in  terms  of  amplitude  of  oscillations  and  13.19  %  improvement  in 
terms  of  the  sum-squared-error. 

Figure  7  shows  time  history  of  the  building  displacement  when  an  adaptive  fuzzy  control  was  used. 

5.  Conclusions 

A  problem  of  damping  wind-induced  oscillations  in  tall  structures  was  addressed.  An  adaptive  FLC  was 
design^  which  works  in  conjunction  with  a  TMD  system.  It  was  assumed  that  there  exists  a  controller  which 
can  reduce  the  effect  of  wind  on  the  building  oscillations.  An  FLC  was  designed  based  on  the  functioning  of  a 
proportional  controller.  A  marginal  improvement  in  controller  performance  was  obtained  by  varying 
parameters  of  an  FLC  off-line.  Then,  an  a^ptive  FLC  was  developed  which  tried  to  minimize  the  amplitude 
of  building  oscillations  by  using  a  gradient  descent  algorithm  to  adapt  the  parameters  of  the  FLC.  The 
adaptive  FLC  performed  better  than  Ae  existing  proportional  controller.  If  the  building  is  severely  nonlinear, 
the  FLC  may  provide  a  more  extreme  improvement  over  a  standard  controller.  The  advantage  of  such  an 
approach  is  that  the  adaptive  FLC  would  perform  at  least  as  good  as  the  existing  controller  since  it  has  already 
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learned  the  functioning  of  the  existing  controller.  If  the  learning  rate  is  not  too  high,  the  adaptive  FLC  would 
outperform  the  existing  controller.  The  price  paid  for  the  improved  performance  is  computational  efforts.  It 
might  take  some  time  to  arrive  at  the  proper  learning  rate. 


Figure  7  Time  History  of  Building  Displacement  Corresponding  to  An  Adaptive  Fuzzy  Control 


A  constant  learning  rate  with  momentum  was  used  to  adapt  the  parameters  of  the  FLC.  A  natural 
extension  of  the  ^proach  considered  here  would  be  to  use  an  ^ptive  learning  rate  instead  of  a  constant 
learning  rate.  Also,  different  learning  rates  can  be  used  for  different  parameters.  A  neural  network  can  be 
used  to  identify  the  plant  and  hence  its  prediction  can  be  used  one  step  ahead  to  predict  the  effect  of  the 
application  of  the  control  force  calculated  by  the  adaptive  FLC.  This  information  can  be  utilized  to  further 
adapt  the  parameters  of  the  FLC  or  to  modify  the  output  of  the  adaptive  FLC  in  a  certain  way. 
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Appendix 

The  performance  measure  to  be  minimized  is 
^  I  . 

E  =-e 

where  e  is  the  negative  of  the  building  displacement.  The  FLC  parameters  which  can  be  adapted  are: 

q  (center  of  output  membership  function  for  rule  i) 

(center  of  inputi  membership  function  for  rule  0 
(centerof  inputZ  membership  function  for  rulei) 

(spread  of  inputi  membership  function  for  rule  0 
02i  (spread  of  input 2  membership  function  for  rule  |) 

There  are  M  rules  (i=[l>l]). 

The  relationship  among  these  parameters  is  represented  by: 

M  _ 

U=^ - 

Z(/Ul,)(/<2.) 


where 


N.  TRIPATHI,  A.  NERVES,  H.  VANLANDINGHAM  AND  R.  KRISHNAN 


(9) 


and  Hji  3re  degrees  of  membership  of  first  and  second  input  respectively  for  rule  i. 
Here,  Xi  and  X2  are  the  inputs  to  the  FLC  and  u  is  the  ou^ut  of  the  FLC. 

The  update  equations,  based  on  the  gradient  descent  algorithm  are: 

Ui(k  +  l)  =  uXk)-T}—— 
aiiik) 

Xj,(k  + 1)  =Xj,ik)  -  j=[l,2] 

+  j=[Ul 


(10) 

(11) 

(12) 


where  ti  is  the  learning  rate. 

Since  the  learning  rate  can  be  chosen  carefully,  the  exact  partial  derivatives  are  not  required.  If  the  signs  of 
these  partial  derivatives  are  determined,  the  gradient  descent  algorithm  can  try  to  reach  the  minima  by 
“traveling”  in  proper  direction. 


InEq.(lO), 


^  _cE  dz  du 
SiiQc)  dz  SIi(k) 

From  Eq.  (6) 

8E 

—  =  e 
dz 

dz 

Also,  it  was  found  from  a  crude  linear  approximation  of  the  plant  that  — is  positive. 


Moreover, - is  positive  (from  (7)).  Hence,  Eq.  (10)  becomes 

^(*) 

u^{k  + 1)  =  u,(k)-tfe 
where  ti'  is  the  modified  learning  rate. 

Similarly,  it  was  found  that 


Xji(k  + 1)  =Xjj(k)-  Tiesign((Xj  -  Xj^)  q) 
crj,(k  + 1)  =CTji(k)-  q  esign(q) 
where  sign  is  the  signum  function. 


j=[l,2],  i=[l,M] 


(13) 

(14) 


(15) 


(16) 
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Abstract 

A  crash  avoidance  system  for  automobiles  is  developed  based  upon  a  distributed  network  of  artificial 
neurons  that  mimic  the  neural  organization  of  the  escape  system  in  the  American  cockroach.  The  escape 
system  in  the  cockroach  is  shown  to  be  an  excellent  source  of  inspiration  for  the  development  of  a  crash 
avoidance  system.  The  equations  of  motion  for  a  four-wheeled  vehicle  with  front  wheel  steering  are 
derived  to  model  the  dynamics  of  the  vehicle  for  the  purpose  of  simulation.  The  crash  avoidance  system  is 
implemented  in  an  artificial  neural  network  which  is  trained  off-line,  but  then  is  shown  to  produce  real¬ 
time  performance  in  an  unknown  dynamic  environment.  A  novel  crash  avoidance  scheme  is  derived  for 
training  the  crash  avoidance  system.  Simulation  results  show  that  the  well-trained  crash  avoidance  system 
results  in  a  reflexive  crash  avoidance  behavior  in  an  environment  without  a  priori  information. 

1.  Introduction 

A  crash  avoidance  system  for  four-wheeled  vehicles  is  developed  based  upon  a  distributed  network  of 
artificial  neurons  that  mimic  the  neural  organization  of  the  escape  system  in  the  cockroach,  Periplaneta 
americana.  The  goal  of  a  crash  avoidance  system  is  to  faithfully  detect  a  threat  from  within  numerous 
benign  stimuli,  identify  where  the  threat  is  coming  from  and  evoke  appropriate  avoidance  maneuvers  in  the 
context  of  the  vehicle’s  internal  state  and  its  environment.  The  system  must  do  all  of  this  in  a  very  short 
period  of  time.  These  are  also  the  goals  of  escape  systems  found  in  animals. 

The  escape  response  circuit  in  the  cockroach  is  an  excellent  source  of  inspiration  for  the  development  of 
a  crash  avoidance  system.  Ritzmann  [8]  provided  a  comprehensive  discussion  of  the  present  state  of 
knowledge  about  this  circuit.  It  accurately  identifies  rapidly  accelerating  wind  stimuli  as  arising  from 
predators.  Wind  information  is  gathered  by  mechanoreceptive  hairs  and  is  conducted  to  the  thorax  by  giant 
intemeurons.  There  it  is  integrated  by  a  distributed  population  of  intemeurons,  called  type  A  thoracic 
intemeurons  (TI,^s).  The  TI,^s  direct  turning  movements  away  from  the  lunging  predator  via  both  direct 
and  indirect  connections  to  the  leg  motor  neurons.  All  of  this  is  accomplished  in  approximately  60ms. 

A  crash  avoidance  system  that  only  factored  in  the  most  immediate  threat  might  cause  more  harm  than 
good.  For  instance,  a  system  that  automatically  steers  the  vehicle  away  from  an  obstacle,  could  cause  a 
collision  with  a  wall  or  another  passing  vehicle.  The  cockroach  solves  this  problem  by  incorporating 
context  dependence  into  its  system.  In  addition  to  monitoring  wind  inputs  from  predators,  the  TI,^s  receive 
input  from  exteroceptive  cues  such  as  antennal  contact,  auditory  responses  and  ambient  light  and 
proprioceptive  cues  on  the  state  and  position  of  the  legs.  The  distributed  network  of  TI,^s  interprets  the  data 
on  wind  direction  in  the  context  of  everything  else  the  cockroach  is  experiencing  at  the  moment  of  the 
attack.  The  context  dependent  nature  of  the  cockroach  escape  system  permits  a  very  short  reaction  time 
because  a  suitable  response  need  not  be  planned  at  the  time  of  a  particular  threat,  but  is  continuously 
updated  based  upon  the  animal’s  physiological  state  and  its  environment.  Thus,  the  cockroach  escape 
circuit  satisfies  all  of  the  requirements  for  a  successful  crash  avoidance  system. 
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The  neural  circuit  that  comprises  the  cockroach  escape  system  has  been  previously  documented  by 
intracellular  analysis  and  modeled  on  a  computer  as  a  distributed  network  of  artificial  neurons[2-4].  In  this 
paper,  a  crash  avoidance  system  is  developed  for  four-wheeled  vehicles  based  upon  this  circuit.  A  dynamic 
simulation  of  a  four-wheeled  vehicle  is  developed  and  the  crash  avoidance  is  implemented  and  tested.  The 
crash  avoidance  circuit  incorporates  sensory  structures  that  detect  an  approaching  threat-  and  then  evokes 
appropriate  avoidance  maneuvers  to  be  carried  out  by  the  vehicle’s  wheels.  The  avoidance  maneuvers 
include  turning,  braking  and  accelerating.  The  results  will  be  compared  to  some  related  works  [1,5-6]. 


2.  Vehicle  Dynamics 

The  vehicle’s  motion  is  defined  with  reference  to  a  right-hand  orthogonal  coordinate  system  o-xyz 
which  originates  at  the  center  of  mass  (CM)  and  moves  with  the  vehicle.  The  inertial  frame  denoted  by  O- 
XYZ  describes  the  position  of  this  vehicle  in  the  world  coordinates. 

Assuming  this  vehicle  has  fr*ont  wheel  steering(Fir5),  the  corresponding  kinematics  are  shown  in  Fig.  1, 
where  wheel  i  with  radius  r^  is  represented  by  i,  i=l  4.  The  wheel  base  is  2a  and  track  is  2b.  The  mass  of 
the  vehicle  is  denoted  by  m,  the  moment  of  inertia  about  the  z-axis  is  l^;  (j),  and  denote  the  steering 
angle  of  wheel  1  and  wheel  2  respectively,  and  <j)  is  the  steering  wheel  angle.  The  steering  wheel  angle  0 
results  from  an  applied  torque  on  the  steering  wheel,  it  may  also  be  considered  the  angle  of  a  “  virtual 
wheel  “  which  is  attached  to  the  middle  point  between  wheel  1  and  wheel  2. 

Assuming  no  tire  side  slip,  the  Ackerman  steering  constraint  may  be  expressed  as 


(tan(|)2-tan<t),)+~tanjtan<t)2  =0  (1) 

a 

Introducing  the  steering  wheel  angle  (j) ,  the  steering  angles  for  wheel  1  and  wheel  2  are  expressed  as 

2a*“btan(j)  2a  +  btan<)) 

During  a  turning  maneuver,  the  vehicle  is  in  translation  and  rotation;  the  rotation  is  expressed  in  terms 
of  yaw  rate  0  =  0k,  and  its  translation  can  be  represented  by  the  velocity  of  the  vehicle’s  CM  as 


YG  =  v,i+vJ 


(3) 


where  v,  is  the  forward  component  speed  and  v^  is  the  lateral  component  speed. 

The  motion  of  these  four  wheels  are  described  by  the  individual  wheel-fixed  coordinate  O-x-y^z., 
where  the  subscript  i  denotes  the  wheel  i,  i=l  ~  4.  Since  there  is  no  side-slip  or  skidding,  the  velocity  Vj 


with  respect  to  the  wheel-fixed  frame  is 

Vi  =  V,  ii  (4) 

The  position  vectors  with  respect  to  the  vehicle-fixed  frame  for  these  four  wheels  are 

ri=rG  +  ai+bj;  r2=rG  +  ai--bj  (5a,b) 

r3=rG-ai+bj;  r4=rG~ai~bj  (5c, d) 

where  is  the  position  vector  of  the  CM  of  the  vehicle  in  the  global  coordinate  system.  The  velocities  of 
the  wheel  centers  can  be  expressed  as 

V,  =  VG~b0i+a0j  =  V,  ii;  v^  =  VG  +  b0i-i-a0j  =  v^  ij  (6a,b) 

V3  =yG-b0i-a0j  =  VjIb;  V4  =  Vc  +  b0i--a0j  =  v^  i4  (6c,d) 

From  Eq.  (6)  a  set  of  nonholonomic  constraints  based  on  no  wheel  slip  can  be  expressed  as 

<I>v^  =  a0;  Vy  =  a0  (7a, b) 

where  O  =  —  tan<t) . 


2 

Substituting  these  two  nonholonomic  constraints  into  Eq.  (6),  the  virtual  displacements  of  the  wheels 
can  be  expressed  as 

5s,  =5s.j(l--<I)y+(2<I>)^  8s,  =5s,,(l+-<I>)^+(2<I>)^  (8a,b) 

V  a  V  a 
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Ssj  =  8s, 


1--OI 


1+-<I>| 
a 


5s^  =  8s, 

The  virtual  work  5w^  done  on  these  four  wheels  by  shaft  torques  is 

8w.  =  +f,((t))Xj  +  f3(<|))T,  +C,{(t))Tj5s,=f.5s, 

where 

r.  V  a  '  r  »  a 


4))'  +(2<1>)= 


(8c,d) 

(9a) 

(9b,c) 

(9d,e) 
(9f) 

Let  the  virtual  work  5w,  done  by  the  steering  torque  t,  applied  through  the  steering  linkage  be  defined 
as  5m',=x,8<));  the  total  virtual  work  can  be  expressed  as 

8w  =  5w„+8w,  =f,8s,+T,5<l)  (10) 

Neglecting  the  rotational  kinetic  energy  of  the  wheels,  the  kinetic  energy  can  be  expressed  as 

r=lm(v=+vj)+li,eVii.(e+<i))^  (ii) 

where  I,  is  the  moment  of  inertia  of  the  front  steering  system. 

Lagrange’s  equations  in  quasi-coordinates  and  in  true  coordinates,  respectively,  can  be  expressed  as 


b^ 

1 

b_ 

1 — d> 
a 

;  ^4=— 

r. 

1  +  — <I> 
a 

f3=- 

«w 


d.ar,  -rdT  . 

d dr 


where 

’v.‘ 

'o  -e' 

'e' 

V  = 

;  0)^  = 

;  q  = 

.•t*. 

V 

yj 

0  0 

(12a) 
(12b) 

(12c,d,e) 

and  f  is  the  generalized  external  applied  force  vector;  Cv  is  the  constraint  force  vector;  t  is  the 
generalized  external  applied  torque;  c,  is  the  constraint  torque  vector. 

Substituting  the  energy  T  into  Eq.  (12)  and  cancelling  the  Lagrange  multipliers,  the  dynamic  equations 
of  motion  augumented  with  the  differentiated  nonholonomic  constraints  become 

M,((t))|+a(<l>)  =  UX(|))u  (13a) 

(13b) 

1 


where  u  =  [Tj  Tj  t,]^; 
M  =1 


'd; 

;  z  = 

V 

;  G,= 

;  u,= 

;  D  = 

'0 

0 

-a  0 

;  Gc  = 

A. 

q 

Gc 

0.45. 

’  c 

0 

1 

-a  0 

-(l  +  4<[)^)^v. 


0 


and  D,  = 


m  mO 

0' 

;  B,  = 

- 1 

S*> 

f3 

f,  o' 

o 

o 

I. 

Is. 

o 

o 

0 

0  1 

(I3c,d,e,f,g,h) 

(13iJ) 


Let  the  sideslip  angle  a  be  defined  as  the  angle  between  the  tangential  velocity  direction  of  the  CM  and 
the  vehicle  forward  heading  direction,  the  velocity  vector  v ,  its  derivative  v  and  time  derivative  of  yaw 
rate  can  be  expressed,  respectively,  as 


cosa 

scosa-sdsina 

V  =  S 

sin  a 

;  y  = 

*ssina  +  sdcosa 

0  =  1  ( *s  sin  a  +  sd  cos  a ) 
a 


where 


sma  =  -“  = 


p 


cosa: 


L^+b 


(14a,b,c) 

(14d,e) 
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and  p  is  a  signed  curvature  radius  of  the  vehicle’s  path  at  this  moment, 
a  can  be  solved  through  algebraic  manipulation  as 

1+40^  • 

a=  IZ  ^  (140 

2(1+0^)^  ^ 

Substituting  Eq.  (14)  into  Eq.  (13),  and  assuming  that  the  applied  torque  on  each  wheel  is  X;  =  — x,,  i=l 

~  4,  where  x,  is  the  total  applied  torque  from  engine  torque  or  braking,  the  equations  of  motion  can  be 

expressed  as 

D,  2i+G«(zi,Zi)  =  u  (15a) 

where 


<t> 


'm+m<l>^+(I,  +  l.)<l>Va^  I.O 
f(^)>/l+^  af(<t) 


(I,4-I.)<I>(H-4<I>^) 


aVl  +  4>^ 


_  2aV(l+«I>^)’f(<l>)  X, 

2aV(l+0^)’ 


(15b,c,d,e) 


and  the  function  f(<j))  is  defined  as  f  =  —  (f,  +  f2  +  ) 

4 

Note  that  if  <[)  is  a  constant,  then  <j)  =  0  =  0,  the  system  is  reduced  to  one  degree-of-freedom,  and  Eq.  (15) 
becomes 

G((1))s  =  t,  (16a) 

where 

G(<t))=  (16b) 


Due  to  the  limits  from  the  engine  and  braking  torque,  must  satisfy 

T  .  <  T  <  X 

mm  —  e  •max 


Substituting  Eq.  (16)  into  Eq.  (17),  the  constraint  on  S  is 


X  .  ..X 

mm  <  g  <  max 


G(<|))  G(<t)) 

The  constraint  on  speed  is 

0<s<s_  (19) 

The  pure  rolling  assumption  for  the  tire  model  remains  valid  if  the  available  frictional  forces  are  not 
saturated  by  the  inertial  forces;  therefore,  the  friction  force  required  by  the  vehicle  motion  is 

f.^+f.^<(pmg)^  (20) 

where  f,  =  ms  and  f,  =  m(s)’  /  |p| .  Substituting  these  expressions  for  the  friction  components  into  Eq.  (20), 
the  constraint  on  s  is 


.mV 


Because  the  square  root  in  Eq.  (21)  must  be  positive,  the  constraint  on  speed  is 

s^<pg|p|  (22) 

It  is  assumed  that  the  limit  of  the  steering  wheel  angle  is  the  only  constraint  for  the  steering  system: 

(23) 


A  control  law  referred  to  as  the  computed  torque  method  is  applied  in  a  straightforward  manner  as 

u  =  D,u(z„z,)+Gs(z.,i)  (24) 
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Eq.  (24)  is  substituted  into  Eq.  (15),  the  nonlinearity  is  canceled  and  the  closed-loop  dynamics  are  obtained 
as 

z,  =  u(Zs,Zs)  (25) 

where  u  is  a  new  control  vector  and  permits  the  application  of  a  smooth  state  feedback. 

For  our  task  involving  the  stabilization  of  the  desired  outputs,  this  new  control  vector  takes  the 
following  form 

u  =  Zd  -  Kj  (Zs-  Zd )  -’  Kj  (Zs-  Zd )  (26) 

where  the  subscript  ‘d’  represents  the  desired  action  for  crash  avoidance,  and  the  (2X2)  gain  matrices  K, 
and  Kj  may  be  selected  so  that  this  system  has  independent  actuators.  That  is  K,  =diag[k,%kf]  and 
Kj  =  diag[k*  ,kj  ] .  Therefore,  Eq.  (25)  will  be  decoupled  into  independent  error  dynamics 

e+K^e+K^e^O  (27) 

where  e  =  Zs  -  Zd  =  [e,  ,e^  =  [s  -  ,<|)  -  (j)  .  The  elements  of  the  gain  matrices  are  positive  and  chosen  so 

as  to  guarantee  the  eigenvalues  assignment  corresponding  to  the  design  specification. 

5.  Biologically-Inspired  Crash  Avoidance  System 

A  crash  avoidance  system  is  developed  based  on  the  cockroach  escape  response.  The  system 
incorporates  simulated  sensory  structures  that  detect  an  approaching  threat  and  then  evokes  appropriate 
avoidance  movements  to  be  carried  out  by  the  wheels  of  the  vehicle.  Exteroceptors  include  sonar 
proximity  detectors  to  monitor  the  presence  of  objects  around  the  vehicle.  Proprioceptive  sensors  include 
tachometers  to  monitor  the  speeds  of  the  wheels  and  potentiometer  to  monitor  the  steering  wheel  angle. 
The  avoidance  maneuvers  may  include  turning,  braking  and  accelerating  to  respond  to  a  crash  threat. 

The  crash  avoidance  circuit  for  a  four-wheeled  vehicle  is  shown  in  Fig.  2.  The  architecture  of  this  neural 
network  is  based  on  a  model  of  the  cockroach  escape  circuit  [2].  A  sigmoidal  function  with  bias  is  used  to 
model  the  input-output  relation  of  a  neuron.  The  simulated  vehicle  is  equipped  with  8  sonar  sensors  that  are 
mounted  on  a  horizontal  ring  around  the  vehicle  such  that  its  environment  can  be  scanned.  A  range  reading 
can  be  measured  through  an  echo  from  an  object;  the  measurements  of  all  sonar  sensors  are  fed  forward  to 
the  ventral  giant  neurons  and  exteroceptive  neurons.  Apart  from  the  measured  information  at  current 
moment  t,  the  radial  measure  of  distance  to  an  obstacle  at  the  last  sampling  moment  t-At  is  also  recorded  to 
infer  the  relative  velocity  and  relative  heading  direction  expressed  with  respect  to  the  vehicle.  The  outputs 
of  the  exteroceptive  neurons  are  the  normalized  relative  distance  and  orientation  of  an  obstacle. 

Proprioceptive  neurons  receive  wheel  speed  data  from  simulated  tachometers;  the  steering  wheel  angle 
is  also  fed  into  the  proprioceptive  neurons.  The  outputs  of  the  proprioceptive  neurons  are  the  normalized 
speed  of  the  vehicle  and  the  normalized  steering  wheel  angle. 

The  observed  threat  field,  which  is  represented  by  the  normalized  magnitude  of  the  velocity  and 
normalized  forward  heading  direction  of  an  obstacle  relative  to  the  vehicle,  is  constructed  by  the  outputs  of 
ventral  giant  neurons(vGI),  Ventral  giant  neurons  receive  the  signals  from  the  outputs  of  proprioceptive 
neurons  and  sensor  neurons  at  the  last  sampling  moment  t-At  and  the  current  moment  t. 

Eighteen  neurons  reside  in  the  thoracic  layer  and  twelve  neurons  reside  in  the  local  layer.  These 
numbers  were  chosen  arbitrarily.  The  outputs  of  the  motor  neurons  are  the  desired  avoidance  commands 
expressed  in  the  normalized  tangential  acceleration  s^  and  normalized  steering  wheel  angle  (j)^.  The  actual 
commands  will  be  recovered  by 

S.  =  (2 Sa  - 1) ;  (I),  =  (2^a  ~  1)  (28a,b) 

The  desired  tangential  speed  s^  is  s^  =s+‘SjAt,  and  the  desired  steering  wheel  angle  speed  and 
acceleration  are  set  to  zero  in  correspondance  to  the  desired  steady  state  after  At. 

The  neural  network  was  trained  using  backpropagation  to  make  the  vehicle  respond  appropriately  to 
potential  crashes.  The  learning  of  this  system  was  confined  to  varying  the  connection  weights.  In  order  to 
find  the  appropriate  connection  weights  given  the  known  structure  of  the  circuit,  sufficient  data  are  needed 
to  train  this  system.  These  data  were  developed  from  a  theoretical  crash  avoidance  scheme. 

6.  Crash  Avoidance  Scheme  (Offiline) 
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The  crash  avoidance  scheme  in  the  path-time  space(s,t)  is  shown  in  Fig.  3,  where  the  vehicle  is  treated 
as  a  particle  moving  at  constant  speed  v''  over  a  planned  path  s''  which  is  function  of  time  t;  the  moving 
obstacle  travelling  over  s®  at  constant  speed  v®  is  enlarged  proportionally  as  a  circle  with  radius  R. 

Suppose  that  the  vehicle  arrives  at  the  point  s,''  at  time  t,\  and  passes  through  the  intersection  to  the 
point  Sj  at  t];  similarly,  the  center  of  the  moving  obstacle  reaches  position  1  and  position  2  at  time  t®,  t®, 
and  this  enlarged  circle  is  tangent  to  the  trajectory  s''  of  the  vehicle  at  these  moments.  A  crash  alarm  set 
will  be  defined  in  terms  of  the  following  inequalties, 

crash  alarm  set:=  {(v\s\  v®,s®,R)|t®  <  tj'  <  t®  with  t^"'  >  0  or  t,®  <  <  t®  with  >  0}  (29) 

When  there  is  a  crash  alarm,  avoidance  action  must  be  taken  to  elude  a  possible  collision.  The  first 
option  is  acceleration  or  deceleration.  The  acceleration  scheme  implies  that  the  vehicle  must  pass  through 
the  intersection  to  $1  before  the  time  t,®  by  applying  driving  torque  to  the  wheels.  TTie  condition  with  a 
minimum  acceleration  for  crash  avoidance  is 

s;  =  s^(t:)  (30a) 

For  the  deceleration  scheme,  the  vehicle  just  arrives  at  s]"  at  t  >  t®  by  applying  a  braking  torque,  and  the 
condition  with  a  minimum  deceleration  is 

s:=s''(t®)  (30b) 

Sometimes,  the  acceleration  or  deceleration  scheme  fails  due  to  the  vehicles  performance  limits,  speed, 
or  terrain  conditions,  etc.;  so  replanning  other  paths  becomes  necessary  to  avoid  a  collision.  Path 
replanning  involves  the  application  of  steering  torque  to  achieve  the  desired  steering  wheel  angle. 

In  fact,  there  is  no  preexisting  knowledge  of  the  obstacles’  path  in  the  real  world.  Only  observations  of 
the  obstacles  motion  are  available  through  the  sensory  systems.  Therefore,  each  prediction  according  to  the 
current  situation  of  the  world  at  any  instant  expresses  an  inferrance  of  the  future  motions  of  the  obstacles. 
This  prediction  is  referred  to  as  an  inertia  cue  whose  inputs  are  from  the  current  sensing.  Whether  a  crash 
alarm  occurs  and  whether  a  crash  avoidance  is  needed  depend  on  the  usage  of  inertia  cues  which  are 
inferred  corresponding  to  the  steady  state  assumption  We  will  treat  the  vehicle  as  following  a  straight  path 
or  a  circular  path  at  constant  speed  v'',  and  we  will  treat  the  moving  obstacle  as  following  a  straight  path 
with  a  constant  speed  v®  as  inertia  cues  to  predict  the  likelihood  of  a  crash. 

The  desired  deceleration  s^*  or  acceleration  *s‘  used  for  crash  avoidance  with  the  corresponding 
tangential  speed  s‘’,s*  at  point  must  satisfy  the  constraint  Eqs.  (18)  and  (21)  on  s  ,  and  the  speed 
must  satisfy  Eqs.  (19)  and  (22).  If  there  exists  a  feasible  deceleration  s**  and  acceleration  s*  simultaneously, 
the  desired  tangential  acceleration  s^  will  be  chosen  corresponding  to  the  equation 

^Js*  ifs*<-s" 

[s’*  otherwise 

If  all  of  these  constraints  are  not  satisfied,  avoidance  by  acceleration/  deceleration  is  not  possible  along 
the  preplanned  path;  therefore,  the  path  replanning  for  collision  avoidance  must  be  made,  and  the  desired 
steering  wheel  angle  must  be  found  which  satisfies  the  corresponding  constraints.  The  most  desirable 
steering  wheel  angle  (j)^  is  denoted  as  the  value  which  is  closest  to  the  current  steering  wheel  angle  <}). 

7.  Simulation  and  Results 

Given  this  vehicle  is  travelling  over  a  straight  path  at  a  constant  velocity  v^  =  s=14  m/sec  in  the  heading 
direction  0''  =  7c/2.  The  properties  and  performance  limits  of  the  vehicle  are:  mass  m=  1400  kg;  moment 
of  inertia  about  the  z-axis  I^=  2000  kgm^ ;  moment  of  inertia  of  front  steering  system  I,  =  10  kgm^ ;  wheel 
base  2a==  2.5  m;  track  2b=  2  m;  radius  of  the  four  wheels  r^=  0.3  m;  the  speed  limit  20  m/sec;  the 
maximum  torque  on  wheels  x^=  1200  Nm;  the  minimum  torque  on  wheels  -1200  Nm;  the 
maximum  steering  wheel  angle  k/6  rad;  the  minimum  steering  wheel  angle  -jc/6  rad;  the 
available  distance  the  sonar  can  reach  is  D=  50m;  the  sampling  time  At=  0.5  sec.  For  the  controller  design, 
the  diagonal  feedback  gain  matrices  K,  and  Kj  are  determined  as  K,  =  diag[100,40]  and  =  diag[0,800] 
corresponding  to  the  design  specifications. 
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In  an  unknown  environment,  a  moving  obstacle  appears  at  constant  speed  v°=14m/sec  along  a  straight 
path.  The  moving  obstacle  is  modeled  as  a  circle  with  radius  R°=1.5  m.  The  obstacle  is  enlarged  to  have  a 
radius  of  3.2  m  for  the  purpose  of  the  crash  avoidance  scheme.  The  initial  positions  of  the  vehicle  and  the 
moving  obstacle  are  located  on  a  circumference  with  radius  20m. 

The  training  patterns  on  cases  which  are  composed  of  different  invariant  heading  direction  0°  will  be 
obtained  by  the  simulation  of  this  crash  avoidance  scheme.  Here,  14  different  heading  directions  for  the 
moving  obstacle  are  used,  these  directions  are  0,  Jt/6, 7c/4, 7t/3,  2ji/3,  3jt/4,  57t/6,  tc,  7jt/6,  StcJA,  4jt/3,  57c/3, 
7n/4  and  I  ljt/6.  Using  the  crash  avoidance  scheme,  the  data  used  to  train  the  crash  avoidance  system  can 
be  gathered  through  simulation.  Note  that  in  this  paper  the  friction  coefficient  p.  between  the  wheels  and 
ground  is  assumed  to  be  infinite. 

Through  a  series  of  simulations  using  the  14  different  cases,  the  data  which  represent  the  output  of 
ventral  giant  intemeurons,  exteroceptive  neurons,  and  proprioceptive  neurons  in  this  crash  avoidance 
system  constitute  the  training  inputs;  the  desired  commands  are  Ae  outputs  of  motor  neurons  from  the 
training  outputs.  The  backpropagation  method  is  applied  to  determine  the  synaptic  weights. 

After  finishing  the  training,  the  same  14  training  cases  are  excuted  to  test  this  crash  avoidance  system. 
Collisions  still  occured  in  a  few  cases.  The  reason  is  that  the  neural  network  is  a  function  mapping  in  the 
view  point  of  mathematics;  so  the  synaptic  weights  solution  is  the  coordination  of  all  training  patterns. 
When  a  collision  happened,  the  second  sensed  data  to  the  last  are  collected  and  fed  into  the  crash  avoidance 
scheme  to  result  in  more  training  patterns.  Then  this  system  was  trained  again  to  enhance  the  avoidance 
capibility  on  those  cases  for  which  crashes  still  occured. 

After  this  enhanced  training,  the  performance  of  the  system  was  tested  again.  All  14  crash  situations 
were  successfully  avoided.  For  0°  =  0 ,  Fig.  4  is  the  crash  avoidance  trajectory  performed  by  a  vehicle  with 
this  crash  avoidance  system  installed.  Fig.  5  shows  this  vehicle  state  during  crash  avoidance  maneuver  for 
0°  =  0 ;  In  this  case,  after  the  maneuver,  the  crash  avoidance  commands  cause  the  vehicle  to  have  a  positive 
steering  wheel  angle  and  decreasing  speed.  The  minimum  relative  distance  between  the  vehicle  and  the 
obstacle  is  3.54  m  in  the  real-time  simulation  whereas  the  desired  distance  is  3.92m  in  the  off-line  scheme. 

In  order  to  test  the  flexibility  of  this  system  for  an  untrained  case,  the  case  for  0°=67c/5  was  used.  Fig.  6 
shows  the  avoidance  trajectory.  The  crash  avoidance  system  was  successful  for  this  untrained  case.  Fig.  7 
shows  the  vehicle  state  corresponding  to  this  case. 

8.  Conclusions 

In  this  paper,  the  equations  of  motion  for  a  vehicle  moving  on  a  plane  were  derived  using  a  form  of 
Lagrange’s  equations  for  quasi-coordinates.  Corresponding  to  the  assumption  of  no  tire  slip,  two 
nonholonomic  constraints  were  generated.  The  constraints  were  incorporated  into  the  dynamics  and  the 
equations  of  motion  were  reduced  to  two,  one  governing  the  translation  of  the  vehicle  and  the  other 
governing  the  steering  mechanism.  Because  the  reduced  nonlinear  dynamics  model  is  in  a  controllable 
canonical  form,  a  feedback  linearization  can  be  applied  to  design  a  controller  for  the  vehicle  motion.  The 
characteristics  of  the  outputs  of  the  vehicle  state  corresponded  to  the  desired  response,  so  the  feedback 
gains  were  assigned  in  response  to  the  desired  outputs.  A  neural  network  crash  avoidance  system  similar  in 
architecture  to  the  escape  system  of  the  cockroach  was  developed  to  achieve  the  crash  avoidance  objective. 
A  crash  avoidance  scheme  was  developed  to  gather  training  data.  The  scheme  generated  the  desired 
commands  for  crash  avoidance  in  response  to  a  moving  obstacle.  The  training  data  were  fed  into  the  crash 
avoidance  system  to  train  the  neural  network.  With  the  trained  crash  avoidance  system  installed  in  the 
vehicle,  the  simulation  showed  that  the  crash  avoidance  system  can  react  rapidly  to  an  oncoming  crash. 
The  cockroach  escape  circuit  proved  to  be  an  excellent  model  for  a  crash  avoidance  system.  This  reflexive 
control  mimics  the  biological  behavior. 

Natural  systems  provide  an  excellent  source  of  inspiration  for  solving  engineering  problems.  This  paper 
provides  an  approach  for  such  interactions  between  engineering  and  biology.  Concepts  extracted  from  the 
cockroach  escape  system  are  successfully  applied  to  the  vehicle  to  avoid  the  crash  reflexively.  Practical 
technological  devices  can  benefit  from  biological  inspiration. 
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Abstract 

This  study  investigates  the  dynamic  interactions  between  magnetically  levitated  (maglev)  vehicles 
employing  electromagnetic  suspension  (EMS)  systems  and  elevated  flexible  guideways.  hi  EMS  designs, 
vehicle  levitation  and  guidance  is  achieved  by  attraction  between  vehicle-borne  magnets  and  iron  rails  mounted 
to  the  guideway.  EMS  maglev  systems  rely  on  feedback  control  to  actively  position  the  vehicle  on  the  guideway 
to  achieve  a  nominal  air  gap  and  ensure  overall  safe  performance.  Furthermore,  the  control  system  plays  a 
oitical  role  in  providing  acceptable  passenger  ride  comfort. 

The  objective  of  this  work  is  to  develop  a  computer  simulation  model  for  predicting  the  dynamic 
performance  of  a  superconducting  (SC)  EMS  maglev  vehicle  operating  over  a  flexible,  multiple  span,  elevated 
guideway.  A  sequence  of  dynamic  component  models  is  developed.  For  example,  a  magnet  model  is  derived 
which  characterizes  the  behavior  of  the  on-board  SC  magnets.  A  five  degree  of  freedom  (DOF)  nonlinear 
vehicle  model,  representing  lateral,  vertical,  roll,  pitch,  and  yaw  motions,  is  also  developed.  The  vehicle's 
magnet  modules  are  controlled  using  linear  quadratic  (LQ)  optimal  control  augmented  with  integral  action  to 
avoid  steady-state  gap  errors  which  might  otherwise  arise  from  guideway  offsets  or  constant  CTOSS-wind  gusts. 

A  simply  supported,  multi-spanned,  tangent  guideway  model  is  proposed  to  evaluate  vehicle  dynamic 
response  for  a  range  of  guideway  geometry  inputs  and  wind  force  inputs.  In  addition  to  the  cross-wind  gust,  the 
disturbances  imposed  on  the  maglev  system  include  guideway  deflection  due  to  inherent  span  compliance  and 
guideway  irregularities  such  as  random  roughness  and  offsets  (steps,  ramps,  and  camber  irregularities).  The 
design  criteria  is  to  minimize  the  gap  errors  and  passenger  accelerations  without  exceeding  limits  on  the 
controlled  voltage  of  the  magnet  modules. 

The  computer  model  is  used  in  simulation  studies  to  provide  insights  into  the  nature  of  the  dynamic 
interaction  expected  in  high  speed  EMS  maglev  operation.  To  achieve  acceptable  performance  in  terms  of 
safety,  ride  quality,  and  power  demand,  maglev  designs  require  detailed  dynamic  analyses  that  account  for  the 
governing  behavior  of  their  magnet  modules,  vehicle  and  guideway  DOFs,  and  controller  structure  as  well  as 
the  interaction  coupling  the  vehicle,  guideway,  and  control  subsystems. 

1.  Introduction 

Maglev  vehicles  are  one  class  of  high-speed  guided  ground  transportation  vehicles  being  considered  for 
deployment  in  the  U.S.  Unlike  conventional  trains  that  use  wheels  and  rails,  maglev  vehicles  are  generally 
suspended  above  an  elevated  guideway  by  magnet  forces.  In  addition  to  levitation,  magnet  forces  are  employed 
to  guide  the  vehicle  (i.e.,  center  it  within  or  over  the  guideway),  propel  the  vehicle  along  the  guideway,  and 
assist  in  braking  action.  The  non-contact  operation  of  maglev  vehicles  is  distinct  from  conventional  rail  vehicles 
relying  on  mechanical  stresses  and  friction  forces  between  steel  rails  and  wheels. 

In  the  United  States,  the  National  Maglev  Initiative  (NMI)  has  been  established  to  assess  the  role  of 
maglev  high  speed  transportation  in  the  Nation’s  future.  Four  System  Concept  Definitions  have  been  developed 
under  the  NMI.  Among  them  the  designs  of  Bechtel,  Foster-Miller,  and  Magneplane  are  electro-dynamic 
suspension  systems  that  rely  upon  “repulsive”  magnet  forces.  Grumman’s  system  concept  is  an  electromagnetic 
suspension  (EMS)  system  employing  “attractive”  forces  and  superconducting  (SC)  magnets. 

Many  types  of  maglev  system  models  have  been  proposed  and  analyzed.  For  example,  Wormley,  et  al. 
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(1992)  used  simplified  one-dimensional  vehicle  models  for  providing  initial  guidelines  and  overall  directions 
for  maglev  design  and  development.  Dynamic  interactions  between  a  maglev  vehicle  and  a  flexible  guideway 
were  studied  in  (Cai,  et  al.,  1994)  using  a  two  DOF  vehicle  model.  More  sophisticated  vehicle  models  were 
developed  for  maglev  systems  in  (Daniels,  et  al,  1992)  to  evaluate  vehicle/guideway  interactions  for  various 
guideway  structures.  The  vehicle/guideway  interactions  of  a  maglev  system  with  a  multi-car,  multi-load  vehicle 
were  investigated  in  (Cai,  et  al,  1993). 

An  objective  of  this  study  is  to  develop  a  detailed  mathematical  model  for  evaluating- the  dynamics  of  a 
SC  EMS-type  maglev  vehicle  with  a  combined  lift  and  guidance  system.  The  aim  of  the  Tnathftmatiral  model  is 
to  simulate  the  maglev  vehicle  over  a  multi-span  flexible  guideway  at  full  speed  under  the  influence  of 
guideway  irregularities  and  aerodynamic  loading.  The  overall  system  can  be  decomposed  into  four  main 
components:  vehicle  model,  magnet  model,  guideway  model,  and  controller.  The  purpose  of  this  paper  is  to 
describe  detailed  mathematical  models  of  these  subsystems. 

2.  System  Models 

2.1  Vehicle  Model 

In  order  to  facilitate  the  development  of  the  vehicle  model,  two  coordinate  systems,  an  inprtiai  coordinate 
frame  and  a  carbody  coordinate  frame,  are  first  established.  The  carbody  motion  is  then  described  by  the 
translational  and  rotational  transformations  between  these  two  coordinate  systems.  The  carbody  coordinate 
frame  is  fixed  in  the  vehicle  carbody  with  principal  axes  Xc,  Yc,  and  Zq  and  origin  located  at  the  vehicle  center 
of  gravity  identified  as  CG.  The  inertial  coordinate  frame,  XjYjZi,  moves  along  the  guideway  longimdinal 
direction  (i.e.,  Xj  direction)  at  a  constant  vehicle  speed,  Vv 

The  vehicle  motion  is  characterized  by  the  lateral  and  vertical  displacements  of  the  carbody  CG  and  the 
roU,  pitch,  and  yaw  angles  which  describe  the  orientation  of  the  carbody  coordinate  frame  with  respect  to  the 
inertial  frame.  The  lateral  and  vertical  displacements  of  the  carbody  CG  are  denoted  by  and  Zc,  respectively.  It 
is  assumed  that  the  carbody  axes  are  initially  aligned  with  the  inertial  reference  axes.  Then,  the  orientation  of 
the  carbody  frame  can  be  reached  by  successive  rotations  as  follows;  (i)  a  rotation  (yaw)  about  the  Zq  axis, 
(ii)  a  rotation  (pitch)  about  the  resulting  Yc  axis,  and  (Hi)  a  rotation  ^  (roll)  about  the  resulting  Xq  axis. 

Amaglev  vehicle  model  is  developed  based  on  the  Grumman  system  concept  (Proise,  et  al,  1993).  Figure 
1  shows  the  vehicle  in  its  nominal  position.  There  are  magnet  modules  on  each  side,  inclined  at  angle  from 
vertical.  (N^  is  an  even  number.)  The  magnets  are  arranged  in  such  a  way  that  the  magnet  forces  pass  through 
the  longimdinal  axis  of  the  vehicle  when  the  vehicle  is  in  its  nominal  position.  Each  module  contains  several 
magnets  controlled  by  the  same  power  supply.  The  magnet  force  at  each  magnet  module  is  assumed  to  be 
distributed  uniformly  along  the  module  length,  l„.  The  vehicle  carbody  is  assumed  to  be  rigid.  The  vehicle 
length  and  height  are  denoted  by  Ly  and  respectively.  Also  shovra  in  the  figure  are  the  nominal  air  gap,  Hq, 
and  the  height  and  width  between  the  module  and  the  carbody  CG,  denoted  by  and  Wc,  respectively. 


Figure  1.  Grumman-Type  Vehicle  Configuration 
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Figure  1.  Free-Body  Diagram  of  Vehicle  Carbody 


The  free-body  diagram  of  the  vehicle  carbody  is  shown  in  Figure  2.  The  vehicle  is  supported  by  magnet 
forces  from  the  two  rows  of  magnet  modules.  In  addition  to  the  magnet  forces,  the  vehicle  model  described  here 
may  be  disturbed  by  a  cross-wind  gust  represented  by  an  aerodynamic  force,  in  the  lateral  direction  and  an 
aerodynamic  moment,  in  the  yaw  direction.  The  vehicle  model  equations  of  motion  can  be  written  as 


(1) 

(2) 

(3) 

My  =  lyCOy- (1,-1,)  (0^(0^ 

(4) 

M,  +  M^  =  l,^,-(I^-Iy)(0^(0y 

(5) 

'<t>c  = 

(6) 

(7) 

¥c  = 

(8) 

where  is  the  vehicle  mass,  g  is  the  acceleration  due  to  gravity,  4,  4  4  pitch,  and  yaw 

moments  of  inertia  of  the  vehicle,  respectively,  and  (o^  Oy,  and  o)^  are  the  roll,  pitch,  and  yaw  angular  velocities, 
respectively,  in  the  carbody  coordinate  frame.  Equations  (1)  and  (2)  are  the  translational  equations  of  motion 
given  by  Newton’s  second  law,  where  Fy  and  are  the  total  magnet  force  components  in  the  lateral  and  vertical 
directions,  respectively,  applied  to  the  carbody  CG.  Equations  (3)-(5)  are  the  rotational  equations  of  motion 
from  Euler’s  equations,  where  My,  and  are  the  resultant  roll,  pilch,  and  yaw  moments  due  to  the  magnet 
forces.  Equations  (6)-(8)  are  the  angle-angular  velocities  relations  which  couple  the  vehicle  angular  velocities  to 
the  roll,  pitch,  and  yaw  angles,  where  small  angles  are  assumed.  The  magnet  forces,  Fy  and  F^,  and  the 
corresponding  moments,  My  and  A4,  have  been  derived  in  (Wang,  1995). 

2.2  SC  Magnet  Model 

The  proposed  Grumman  vehicle  design  contains  forty-eight  EMS-type  SC  magnets,  twenty-four  magnets 
on  each  side  (Proise,  et  aL,  1993).  In  this  study,  the  vehicle  magnets  are  grouped  into  2N^  magnet  modules.  All 
magnets  in  a  module  are  controlled  by  a  single  power  supply.  The  number  of  magnet  modules  is  a  design 
variable  and  can  be  specified  based  on  the  required  dynamic  performance. 
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Figure  3.  SC  Magnet  Configuration 


The  SC  magnet  system,  shown  schematically  in  Figure  3,  consists  of  a  guideway  iron  rail,  an  iron-core 
magnet,  a  SC  coil  wrapped  on  the  back  leg  of  the  iron  core,  and  a  set  of  normal  coils,  which  are  serially 
connected,  attached  to  both  pole  ends  of  the  iron  core.  N^c  and  N„  are  the  numbers  of  turns  in  the  SC  coil  and 
the  normal  coils,  respectively.  The  current  in  the  SC  coil.  Iso  provided  by  a  constant  current  source,  and  the 
resulting  magnet  toce  provides  the  lifting  capability  to  balance  the  total  weight  in  static  equilibrium.  The  trim 
current,  i,  in  the  normal  coils  is  driven  by  a  controlled  voltage,  u,  to  maintain  the  air  gap,  h,  at  its  nominal  value. 
The  total  magnet  force  provided  by  the  magnet  is  /.  The  total  resistance  of  the  normal  coils  is  denoted  by  and 
the  face  area  of  each  magnetic  pole  is  denoted  by  A^. 

By  ^plying  Ampere’s  law  along  path  C  in  Figure  3  and  using  the  law  of  conservation  of  energy  for  the 
magnetic  energy  stored  in  the  air  gap,  the  attractive  magnet  force  at  magnet  module  j  can  be  represented  as 


fr 


rti  m 


Ah] 


(9) 


where  /Jq  is  the  permeability  of  air,  is  the  number  of  magnets  in  each  magnet  module,  and  hj  and  ij  are  the  air 
gap  and  trim  current  at  module  j,  respectively.  From  Kirchhoff ’s  voltage  law,  the  trim  current/voltage  relation  in 
magnet  module  j  can  be  derived  as 


2h 


schc 


+  N  i  .)dh. 
"  r  J 


dt 


2h] 


dt’ 


(10) 


In  summary,  the  dynamics  of  the  SC  magnet  model  are  described  by  the  voltage  equation  (10)  for  each 
module  and  can  be  rq)resented  by  2N„  first-order  ODEs.  The  resulting  trim  current  and  the  constant  SC  current 
in  each  magnet  module  produce  a  magnetic  flux  which  set  up  the  attractive  magnet  fwce  between  the  iron  core 
and  the  iron  rail.  The  magnet  force  at  each  module,  described  by  Equation  (9),  is  a  nonlinear  function  of  the  trim 
current,  SC  current  and  air  g^  between  the  magnet  and  the  rail. 


2.3  Guittewav  Model 

The  guideway  deviations  at  the  magnet  modules  can  be  attributed  to  vehicle  dynamic  loading  on  the 
flexible  guideway  spans  and  to  guideway  geometry  irregularities.  The  guideway  model,  developed  here,  relates 
the  magnet  force  and  the  corresponding  guideway  deflection  for  each  magnet  module.  A  multi-span,  elevated 
guideway  is  considered.  Figure  4  shows  the  guideway  configuration  for  a  single  span.  The  guideway  span 
consists  of  the  track  slab  which  contains  the  iron  rails  and  a  box  beam  which  is  simply  supported.  The  box  beam 
selected  in  this  study  is  the  narrow,  hollow-box  beam  (Phelan,  1993).  A  benefit  of  the  narrow  beam  design  for 
vehicles  with  inclined  magnets  is  that  it  reduces  the  distance  between  the  right-  and  left-side  magnets  and  thus  a 
smallftr  cant  angle  is  allowed  for  providing  levitation  with  a  smaller  magnet  force. 
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Figure  4.  Guideway  Span  Configuration 


A  Bemoulli-Euler  beam  with  simply  supported  ends  is  assumed  to  model  each  guideway  span.  The 
equation  of  motion  for  a  span  can  be  expressed  as 


(x^,  t)  +  (x^,  t)  +  (x^,  0  =  /  (x^,  t) 

dx^  dt 


(11) 


where  ;c^  is  the  axial  coordinate  of  the  beam,  t  is  time,  El  is  the  bending  rigidity,  c  is  the  viscous  damping 
coefficient,  y  is  the  mass  per  unit  length  of  the  beam,  /)  is  the  vertical  deflection  of  the  beam,  and 

7  0  is  the  loading  force  per  unit  length  due  to  the  moving  vehicle  acting  on  the  beam.  (The  use  of  the 

superscript  ~  denotes  functional  dependence  on  both  space  and  time.) 

To  determine  the  solution  of  Equation  (11),  a  modal  analysis  method  is  utilized  in  which  the  deflection  of 
the  beam  is  expressed  as 


ijitx/L^)  (12) 

J  =  1 

where  Ujit)  is  the  time-varying  modal  amplitude,  L,  is  the  span  length,  sin(/roCj/Lj)  is  the  mode  shape  of  the 
simply  supported  beam,  and  is  the  number  of  mode  sh^s  included  in  the  solution.  Substituting  Equation 
(12)  into  Equation  (11)  and  then  multiplying  by  sin(A:jcc^iL^)  and  integrating  from  Xj=0  to  x^=L^  gives  the 
resulting  differential  equation  for  the  modal  amplitude  ajit)  as 


\dx^ 


(13) 


with  initial  condition,  aj(0)=ajo,  for  7=l,...,n^.  From  Equation  (13),  the  circular  frequency  and  the  modal 
damping  ratio  can  be  identified  as 


.2  2 


C 

2yo)j 


(14)-(15) 


for  j=  The  beam  deflection  can  be  determined  by  Equation  (12)  after  solving  Equation  (13). 

The  vehicle  is  assumed  to  negotiate  a  multi-span  guideway  as  depicted  in  Figure  5.  The  vehicle/guideway 
interaction  is  considered  in  the  time  interval  Rq,  ^].  At  t=tQ,  the  vehicle  is  completely  located  on  Span  I  and  just 
about  to  enter  Span  II.  As  time  increases,  the  vehicle  excites  both  Span  I  and  Span  n  simultaneously.  In  this 
study,  it  is  assumed  that  the  vehicle  length,  is  less  than  the  guideway  span  length,  L^.  As  a  result,  the  vehicle 
is  completely  located  on  Span  n  at  t=tf.  For  multi-span  configurations,  additional  spans  can  be  “daisy-chained” 
(i.e.,  at  t=tf,  the  clock  is  reset  to  t=tQ  and  the  same  algorithm  for  the  following  span  is  applied). 

The  dynamic  interaction  between  a  moving  vehicle  and  a  flexible  guideway  has  been  studied  intensively 
(e.g.,  Kortum  and  Wormley,  1981;  Smith  and  Wormley,  1974).  The  process  of  deriving  the  vehicle/guideway 
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Figure  5.  Vehicle  Traversing  Guideway  Spans 


interaction  involves  three  steps.  The  first  stqp  is  to  convert  the  magnet  forces  on  the  modules  into  the  distributed 
loading  forces  on  Span  I  and  Span  II.  It  should  be  noted  that  the  excitation  on  the  spans  is  modeled  as  a 
distributed,  time-varying  moving  force  for  the  vehicle/guideway  system  in  this  study.  The  second  step  is  to 
solve  for  the  distributed  span  deflections.  The  final  step  is  to  obtain  the  guideway  deflection  observed  at  each 
module.  Since  the  magnet  forces  applied  to  the  guideway  rails  are  distributed,  the  effective  guideway 
displacement  at  each  module  is  given  by  the  average  guideway  displacement  over  the  module  length  (Gran  and 
Proise,  1993).  The  magnet  module  may  be  located  entirely  on  Span  I,  on  both  Span  I  and  Span  II,  or  entirely  on 
Span  n.  The  corresponding  deflections  can  be  derived  (Wang,  1995),  respectively,  as 


tv. 


1  I 


'  0 


I  Wi(-cr,t)da+  j  Wfj{a,t)da 

^Li  0 


/  / 
-jn<x  .<d!t 
’  2  J  2 


(16) 


(17) 


w 


1  I 

..,(^)  =  =  r  J  x^  j>4 


where  w j (a,  t)  and  Wjj  ( a,  t)  are  the  guideway  deflections  on  Span  I  and  Span  11,  respectively,  and 
=  vj-JL+iyi 

V  ''Tit  m 


(18) 


(19) 


\j  = 


\j  = 


■V2 

m 


(20)-(21) 


In  summary,  the  input  to  the  guideway  model  is  the  magnet  force  at  each  magnet  module  and  the  output  is 
the  corresponding  guideway  deflection.  The  guideway  dynamic  analysis  considers  the  first  modes  of  beam 
vibration  and  thus  the  governing  equations  consist  of  1x1^  second-order  ODEs  for  two  spans.  The  guideway 
model  accounts  for  two  sequential  spans  and  then  concatenates  them  for  guideways  involving  multiple  (i.e., 
greater  than  two)  spans. 


3.  Control  Scheme 

A  key  goal  of  the  controller  is  to  stabilize  the  EMS  system.  Further,  the  controller  must  successfully  reject 
disturbances  while  regulating  the  air  gap.  In  this  work,  an  LQ  optimal  control  strategy  with  integral  action  is 
applied  to  minimize  the  passenger  accelerations  without  exceeding  limits  on  air  gap  variations. 

The  proposed  control  method  requires  a  linearized  plant  model  to  design  the  control  law.  The  nonlinear 
plant  model,  including  the  vehicle  and  magnet  modules,  is  first  linearized  about  its  nominal  operating  point  (i.e., 
the  trim  currents,  vehicle  displacements  and  velocities  are  set  to  zero  and  the  air  g^  at  each  magnet  module  is 
set  to  the  nominal  air  gap,  Aq)*  To  eliminate  non-zero  steady-state  gap  errors  due  to  constant  disturbances,  the 
linear  plant  is  augmented  by  adding  integrators  at  its  outputs.  The  resulting  augmented  plant  can  be  represented 
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/ 


as  (Wang,  1995) 

X  =  Ax  +  Bu  +  Ev  (22) 

y  =  Cx  +  Dv  (23) 

where  the  augmented  state  vector,  x,  control  vector,  u,  output  vector  y,  and  disturbance  vector,  v,  can  be 
identified  as 


X  -  [y^,  COy  0)^,  ijy  y/p  y/(2NJ  ] 

u=  [u^,...,u2j^y 


(24) 

(25) 


y  = 


[Aj-Aq,  .. 


(26) 


[y^p  —>yg  (2N„)  ’^gV—’^g  (2NJ  ’  ygV  ■■■’yg  (2NJ  ’^gV"’  ^g  (2NJ  >  J 


(27) 


where  (j=l,...,2N^  is  the  integral  of  the  air  error  at  module  j.  The  LQ  optimal  control  law  results  from 
the  minimization  of  the  performance  index. 


/=  j(^x^Qx  +  u^Ruj^/?  (28) 

0 

subject  to  X  =  Ax  +  Bu .  When  applied  to  the  augmented  plant  model  the  optimal  control  law  can  be  shown  to 
be 


u  =  -R  ‘b^Px  (t)  (29) 

where  P  is  a  unique,  symmetric,  semi-positive  definite  matrix  solved  from  the  algebraic  Riccati  equation 

PA  +  A^P  -  PBR'^B^P  +  Q  =  O  (30) 

provided  system  (A,  B)  is  stabilizable  and  system  (A,  H),  where  H%=Q,  is  detectable.  In  Equations  (29)  and 
(30),  Q  and  R  are  two  weighting  matrices  which  can  be  adjusted  to  achieve  desired  closed-loop  behavior. 


4.  Simulation  Study 

The  complete  maglev  system,  consisting  of  the  vehicle  model,  guideway  model,  SC  magnet  system,  and 
controller,  is  represented  in  the  block  diagram  of  Figure  6.  The  inputs  to  the  overall  system  are  the  aerodynamic 
force  and  moment,  and  due  to  the  cross-wind  gust,  and  the  irregularity,  w^,  due  to  the  guideway.  The 


Figure  6.  Block  Diagram  of  Complete  Maglev  System 
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LATERAL  GUIDEWAY  IRREGULARITIES  (RIGHT  &  LEFT  RAILS) 


outputs  of  the  system  are  the  air  gap,  h,  and  the  vehicle  state,  In  the  simulation  model,  the  cross-wind  gust  is 
assumed  to  be  a  wind  profide  peix>endicular  to  the  guideway  with  constant  velocity.  As  the  vehicle  enters  the 
wind  zone,  the  vehicle  responds  to  a  sharp  discontinuity,  such  as  might  occur  when  the  vehicle  exits  a  tunnel. 
Four  types  of  irregularity  characteristics  for  an  elevated  guideway  have  been  modeled,  including  surface 
roughness,  step,  ramp,  and  camber.  The  simulation  model  accepts  any  combination  of  these  guideway 
irregularities.  Since  these  irregularities  result  from  a  wide  variety  of  effects  including  construction  practice  and 
environmental  conditions,  it  is  assumed  that  the  amplitudes  of  each  type  of  irregularity  (except  for  the  surface 
roughness  which  is  described  by  a  power  spectral  density  function)  are  normally  distributed  random  numbers. 
With  prescribed  mean  values  and  standard  deviations,  the  guideway  irregularities  may  represent  the  tolerance 
requirements  of  the  guideway  structure. 

A  number  of  safety- ,  power-  and  comfort-related  performance  measures  can  be  identified  for  the  maglev 
system  developed  in  this  work.  The  maglev  system  is  required  to  (0  maintain  each  magnet  module/iron  rail  air 
gap  between  30  nun  and  50  mm  (r.e.,  40  mm  nominal  gap  with  ±10  mm  maximum  gap  error),  (ii)  ensure  that 
the  control  voltages  are  within  a  feasible  limit  of  ±300  V,  and  (Hi)  maximize  ride  comfort  where  the  ride 
comfort  is  measured  by  comparing  carbody  accelerations  at  the  car  front  and  rear  to  the  ISO  ride  quality  criteria 
(ISO,  1978). 

In  the  simulation  study,  the  maglev  vehicle  was  simulated  at  500  kph  on  a  4-span  flexible  guideway  with 
combined  guideway  irregularity,  consisting  of  guideway  roughness,  step,  ramp,  and  camber  geometry  errors,  as 
shown  in  Figure  7.  The  guideway  random  roughness  is  described  by  the  power  spectral  density,  <I>(0)=A/fl^, 
with  a  roughness  parameter,  A;.=6.1xl0“^  m,  representing  a  high  quality  welded  rail.  The  step  deviation, 
column  height,  and  camber  amplitude  for  each  span  are  generated  randomly  with  a  zero  mean  and  a  2  mm 
standard  deviation.  We  assume  no  aerodynamic  loading  in  this  simulation  case.  The  parameter  values  for  the 
vehicle  model,  SC  magnet  model,  and  guideway  model  are  summarized  in  Tables  1, 2,  and  3,  respectively.  The 
weighting  matrices  Q  and  R  used  to  determine  the  controller  parameters  are  selected  as 


Q  = 


-2  -2 


-2 


^ max’  ^max’  ^max’  ^max’ 


-2  -2  -2  -2  -2  -2 

11/  ,6) 

^  max’  max’  max’  x,  max’  3?,  max’  z,  max’ 


.-2  .-2  -2  -2 

^1,  max’  *  *  *’  max’  ^/l,  max’  *  *  *’  ^7  (2N^) ,  max 


(31) 


-2 

^1,  max’ 


-2 

'2N„,  max 


U. 


where  the  estimated  limits  in  Q  and  R  are  listed  in  Table  4. 


(32) 


362 


MODELING  A  SUPERCONDUCTING  MAGLEV  VEHICLE/GUIDEWAY  SYSTEM 


Table  1.  Parameters  of  Vehicle  Model 


Parameter 


vehicle  mass 


vehicle  length 


vehicle  height 


vehicle  width 


nominal  air  gap 


height,  magnet  centroid  to  vehicle  CG 


width,  magnet  centroid  to  vehicle  CG 


roll  moment  of  inertia 


pitch  moment  of  inertia 


yaw  moment  of  inertia 


magnet  cant  angle 


number  of  modules  on  each  side 


number  of  magnets  in  each  module 


Table  2.  Parameters  of  SC  Magnet  Model 


Parameter 

Symbol 

Value 

number  of  turns  in  SC  coil 

Nsc 

1020 

number  of  turns  in  normal  coils 

96 

None 

face  area  of  each  magnetic  pole 

0.04 

m 

total  resistance  of  normal  coils 

Rc 

ohm 

permeability  of  air 

Table  3.  Parameters  of  Guideway  Model 
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Table  4.  Estimated  Limits  in  Weighting  Matrices 


Parameters 

Value 

Unit 

0.01 

m 

0  ,0  .W 

^max’  max’  ^max 

0.01 

rad 

^max’  ^max 

1.0 

tn/s 

max’ max’ max 

1.0 

rad/s 

ij.max  (/=!,. ..,2NJ 

300 

A 

y/y.max  (J=h...,‘2NJ 

0.001 

m-s 

“/.max  (j=h.:,2NJ 

300 

V 

The  magnet  input  voltages  at  each  module  are  shown  in  Figure  8.  The  peak  voltage  is  -49.8  V  at  module  3 
which  is  substantially  less  than  the  limit  of  -300  V.  Figure  9  shows  that  all  the  air  gap  deviations  aie  below  the 
allowable  10  nun  safety  margin.  Figures  10  and  1 1  depict  the  vehicle  accelerations  fcsr  the  car  front  and  car  rear 
in  the  lateral  and  vertical  directions,  respectively.  To  evaluate  ride  comfort,  the  reduced  comfort  boundaries  of 
the  ISO  one  hour  ride  quality  criterion  are  also  shown.  The  results  indicate  that  both  the  lateral  and  vertical 
acceleration  levels  are  below  the  ISO  criterion. 

In  summary,  this  simulation  study  evaluates  the  maglev  system  poformance  under  disturbances  including 
guideway  flexibility  and  guideway  irregularity.  The  behavior  of  the  maglev  system  when  exposed  to  combined 
disturbances  can  be  determined.  For  the  case  studied,  the  simulation  results  indicate  that  the  requirements  on  the 
air  gap  safety  margin,  the  control  voltage  limit,  and  the  ride  quality  can  be  satisfied. 

5.  Conclusions 

This  paper  describes  a  nonlinear  simulation  model  that  was  developed  to  rejwesent  the  governing  behavior 
of  a  SC  EMS  maglev  vehicle  with  a  combined  lift  and  guidance  system.  The  simulation  model  predicts  vehicle 
behaviors  under  the  influence  of  guideway  flexibility,  guideway  irregularities,  and  cross-wind  gust  An  example 
simulation  case  of  a  high-speed  vehicle  on  a  guideway  with  flexibility  and  a  combination  of  guideway 
irregularities  demonstrates  the  effectiveness  of  die  LQ  optimal  controller  in  satisfying  the  desired  performance 
specifications. 
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Abstract 


Operation  of  micrognavity,  space-station  attached  payloads  and  protection  of  sensitive  equipment 
aboard  multi-sensor  platforms  requires  active  vibration  isolation  technology.  In  response  to  these  needs,  the 
Active  Isolation  Fitting  (AIF)  was  developed  to  replace  passive  mechanical  end  fittings  and  joints  in  truss 
structures.  The  AIF  combines  intrastructural  and  inertial  devices  to  cancel  vibration  transmission  into  a 
vibration-sensitive  subsystem.  This  paper  discusses  the  AIF  principles  of  operation,  details  its  robust 
performance  characteristics  and  reviews  the  extensive  experimental  results  that  have  been  accumulated  over 
the  past  several  years.  Test  results  show  20  to  30  dB  of  broadband  isolation  tor  both  single  AIF  tests  and  six 
degree-of-fieedom  isolation  systems  demonstrated  on  two  major,  Government-suppUed  testbeds. 

1.  Introduction 

One  of  the  most  pressing  needs  in  all  applications  of  vibration  control  is  the  refinement  of  self- 
contained,  modular  vibration  suppression  hardware.  A  key  component  in  any  overall  vibration  suppression 
strategy  is  the  technology  to  either  isolate  sensitive  equipment  from  a  vibrating  structure  or  to  isolate 
structure  from  a  source  of  disturbances.  Moreover,  the  vibration  isolation  strategy  lends  itself  well  to  self- 
contained,  modular  hardware  solutions.  This  was  the  inspiration  for  the  invention  of  the  Harris  Active 
Isolation  Fitting  (AIF)  that  is  described  in  this  paper. 

To  understand  why  the  active  control  approach  was  taken.  Figure  1  illustrates  the  distinction 
between  intrastruaual  damping  approaches  to  isolation  and  active  isolation.  We  concentrate  on  the  simplest 
case  in  which  it  is  desired  to  modify  a  uniaxial  member  connecting  a  base  body  (wherein  vibration 
disturbances  originate)  to  an  isolated  body  so  as  to  reduce  the  isolated  body's  vibration.  The  intrastructural 
approach  (left  hand  side  of  Figure  1),  essentially  inserts  a  damper  between  the  two  bodies  so  as  the  dissipate 
energy.  This  can  be  implemented  passively  (e.g.,  viscoelastic  material  treatment,  fluid  dampers,  etc.)  or 
actively  (e.g.,  a  piezoelectric  actuator  with  collocated  strain  sensor  closing  a  strain  rate  feedback  loop).  In 
any  case,  because  the  isolator  member  not  only  damps  but  also  transmits  vibrational  energy,  it  is  possible  to 
reduce  the  resonance  peaks  of  the  isolated  body  response  but  not  to  appreciably  reduce  the  broadband, 
noniesonant  response  (see  PSD  sketch  on  lower  left  of  Figure  1).  This  results  in  significant  performance 
limitations. 

In  contrast  (see  the  right  side  of  Figure  1),  an  active  approach,  perhaps  combining  inertial  sensing 
with  intrastructual  actuation,  has  the  potential  to  prevent  vibration  transmission  into  the  isolated  body.  As 
indicated  in  the  lower  right  of  Figure  1,  the  effect  on  the  isolated  body  is  equivalent  to  reducing  the  overall 
disturbance  input  Thus,  both  resonant  and  nonresonant  response  can  be  suppressed  over  a  broad  frequency 
band. 

To  fully  realize  the  potential  of  active  isolation,  we  conducted  a  multi-year  search  for  a  self- 
contained,  modular  device  that: 

1.  interfaces  cleanly  with  existing  structure  and,  itself,  has  structural  functionality  -  i.e.  can  be 
used  to  replace  passive  struts  and  end  fittings  in  truss  structures 

2.  provides  high  levels  of  vibration  isolation  while  retaining  high  mechanical  stiffiiess  at  low 
frequency  (so  that  a  sensor,  for  example,  can  be  tightly  coupled  to  a  spacecraft  bus  for  precision 
pointing  while  being  isolated  from  bus-generated  vibration) 
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Figure  1  Both  Resonant  and  Nonresonant  Response  is  Suppressed  Using  Active  Isolation 

3.  uses,  local,  nonadaptive  control  systems  to  provide  reliable  isolation  without  requiring  a 
detailed  design  knowledge  of  the  dynamics  of  the  remainder  of  the  system 

4.  reverts  to  a  stiff,  passive  structural  component  upon  failure  or  disengagement  of  the  active 
elements 

5.  involves  low  power,  inexpensive  components  without  need  for  exotic  hardware  or  materials 

6.  can  provide  the  basic  building  block  from  which  increasingly  complex  active  isolation 
structures  can  be  built  up  in  a  transparent  way 

Over  the  past  four  years,  our  research  efforts  performed  an  exhaustive  search  for  the  correct  sensor 
and  actuator  types  and  the  appropriate  control  architecture  to  meet  the  above  requirements.  The  finally 
accepted  Active  Isolation  Fitting  (AIF)  design  is  an  active  uniaxial  connector  device  for  vibration 
cancellation  that  replaces  passive  mechanical  end  fittings  and  joints  in  structures.  The  device  is  low  power, 
consists  of  inexpensive  components  and  fails  gracefully  by  reverting  to  a  stiff  mechanical  member  when 
active  components  are  disabled. 

Section  2  describes  the  underlying  principles  of  AIF  operation  and  elaborates  its  robust  performance 
characteristics.  These  are  corroborated  by  numerous  experimental  results.  Data  obtained  in  uniaxial  tests 
are  discussed  in  Section  3.  The  AIF  is  the  basic  module  of  our  isolation  technology,  from  which  more 
complex  multi-degree-of-freedom  systems  can  be  built  up.  Section  4  reviews  experimental  results  for  six 
degree-of-freedom  isolation  systems  composed  of  six  independent  ABF  modules. 

2.  Principles  of  Operation  and  Robustness  Properties 

Hgure  2  shows  the  essential  mechanical  and  control  aspects  of  the  AIF  design.  This  is  a  uniaxial 
connector  device  having  an  intrastnictural  actuator  (a  piezoelectric  stack  is  the  preferred  embodiment  but 
other  types  of  prime-movers  can  be  utilized,  depending  on  stroke  and  bandwidth  requirements)  and  two  high 
bandwidth  accelerometers,  one  near  each  end.  The  control  strategy  involves  the  interplay  of  two 
nonadaptive  control  loops.  The  "inboard  loop"  involves  the  base-body-end  accelerometer  and  the  piezo 
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Figure  2  Active  Isolation  Fitting  (AIF)  Principle  of  Operation 

stack  and  provides  feedforward  cancellation  of  incoming  disturbances.  The  "outboard  loop”  uses  the 
isolated-body-end  accelerometer  and  the  piezo  stack  to  inertially  stabilize  the  isolated-body  or  payload  end 
of  the  fitting.  These  two  loops  work  synergistically  to  achieve  high  performance  isolation. 

With  the  conventions  shown  in  Figure  3  we  can  give  a  simple  result  that  sheds  some  light  on  the 
robustness  properties  of  the  AIF  control  design.  Here  and  X2  are  the  displacements  of  the  inboard  and 
outboard  substructures,  respectively,  along  the  AIF  axis  at  the  two  attachment  points.  These  quantities  are 
modelled  in  the  frequency  domain  as: 

X, = (j"/+2n,  Q,j+n;)‘'  ((|),  /+<!,,  f)  <» 

^2  ^2)  ^2(“‘/) 

where  <j)j  €  (f>2  and<{>^  are  modal  influence  coefficient  vectors  and  are 

nonnegative  diagonal  matrices  containing,  respectively  the  modal  damping  coefficients  and  modal 
frequencies.  We  assume: 

a.' 

£22+€<j)j(l)J>0V€>0  b.  - 

Tii»n2>o  c. 

An  idealized  form  of  the  AIF  constitutive  relation  is: 

f  =  K{x^-x^-yiy)  (3) 

K  =  mechanical  stiffness  >  0 
>  0  is  the  voltage  /  strain  constant  of  the  actuator 
V  =  drive  voltage  to  the  piezo  actuator 
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Figure  3  Basic  Nomenclature  and  Kinematic  Conventions  for  AIF  Analysis 

The  actuator  drive  from  the  combined  inboard  and  outboard  loops  takes  the  form: 

V  =  -G,4-L,{s)a,-Go4:Lo{s)ao  (4) 

Go>0,G,€[0,1) 

where  a,  and  are  the  outputs  of  the  inboard  and  outboard  accelerometers,  respectively  and 
Li{s)  and  L^is)  are  rational,  stable  and  proper  compensaticm  filters. 

Preparatory  to  the  proof  of  the  following  result,  recall  fiiat  a  square  transfer  function  G(£)  is 
positive  real  [1]  if  1)  all  poles  of  G{s)  are  either  in  the  closed  left  half  plane  or,  if  on  the  imaginary  axis, 
they  are  simple  with  positive  semi-definite  residue  matrix  and  2)  G{s)  +  G^  (f)  is  nonnegative  definite  for 
all  Re[f]>0.  Here  G^  denotes  the  complex  conjugate  transpose.  If,  in  addition  to  the  above, 
G(lO))+ G*^(lCI))  is  positive  definite  for  real  (0,  G{s)  is  strictly  positive  real  [2-4].  The  interconnection, 
through  a  unity  feedback  configuration,  of  a  strictly  positive  real  plant  and  a  positive  mal  controller  is  stable 
[2]. 

The  following  result  illustrates  the  consequences  when  Lj  and  Lg  can  be  so  chosen  as  to  render 
Lj  Uj,  and  Lg  Cg  ideal  estimates  of  the  displacements  Xy  and  Xj,  respectively. 
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Proposition:  With  the  above  assumptions  and  for  all  ([>*  €  (Ir  =  1, 2)  and  for  all  values  of 
=  1,2), Gq  and  Gj  subject  to  the  restrictions  in  (2)  and  (4),  if: 

Lj  Oj  Xj ,  Lq  (1q  X2 

then  the  closed-loop  system  (1)  -  (4)  is  stable. 

Proof.  Defining  y  =  x,,  system  (1),  (3)  and  (4)  can  be  written  in  the  form: 
y  =  a“‘  <()rfF 

M  = /s:(l  -  G; )  1  [1  -  i:(l  +  Gj  (>1  a;‘ <t)2  ]  y  A  G(5)y 

where 

A,  A  5^+211,  £2,5+ 

Aj  A  5V+ 2ii2  ^2^5 + £2^  +  ^:(l  +  Go )<1)2  <t>I 
Because  of  (2.  a,  d),  the  plant,  (t)J^(5  Aj'')(t),  is  obviously  strictly  positive  real.  Also,  the  controller  transfer 
function  G(5)  has  all  its  poles  in  the  closed  left  half  plane  with  the  exception  of  a  simple  pole  at  the  origin 
with  positive  residue.  Moreover, 

G(iCo)  +  G*(io))  =  4/s:'(l-G,)(l  +  Go)<t)I  a"*  TI2  ^^2  <>2 

>0 

Hence  G  is  positive  real.  Being  the  interconnection  of  a  strictly  positive  real  plant  and  positive  real 
controller,  system  (6)  is  stable.  D 

Note  that  Xj  is  given  by: 

Evident  from  this  expression  is  that  the  outboard  loop  augments  the  stiffness  of  substructure  2.  Thus  the 
function  of  the  outboard  loop  is  to  stabilize  the  isolated  structure  relative  to  inertial  space.  In  place  of 
position  feedback,  it  is  also  possible  to  feed  back  rate,  Xj ,  in  the  outboard  loop.  In  this  case  much  the  same 
stability  results  are  achieved  except  that  the  damping  of  substructure  2  is  augmented.  Ideally,  after 
calibration  and  measurement  of  the  constants  K  and  K^,  it  is  desirable  to  set  G,  =  1.  In  this  case,  as  (8) 
shows,  substructure  2  is  entirely  decoupled  from  substruchire  1.  Thus  the  inboard  loop  is  a  feedforward 
controller  that  serves  to  cancel  the  outward  propagating  disturbances.  |l~G2|  establishes  the  degree  to 
which  Xj  is  reduced  relative  to  the  open-loop  (G,  =  o). 

Of  course,  the  idealized  position  estimate  conditions  (S)  can  only  be  approximately  realized  over  a 
finite  frequency  band  because  of  (1)  accelerometer  dynamics,  (2)  high  frequency  dynamics  of  the 
piezoelectric  stack  actuator  (3)  the  use  of  realizable  low  pass  filters  to  form  position  estimates  from 
accelerometer  estimates  and  (4)  the  desire  to  reduce  the  gains  Gj  Lj{s)  and  G^  £^(5)10  negligible  levels 
(via  high  pass  filters)  below  a  lower  cutoff  frequency,  £2^,  below  which  high  stiffness,  but  not  isolation,  are 
desired.  The  last  item  is  actually  a  design  requirement  to  ensure  that  the  AIF  behaves  as  a  stiff,  passive 
structural  component  at  low  frequency.  The  gains  L,  and  Lg  contain  low-pass  and  lead-lag  elements  that 

compensate  for  all  of  the  above  nonidealities  so  as  to  recover  the  above  robustness  properties  within  the 
desired  isolation  frequency  band.  These  compensator  designs  depend  only  upon  dynamic  characteristics 
intrinsic  to  the  AIF  device  itself  and  not  on  the  adjoining  substructures.  Thus,  the  inherently  stable  AIF 
design  needs  no  special  "tuning"  to  adjust  to  the  detailed  dynamic  characteristics  of  the  base-or  isolated 
bodies. 

As  a  corollary  to  Proposition  1,  we  note  that  because  of  the  combinatorial  properties  of  positive  real 
systems,  similar  robusmess  can  be  deduced  for  systems  involving  several  AIF  units  connecting  the  two 
substructures.  In  general,  stability  and  performance  of  one  AIF  are  not  sensitive  to  the  presence  of  other 
AIFs  in  the  system,  so  that  more  complex  isolators  can  be  readily  built  up  from  independent  AIF  units. 


(5) 

(6) 

(7) 
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3.  Uniaxial  Test  Results 

From  the  outset  of  AIF  development  down  to  the  present,  individual  AIF  units  were  evaluated  for 
further  integration  by  use  of  the  imiaxial  test  stand  shown  in  Figure  4.  The  AIF  unit  being  tested  connects 
one  of  several  different  types  of  isolated  body  with  the  base  plate.  Disturbances  are  injected  into  the  system 
by  a  proof-mass  actuaUH-  mounted  under  the  base  plate.  Isolated  bodies  that  are  typically  used  are  eidier  a 
rigid  mass  «■  star  shaped  body  (shown  in  Hguie  4)  with  annplex  modal  dynamics  in  the  frequency  band  of 
interest  Both  sin«»  sweep  and  random  disturbances  are  injected.  Data  frcnn  accelerometm  mounted  cm  the 
isrtiatpd  body  is  used  to  obtain  frequency  reqxmse  functions  (FRFs)  from  the  disturbance  input  to  isolated 
body  displacement  AIF  performance  is  char^terized  by  comparison  of  the  magnitudes  of  the  closed-versus 
<^n-loop  FRFs. 

Figure  5  shows  such  a  ctHnpariscHi  fw  both  a  rigid  mass  and  the  star-shared  flexible  body.  Fot  both 
rasps^  we  ^ow  the  magnitude  of  the  shaker  disturbance  input  to  isolated  body  position  transfer  functions  for 
open-  and  closed-loop  qreradtm.  10  to  35  dB  attenuation  is  obtained  over  10  to  1(X)  Hz.  These  results  also 
iiiiisirarp.  ibat  performance  is  not  sensitive  to  the  dynamic  characteristics  of  the  isolated  body. 

Furthermore  the  AIF  design  can  be  adapted  to  a  variety  of  tqrplications.  For  example  Rgure  6 
shows  imiaTial  test  results  for  a  higher  bandwidth  design.  This  design  achieves  30  dB  rms  vilnation 
reduction  over  the  10  to  200  Hz  frequency  band.  FmaUy,  even  more  impressive  isolation  results  can  be 
achieved  by  stacking  AIFs  into  multi-stage  isolators.  Test  results  for  a  two-stage  configuration  are  shown  in 
Hgure  7.  This  configuration  attains  42  dB  rms  attenuation  over  the  10  to  200  Hz  band.  We  should  again 
note  that  all  of  the  above  isolaticMi  results  are  obtained  without  reducing  the  static  mechanical  stiffness  of  the 
AIF. 

4.  Multi  Degree-of-Freedom  Isolation  System  Test  Results 

The  AIF  can  be  packaged  to  serve  as  an  end  fitting  or  joint  in  truss  structures.  Several  basic  AIF 
modules  (each,  as  in  Figure  2,  being  uniaxial)  are  combined  to  carry  out  more  complex  isolation  tasks.  Fot 
example,  multi-degree-of-freedom  isolators  are  built  of  several  AIFs  and  passive  strut  members.  The 
simplftsr  such  assembly  is  a  six-member  (hexapod)  mount,  which  provides  six  degrees  of  freedom  (d.o.f.) 
isolation  for  sensitive  equipment  mounted  outboard. 

Since  its  original  conception  on  the  Defense  Meteorological  Satellite  Vibration  Damping  Study 
conducted  by  Harris  for  Phillips  Lab  in  1992, 6  d.o.f.  isolators  of  various  sizes  have  been  biult  and  tested  on 
in-house  and  (jovemment-sui^lied  test  fadlities. 

For  example,  as  part  of  a  Cooperative  Technology  Development  Agre^ent  with  NASA/LaRC, 
Harris  fabricated  a  6  d.oX  unit  and  in  February  1994,  installed  and  tested  it  on  the  NASA/LaRC  (TEM  Phase 
3  ^acecraft  cotutoI  testbed.  As  Figure  8  illustrates,  the  6  d.o.f.  assembly  replaced  the  instrument  support 
truss,  coimecting  the  gimballed  sensOT  package  with  the  main  CEM  structure.  Test  results  illustrated  in  the 
right-hand  portion  of  Rgme  8  diow  excellent  broadband  isolation  performance.  Details  are  reported  in  [5]. 

To-date,  the  most  challenging  tests  of  AIF  capabilities  occurred  on  the  ACTTs  {xogram.  Tbe  AfTTS 
structural  COTitrol  testbed,  Rgure  9,  is  one  of  the  most  cOTuplex  and  traceable  in  existence.  Disturbances 
injected  at  the  base  have  constant  PSDs  from  10  to  200  Hz.  Stringent  performance  requirements  are  levied 
on  line-of-sight  (LOS)  errors,  defocus  errors  and  wavefront  errors.  In  all,  the  response  of  over  150  modes 
must  be  attenuated  by  20  to  40  dB  in  order  to  meet  these  requirements.  Six  AIFs  were  mounted  as  end 
fittings  on  each  of  the  six  struts  suppOTling  the  structure  on  the  e^riment  base.  Test  data  (Rgures  10.a,  b, 
c)  shows  over  40  dB  attenuation  rtf'  the  modes  principally  contributing  to  LOS  error,  nearly  50  dB  peak 
attenuation  of  defocus  and  nearly  40  dB  peak  attenuation  of  wavefrxHit  error,  rms  attenuatiOTi  of  LOS, 
defocus  and  wavefront  errors  ovot  flie  entire  10  to  200  Hz  disturbance  band  are  over  20  dB,  30  dB  and  20 
dB,  reqrectively. 

The  ^>ove  test  results  are  but  a  sample  of  the  6  d.of  .  isolatOT  experimental  findings  obtained  to-date 
on  ground-based  facilities.  Isolator  performance  has  been  determined  to  be  insensitive  to  the  gravity  vector. 
MOTeover,  these  6  D.OF.  isolation  trusses  are  cOTnposed  of  six  AIFs  operating  independently  —  fOT 
isolation,  global  multivariable  control  is  not  needed.  For  isolation  cranbined  with  precisicHi  pointing,  a 
pointing  controller  is  readily  incOTporated  in  order  to  coOTdinate  the  several  AIFs  using  isolated  body 
attitude  infOTmation. 
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Figure  4  Uniaxial  Test  Stand  Used  for  Single  Axis  Active  Isolation  Fitting  Testing 
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Rigid  Mass  Test  Body: 


majM  isolation:  open  vs  closed  loop  (#1) 


Star-Shaped  Flexible  Body: 


Star  isobiion:  open  vs  closed  loop  (#  1 ) 


_ No  Isolation  . Isolator  Loops  Closed 

Overall  disturbance  input  is  reduced. 

10-35  dB  attenuation  shown  in  these  test  results  over  broad  frequency  band. 

Performance  not  sensitive  to  dynamic  characteristics  (flexibility  of  isolated  body). 

Figure  5  Broadband  Isolation  Capabilities  of  the  AIF  are  Demonstrated  by  Uniaxial  Test  Results 
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Position  (Ma 


Frequency  (Hz) 


Figure  6  Active  Fitting:  One  DOF  Test  Stand  Isolation  Results  for  a  High  Bandwidth  I  Vsign 
Single  DOF  Test  Stand:  Two  Stacked  Fittings:  OL  &  CL 


Figure  7  Single  DOF  Test  Stand:  Two  Stacked  Fittings,  Open* Versus  Closed-Loop  Performance 
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VAM 


MSIR  Instrument 


Figure  8  An  AIF  6  djoS.  Isolation  System  (called  the  Vibration  Attenuation  Module,  VAM)  was 
Successfully  Demonstrated  on  EOS-AM  1  Laboratory  Testbed 


Figure  9  The  ACTS  Testbed  was  Used  to  Demonstrate  Six  Degree-of-Freedom  AIF 

Isolation  Performance 
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Figure  10^  AIF's  Dramatically  Reduced  Line-of-Sight  Jitter  on  the  ACTS  Testbed 


ControHer  STMT  D  Ro  Results 


Figure  lO.b  AIF*s  Reduced  ACTS  Defocus  Errors  by  Nearly  30  dB  rms  Over  the  Entire  10-200  Hz 

Disturbance  Band 
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Controfler  STM7  D  Ro  Results 


frequency  (Hz) 


Figure  10.c  ACTTS  Surface  Errors  were  Reduced  by  More  tiian  20  dB  rms  Over  the 

10-200  Hz  Band 


5.  Concluding  Remarks 


This  paper  has  described  a  compact,  modular  active  isolation  device,  the  Active  Isolation  Fitting 
(AIF),  that  combines  intrastructural  actuation  with  inertial  sensing  to  cancel  vibration  transmission  into 
vibration-sensitive  subsystems.  While  providing  high  levels  of  vibration  isolation,  the  device  retains  high 
mechanical  stiffness  at  low  frequencies  and  fails  gracefully  by  reverting  to  a  stiff  mechanical  member  when 
active  components  are  disabled.  Predicated  robusmess  properties  indicate  that  performance  is  insensitive  to 
the  detailed  dynamic  properties  of  the  base  body  or  isolated  body-either  or  both  may  be  highly  resonant 
structures  with  vibration  modes  in  the  isolation  band.  Moreover,  the  same  properties  suggest  that  several 
independent  AIF  modules  may  be  robustly  combined  to  cany  out  more  complex,  multi-degree-of-freedom 
isolation  tasks.  These  features  together  with  the  predicated  high  levels  of  isolation  have  been  abundantly 
confirmed  by  numerous  single  axis  and  six  degree-of-freedom  isolation  experiments  involving  both  in-house 
and  Government-supplied  struaural  control  testbeds. 
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Abstract 

This  paper  compares  the  application  of  two  damage  detection  algorithms  to  a  3.74  meter 
aluminum  laboratory  truss.  The  precision  space  truss  is  composed  of  52  nodes  and  161  elements, 
and  has  11  modes  in  the  range  0-128  Hz.  The  reference  model  for  the  undamaged  structure  was 
obtained  using  finite-elements,  and  damage  was  estimated  using  modal  parameters  that  were 
identified  from  measured  frequency  response  functions.  Damage  was  inflicted  on  the  structure  by  the 
removal  of  a  single  tube  element.  The  two  algorithms  used  to  successfully  locate  the  damage  include 
the  best  achievable  eigenvector  approach  and  another  based  on  redistribution  of  strain  energy.  An 
interesting  feature  of  this  work  is  that  it  involved  a  “blind”  test  of  the  damage  detection  algorithms,  in 
that  the  analyst  was  told  only  that  a  single  tube  element  had  been  removed.  The  most  important 
lesson  learned  is  that  the  damage  detection  algorithms  should  only  be  expected  to  give  a  set  of 
candidate  damage  elements,  which  must  be  verified  by  inserting  the  damage  into  the  analytical 
model  for  each  candidate  and  comparing  to  the  measured  response  of  the  damaged  structure. 

1.  Introduction 

Over  the  past  decade  a  considerable  amount  of  effort  has  been  invested  in  developing 
algorithms  that  can  detect,  locate  and  estimate  damage  for  structures.  These  techniques  have  not 
been  successful  for  massive  stiff  structures,  for  example,  the  Interstate  40  bridge  test  in  New  Mexico 
(Ref.  1)  and  offshore  oil  and  gas  platforms  (Ref.  2).  However,  for  light  flexible  structures  such  as 
spacecraft  they  have  shown  promise  (Ref.  2)  and  have  been  an  area  of  active  investigation. 

One  class  of  algorithms  for  damage  detection  is  based  on  optimal  updating  of  the  mass  and 
stiffness  matrices  to  match  the  test  frequencies  and  mode  shapes  (Ref.  3).  Another  class  of 
algorithms  is  model-based,  requiring  measured  modal  parameters  and  a  finite  element  model  of  the 
structure  (Refs.  2,  4-10).  A  subclass  of  these  algorithms  rely  upon  the  determination  of  a  damage 
vector  (Refs.  4,5)  indicating  degrees  of  freedom  affected  by  the  damage.  The  angle  between  the 
measured  damage  vector  and  the  analytical  damage  vector  is  minimized  either  through  a  subspace 
rotation  (Ref.  4)  or  minimum  rank  perturbation  (Ref.  5),  and  damage  extent  is  determined  by 
eigenstructure  assignment.  Another  subclass  of  model-based  algorithms  assumes  damage  in  every 
mass  and  stiffness  element  in  the  structure,  and  generates  damage  parameters  for  each  (Refs.  6-9). 
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Lindner  et  al.  (Refs.  7,8)  calculate  a  damage  parameter  for  each  element/mode  pair  separately. 
Damage  location  and  estimation  are  determined  by  examining  consistency  over  ail  the  modes. 
Elements  with  low  standard  deviation  for  their  damage  estimates  over  all  modes  are  candidates  for 
further  investigation.  Lim  (Ref.  9)  uses  the  same  formulation,  but  includes  all  elements  and  modes  in 
the  solution  for  the  damage  parameters.  Lim  and  Kashangaki  address  sensitivity  to  modal  parameter 
measurement  errors  in  a  subsequent  paper  by  reformulating  the  problem  using  the  method  of  best 
achievable  eigenvector  (Ref.  10). 

In  this  paper,  we  apply  the  best  achievable  eigenvector  method,  as  well  as  another  model-based 
approach  based  on  the  strain  energy  redistribution  caused  by  damage,  to  a  single-element  failure  in 
a  laboratory  truss.  The  solution  is  a  two-step  process,  whereby  damage  is  first  located  and  then 
damage  magnitude  is  estimated  using  experimental  modal  parameters.  The  removed  element  was 
selected  by  screening  the  modal  strain  energies  of  the  healthy  truss  members.  The  analyst  was 
informed  only  that  one  member  had  been  removed  from  the  truss,  but  not  told  which  one.  Verification 
of  damage  detection  was  done  by  removing  each  candidate  element  identified  by  the  algorithms  from 
the  finite  element  model  and  comparing  model  response  with  the  test  data.  Orthogonality  between 
modeshapes  was  also  used  to  estimate  the  extent  of  the  damage. 

2.  Damage  Location 

For  model  based  damage  detection  algorithms,  the  structure  can  be  idealized  with  a  finite 
element  model.  The  finite  element  model  is  characterized  by  its  mass  and  stiffness  matrices  M  and 
K.  For  a  structure  with  n  degrees  of  freedom  these  matrices  will  be  of  dimension  n  x  n.  The 
equations  of  motion  for  the  free  response  of  the  system  are  given  by 

Mx-t-Kx  =  0  (1) 

where  x  is  a  n  dimensional  vector  representing  the  physical  displacements  at  each  node.  Assuming 
that  the  motion  of  each  node  is  harmonic,  the  eigenvalue  problem  for  Eq.  (1)  can  be  expressed  as 

KO=MOQ  (2) 

where  O  is  a  n  x  r  modal  matrix  whose  columns  contain  r  modeshapes  and  is  a  diagonal  matrix 
containing  the  r  eigenvalues.  Both  O  and  £2  can  be  estimated  through  modal  testing  and  one  of  many 
modal  parameter  identification  algorithms  (Ref.  11). 


2.1  Best  Achievable  Eigenvector  (BAE) 

The  concept  of  best  achievable  eigenvector  was  introduced  by  Andry  et  al.  (Ref.  12)  and 
expanded  by  Lim  and  Kashangaki  (Ref.  10)  for  damage  location  and  estimation.  The  procedure 
seeks  to  minimize  the  distance  between  the  measured  eigenvector  and  the  best  achievable 

eigenvector  <l)y  by  assigning  a  damage  parameter  to  each  structural  stiffness  and  mass  element  of  a 

finite  element  model.  The  following  mathematical  development  has  been  taken  largely  from  Lim  and 
Kashangaki  (Ref.  10). 

Damage  to  the  structure  is  characterized  by  scaling  factors  on  the  structural  stiffness  and  mass 
elements  so  that  the  damaged  global  stiffness  and  mass  matrices  (Kd,  Mj)  can  be  expressed  as  a 
linear  combination  of  the  element  stiffness  and  mass  matrices  (Ki,  Mi)  and  the  healthy  global 
stiffness  and  mass  matrices  (Kh,  Mh) 


380 


DAMAGE  ASSESSMENT  OF  A  PRECISION  TRUSS  USING  IDENTIFIED  MODAL  MODELS 


K,=K,+ia,Ki 

Mj=M„+Sb,M, 

i 

Substitution  of  Eqs.  (3)  into  the  eigenvalue  problem  Eqs.  (2)  for  r  modes  yields  the  set  of  equations 

-  ibjMj<Dja=  (4) 

i=l  i=l 

where  the  subscript  t  is  used  to  denote  a  particular  measured  mode.  All  quantities  on  the  right  hand 
side  of  Eq.  (4)  are  available  from  the  finite  element  model  and  modal  survey.  Implicit  in  Eq.  (4)  is  the 
requirement  for  the  displacements  to  be  available  either  through  complete  measurement  of  the 
degrees  of  freedom  (dof)  at  each  node  or  expansion  from  a  reduced  set  of  measurements. 

Thus,  the  measured  modeshape  can  be  written  as  a  linear  combination  of  the  scaling  factors, 
element  matrices  and  measured  modeshapes.  For  the  j“’  test  mode 

ia,E:'K.<>  -  j  (5) 

i=l  i=l 

2 

where  the  vector  <|>tj  corresponds  the  jth  column  of  Ot,  CO^j  is  the  eigenvalue  and 

E.=«oJm,-K,)  (6) 

For  modes  with  small  changes  in  the  eigenvalues,  the  matrix  Ej  will  be  ill-conditioned.  This  would 
imply  that  inaccurate  predictions  of  damage  location  will  be  obtained  for  these  modes  and  only 
modes  with  significant  changes  in  the  eigenvalues  should  be  used  for  damage  detection. 

The  fundamental  equation  for  damage  location  then  becomes 

L  -Y  •=([).■  (7) 

ij'u  ' 

where 


for  i  = 

for  i  =  P  +  1,. ..,p-t-q 


(8) 


Y..=Sj(t)jj  fori  =  l,...,p  +  q 

and  s  is  a  vector  containing  the  scaling  factors 

s  =  {a,  -  ap  b,  •••  aj  (9) 

It  should  be  emphasized  that  Eq.  (7)  is  solved  for  every  element  for  each  mode  of  interest.  For  a 
three  dimensional  structure  Ljj  will  in  general  have  12  nonzero  columns,  6  due  to  the  element 
stiffness  matrix  and  6  due  to  the  element  mass  matrix.  An  exact  solution  exists  only  if  <|)tj  is  a  linear 
combination  of  these  12  columns.  When  the  measured  modeshape  <l)tj  does  not  lie  in  the  subspace 
spanned  by  the  nonzero  columns  of  Ljj,  the  best  achievable  eigenvector  in  a  least  squares  sense  for 
the  particular  element  and  mode  is  given  by 
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(b*=LL>  (10) 

ij  ij  ij  ij 

where  for  computational  efficiency  L  is  the  matrix  obtained  by  eliminating  the  zero  columns  of  Ly 

ij 

and  the  superscript  +  denotes  the  pseudoinverse. 

Damage  location  can  now  be  determined  by  selecting  elements  corresponding  to  the  best 
achievable  eigenvectors  closest  to  the  measured  modeshapes.  The  distance  between  the  two 
vectors  can  be  obtained  using  the  Euclidean  norm 


d 

ij 


'  tj  ^ij 


(11) 


Thus,  a  low  value  of  d  indicates  for  that  mode  the  element  in  question  produces  a  best  achievable 
eigenvector  close  to  the  measured  modeshape  and  is  a  candidate  for  further  investigation. 


2.2  Redistribution  of  Strain  Energy  (RSE) 

Examination  of  redistribution  of  the  strain  energy  can  also  be  used  to  determine  location  of 
damage  in  the  structure.  Previous  researchers  Kashangaki  et  al.  (Ref.  1 3)  and  Urn  and  Kashangaki 
(Ref.  10)  have  suggested  the  use  of  element  strain  energy  as  a  means  to  determine  which  elements' 
damage  can  be  successfully  detected.  These  arguments  followed  from  Chen  and  Garba  (Ref.  2)  in 
which  changes  in  the  kinetic  energy  distribution  at  each  degree  of  freedom  were  equated  with  the 
potential  energy  to  locate  damage. 

The  procedure  for  using  redistributed  strain  energy  for  location  of  damage  begins  by  determining 
the  strain  energy  for  each  element  using  healthy  and  damaged  mode  shapes  with  the  element 
stiffness  matrix  for  the  healthy  structure.  The  redistributed  strain  energy  for  the  i'^  element  and  the 
mode  is  given  by 


S  =(l)^K(t) 

ij  j  >  j 

and  for  the  damaged  structure 


(12) 


S  =(j)''K<t)  (13) 

dij  ^dj  i^dj 

where  the  d  subscript  refers  to  the  modeshape  corresponding  to  the  damaged  case  and  Kj  is  the 
stiffness  matrix  for  the  i”’  element.  RSE  for  the  damaged  elements  will  be  unusually  large  due  to  the 
inconsistency  between  the  displacements  at  the  nodes  defining  the  damaged  elements  and  the 
assumption  of  no  stiffness  variation.  For  mass  normalized  eigenvectors,  the  sum  of  the  elements' 
strain  energy  is  equal  to  the  eigenvalue.  This  would  suggest  using  modes  for  damage  detection 
whose  frequencies  are  significantly  altered  by  the  damage,  consistent  with  the  requirements  on  Ej  of 
Eq.  (6).  This  procedure  is  much  less  computationally  intensive  than  the  method  of  best  achievable 
eigenvector. 

2.3  Estimation  of  Damage  Magnitude 

Once  candidate  elements  are  selected  for  possible  damage,  the  extent  of  damage  for  each 
element  can  be  estimated  by  one  of  two  methods.  The  first  method  estimates  the  damage 
magnitude  by  solving  the  set  of  equations 

s  =  L;r  (14) 

where 
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The  vector  s  represents  the  scaling  factors  of  the  candidate  p  damaged  stiffness  elements  and  q 
mass  elements 


;  =  {a 


a  b 

p  1 


,r 


The  vectors  A  and  B  represent  the  j”*  columns  of  the  matrices  A  and  B  associated  with  the 
ij  ij  >  ■ 

i*^  element  obtained  from 


The  right  hand  side  of  Eq.  (14)  is 


where 


r  =  {R^  ...  r;}’ 


(16) 


(17) 


R  =  M  OQ  -K  0  (18) 

h  t  t  h  t 

Although,  in  theory,  Eq.  (14)  can  be  solved  in  a  least  squares  sense  for  the  scaling  factors,  noise  in 
the  measured  modeshapes  and  frequencies  will  give  inaccurate  results.  This  may  be  avoided  by  the 
use  of  filtered  modeshapes.  The  filtered  modeshape  for  each  mode  is  obtained  from 


where 


with  Aij  and  Bij  given  by 


d)'  =  L  r  (]) 

'  mj  j  mj  mj 


A  B  •••  B 

Rj  1  j  qj  J 


(19) 


(20) 


A,=E:'K,  ,  B,=-a)^jE:H 

A  second  method  estimates  the  damage  magnitude  by  minimizing  the  ratio  between  the 
magnitude  of  the  largest  and  smallest  diagonal  elements  of  the  modal  assurance  criterion  (MAC) 
matrix.  The  MAC  matrix,  an  orthogonality  measure  between  two  sets  of  modeshapes,  is  given  by 


MAC  =  <^J^^  (22) 

where  Ot  and  Om  are  matrices  whose  columns  are  either  analytical  or  measured  modeshapes  of  unit 
length.  Perfect  agreement  between  these  two  sets  of  modeshapes  results  in  a  MAC  matrix  equal  to 
the  identity  matrix.  As  corresponding  columns  of  the  measured  and  model  modeshape  matrices 
become  less  correlated,  off  diagonal  terms  appear  in  the  MAC  matrix  as  well  as  non  unity  diagonal 
elements.  For  r  measured  modes,  p  is  defined  as  the  ratio  between  the  largest  magnitude  diagonal 
element  d(1 )  and  the  smallest  magnitude  diagonal  element  d(r) 


383 


G.  KIRBY,  A.  BOSSE,  S.  FISHER  AND  D.  LINDNER 


d(r) 

We  therefore  seek  reduction  factors  which  minimize  p  or 


(23) 


nun  p  (24) 

S 

It  should  be  emphasized  that  this  technique  is  slower  than  using  Eq.  (14)  due  to  re-computation  of 
the  eigensolution  for  the  finite  element  model  for  each  step  in  the  optimization.  For  this  study,  both 
methods  were  used. 


3.  Experiment  Description 

3.1  Truss  structure 

The  test  article  used  in  this  study  is  the  Naval  Center  for  Space  Technology’s  3.74  Meter 
Precision  Truss,  which  is  located  in  the  Payload  Checkout  Facility  at  the  Naval  Research  Laboratory 
in  Washington,  DC  and  pictured  in  Figure  1.  Its  design  is  based  on  drawings  provided  by  the  NASA 
Langley  Research  Center  for  its  CSI  Evolutionary  Model  (Ref.  14)  and  it  is  composed  of  aluminum 
and  stainless  steel  piece  parts.  There  are  12  cubic  bays,  13.4  in  on  a  side,  and  the  total  weight  is 
29.9  lb.  Due  to  its  precision  joints,  and  because  the  aluminum  tube  elements  (0.3125  in  outer 
diameter,  0.035  in  wall  thickness)  are  bonded  and  pinned  to  their  end-fittings,  the  assembled 
structure  has  little  slop  and  exhibits  extremely  linear  dynamics. 


Figure  1 :  Naval  Center  for  Space  Technology  3.74  Meter  Precision  Truss 


3.2  Finite-Element  Model 

A  finite  element  model  (FEM)  consisting  of  rod  elements  and  utilizing  a  lumped  mass  matrix 
(85%  of  the  total  structural  weight  is  at  the  nodes)  adequately  characterizes  the  structural  modes, 
with  mode  frequency  prediction  errors  on  the  order  of  1%  (see  Table  1,  column  3).  The  total  weight 
of  the  FEM  was  29.8  lb.,  giving  a  weight  error  of  0.3%.  In  addition,  stiffness  errors  were  minimized 
through  the  use  of  a  dynamic  stiffness  test  which  characterizes  the  effective  stiffness  of  the  tube 
assemblies,  consisting  of  tubes,  end-fittings  and  node  balls  (Refs.  15,16).  Conventional  quasi-static 
tensile  tests  gave  stiffness  values  that  varied  as  much  as  20%  from  the  dynamic  stiffness  values, 
and  their  use  in  the  FEM  resulted  in  mode  frequency  prediction  errors  on  the  order  of  5%. 

The  Modal  Assurance  Criterion  provides  another  way  to  assess  model  fidelity  by  checking 
orthogonality  of  the  modeshapes  between  the  FEM  and  healthy  test  data.  The  MAC  shown  in  Figure 
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3  indicates  a  good  match  between  model  and  test  modeshapes.  Comparing  this  format  to  that  of 
Figure  7,  the  diagonal  terms  are  large  values  and  off  diagonal  terms  are  projected  onto  these. 
Ultimately,  though,  a  system  model  is  only  as  good  as  its  ability  to  predict  system  response  (referred 
to  as  synthesis),  which  requires  not  only  good  pole  values,  but  accurate  modeshapes  as  well.  Figure 

4  shows  a  typical  frequency  response  function  from  the  modal  test,  along  with  a  frequency  response 
function  (FRF)  synthesized  from  the  FEM  modal  parameters  and  identified  modal  damping  ratios. 
The  match  between  this  FEM  and  the  measured  truss  responses  is  very  good.  Figure  4  also  shows 
the  eleven  modes  active  in  the  analysis  band,  0-128  Hz,  whose  modal  damping  ratios  range  from  0.2 
to  1 .0  percent. 


AcoiiirottiMm 


Figure  2:  Schematic  Showing  Impact  and 
Damage  Locations 


Figure  3:  Modal  Assurance  Criterion  for  FEM 
versus  Healthy  Test  Modeshapes 


Mode 

\fh(Hz)  f FEM  (Hz)  Afbm(%) 

fd(Hz)  Ad(%) 

1 

12.52 

12.61 

+0.72 

12.44 

-0.64 

2 

14.26 

14.10 

-1.12 

14.13 

-0.91 

3 

26.47 

26.45 

-0.08 

26.32 

-0.57 

4 

29.57 

29.55 

-0.07 

27.44 

-7.20 

5 

54.93 

54.59 

-0.62 

47.84 

-12.9 

6 

64.78 

64.33 

-0.69 

55.88 

-13.7 

7 

72.09 

69.33 

-3.83 

68.62 

-4.81 

8 

87.65 

87.37 

-0.32 

86.57 

-1.23 

9 

109.3 

109.7 

+0.31 

98.56 

-9.83 

10 

116.0 

118.1 

+1.85 

109.5 

-5.60 

119.4 

122.4 

+2.47 

118.0 

-1.19 

Table  1 :  Mode  Frequencies  for  Healthy  Test 
{ft,),  FEM  {fpEM)  and  Damage  Test  {Q 
Models  (A‘s  computed  relative  to  ft,) 


Figure  4:  Typical  Healthy  System  FRF  versus 
Synthesized  FRF  using  Finite 
Element  Model 


3.3  Modal  Testing  and  Modal  Parameter  Identification 

Two  modal  surveys  were  carried  out  on  the  truss,  one  survey  for  the  healthy  structure  and 
another  for  the  case  where  a  single  diagonal  tube  was  removed  (see  note  in  Figure  2  for  damage 
location).  A  GenRad  2515  modal  test  system  was  used  to  compute  and  store  288  single-reference 
FRF’s  for  each  test.  A  single  measurement  involved  applying  an  impulsive  input  to  one  node  point 
using  an  impact  hammer,  while  four  tri-axial  accelerometers  recorded  the  system  response.  Five 
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averages  were  made  for  the  first  impact  point,  and  then  this  was  repeated  for  the  second  impact 
location.  Next,  the  accelerometers  were  moved  to  four  new  node  points  and  the  process  repeated 
until  all  48  nodes  were  tested.  Because  the  weight  of  the  accelerometers  could  not  be  ignored,  mass 
simulators  were  installed  at  the  other  44  nodes.  Thus,  the  288  FRF’s  per  survey  resulted  from  2  input 
locations  times  48  node  points  times  3  dof  per  node. 

The  Polyreference  Time  Domain  modal  parameter  estimation  algorithm  (Ref.  11,  pp.  18-50)  was 
used  to  estimate  modes  and  modeshapes  from  the  test  data.  A  normal  mode  model  was  employed 
to  estimate  frequencies,  damping  ratios  and  (real)  modeshapes  for  11  modes  in  the  range  0-128  Hz. 
Since  the  identified  model  is  estimated  directly  from  test  data,  as  long  as  the  model  is  consistent  with 
the  physical  system  under  test  and  the  quality  of  the  test  data  is  good,  it  is  unmatched  by  any 
analytical  model  in  its  ability  to  predict  system  response,  as  evidenced  by  Figure  5.  Although  no 
synthesized  FRF’s  have  been  shown  for  the  damage  truss  identified  model  nor  for  other  response 
locations,  their  quality  is  similar  to  that  shown  in  Figure  5.  Thus,  the  modal  parameters  used  in  this 
damage  detection  study  were  of  high  fidelity. 


FREQ  (Hz)  MODE 

Figures:  Typical  Healthy  System  FRF  versus  Figures:  Modal  Assurance  Criterion  for  Healthy 
Synthesized  FRF  using  Identified  versus  Damage  Test  Modeshapes 

Model 


3.4  Damage  Detection  Data 

A  unique  feature  of  this  work  is  that  it  involved  a  “blind”  test  of  the  damage  detection  algorithms, 
in  that  the  analyst  was  provided  with 

•  Physical  parameters  such  as  masses  and  stiffnesses  for  constructing  a  FEM 

•  Identified  modal  parameters  (i.e.,  frequencies,  damping  ratios  and  modeshapes)  for  both 
the  healthy  and  damaged  test  configurations,  and 

•  Knowledge  that  one  tube  element  was  removed  for  the  damage  case 

Only  one  damage  case  was  investigated,  for  which  a  single  element  was  removed  which  had  modal 
strain  energy  rankings  in  the  upper  one-third.  Figure  2  shows  the  location  of  the  missing  member,  a 
diagonal  in  the  front  face.  The  percent  modal  strain  energies  (MSE’s)  for  the  removed  are  shown  in 
Table  2,  along  with  their  rankings  among  the  entire  set  of  161  truss  elements.  The  elements  with  the 
highest  MSE’s  are  those  in  the  middle  two  bays  near  the  attachment  to  a  15,000  lb.  test  plate. 
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Mode^ 

1  2  3 

4 

5  6  7 

8  9  10  11 

%MSE 

0.10  0.27  0.05 

1.41 

0.74  3.52  4.36 

0.39  0.04  5.43  6.85 

Rank 

47  36  67 

18 

28  4  3 

53  85  1  2  .. 

Table  2:  Modal  Strain  Energies  for  Removed  Element 

The  MAC  between  the  healthy  and  damage  test  modeshapes  is  shown  in  Figure  6,  and  indicates 
that  the  damage  inflicted  on  the  structure  causes  significant  changes  in  the  higher  modes.  This  is 
completely  consistent  with  the  frequency  shifts  recorded  in  Table  1.  column  6  and  also  with  the 
modal  strain  energies  reported  in  Table  2. 

4.  Application  of  Algorithms 

Prior  to  application  of  the  algorithms,  the  analyst  was  not  informed  that  element  52  was  removed 
from  the  structure.  Initially,  measured  damage  vectors  were  determined  using  the  right  hand  side  of 
Eq.  (4).  The  non-zero  structure  of  the  damage  vectors  suggested  dof  associated  with  element  40 
had  changed.  Based  upon  these  results  and  screening  of  best  achievable  eigenvectors  for  elements 
with  modal  strain  energies  greater  than  1%  for  the  first  four  modes,  element  40  was  incorrectly 
identified  as  being  removed.  After  learning  the  first  prediction  was  incorrect,  redistributed  strain 
energies  were  computed  for  all  modes.  These  results  also  indicated  that  element  40,  in  addition  to 
element  52,  were  candidates  for  damage.  The  MAC  matrix  for  simulations  with  these  elements 
removed  from  the  FEM  were  computed  and  the  diagonal  spread,  p,  corresponding  to  element  52 
was  lower.  Hence,  element  52  was  correctly  identified  as  the  missing  member.  It  was  then  postulated 
by  the  analyst  that  there  were  measurement  errors  associated  with  a  particular  node  attached  to 
element  40. 

A  closer  inspection  of  the  experimental  modeshapes  verified  that,  indeed,  a  tri-axial 
accelerometer  attached  to  that  node  had  incorrectly  labeled  channels,  due  to  the  sensor  being 
rotated  during  the  roving-response  modal  survey.  Thus,  not  only  was  the  analyst  able  to  detect  the 
damage,  but  also  to  make  judgments  about  a  misplaced  sensor  during  a  test  conducted  two  months 
prior.  After  receiving  the  corrected  modeshapes,  the  removed  member  was  promptly  identified  by 
both  the  BAE  and  RSE  methods. 

The  top  five  candidates  for  the  damaged  element  are  given  in  Table  3,  along  with  the  Euclidean 
distances,  using  best  achievable  eigenvectors  for  11  measured  modes.  The  ranking  for  removed 
element  52  is  listed  in  the  last  column  of  the  table.  Table  4  shows  the  top  five  candidates  using 
redistribution  of  strain  energy,  along  with  the  percent  redistributed  strain  energies  using  the 
measured  modeshapes.  Again,  the  ranking  for  element  52  is  listed  in  the  last  column  of  the  table. 
For  both  methods,  modes  4,  5,  6  and  9,  which  had  significant  frequency  changes  (see  %Ad  in  Table 
1),  can  be  used  to  detect  the  damaged  member.  However,  modes  7  and  10,  whose  frequencies  also 
exhibited  a  large  shift,  did  not  identify  the  missing  element.  One  can  see  that  neglecting  elements 
with  low  percent  modal  strain  energies  in  the  healthy  structure  can  cause  erroneous  damage 
predictions.  Consider  the  consequences  of  eliminating  element  52  from  consideration  by  screening 
the  modal  strain  energies  given  in  Table  2.  While  the  fifth  mode  gives  a  clear  indication  of  damage 
(see  Figures  7  and  8),  the  modal  strain  energy  for  this  particular  case  was  less  than  1  percent. 
Similar  results  can  be  seen  for  modes  8  and  9. 

It  is  clear  that  clustering  of  the  Euclidean  distances  occurs  for  some  of  the  modes  (see  mode  2 
Euclidean  distances  in  Table  3),  resulting  in  ambiguities  and  false  positives.  Similar  behavior  is  seen 
in  the  redistributed  modal  strain  energies.  For  these  reasons,  candidate  elements  must  be  selected 
from  tabulated  results,  as  given  by  Tables  3  and  4.  Examination  of  the  MAC  matrix  obtained  from  Eq. 
(22)  can  be  used  to  make  a  determination  of  damage  from  a  set  of  candidates.  Figures  9  and  10  are 
mesh  plots  of  the  MAC  matrix  between  test  modeshapes  for  the  damaged  structure  and  those 
obtained  by  removal  of  candidate  elements  52  and  149  from  the  finite  element  model.  Element  52 
was  chosen  for  obvious  reasons.  Element  149  was  chosen  as  a  candidate  because  it  was  ranked 
first  for  modes  7  and  1 1 .  Comparison  of  the  MAC  matrices  obtained  by  the  removal  of  each  of  these 
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elements  from  the  model  indicates  element  149  can  be  eliminated  from  the  candidate  set.  Table  6 
shows  the  diagonal  spread,  d(1)/d(11),  of  the  MAC  matrix  obtained  for  7  candidate  elements.  It  is 
seen  that  removal  of  element  52  produces  the  smallest  diagonal  spread  and  hence  the  replication  of 
the  modeshapes  is  nearly  uniform  over  all  the  modes. 

Using  Eqs.  (14)  with  the  filtered  modeshapes  given  by  Eqs.  (19)  and  the  minimum  diagonal 
spread  given  by  Eq.  (23),  estimation  of  the  damage  magnitudes  using  modes  4,5, 6,9  were  -0.9438 
and  -0.9435,  respectively.  These  estimates  compare  favorably  with  the  actual  complete  loss  of 
stiffness,  which  is  -1 .00. 


MODE 

1 

2 

3 

4 

5 

E52 

1 

107 

0.069 

125 

0.069 

149 

0.069 

150 

0.069 

99 

0.078 

2 

52 

0.052 

133 

0.052 

137 

0.053 

139 

0.054 

1 

0.052 

3 

52 

0.070 

45 

0.078 

50 

0.085 

137 

0.087 

149 

0.089 

1 

0.070 

4 

52 

0.051 

45 

0.063 

34 

0.101 

137 

0.102 

133 

0.103 

1 

0.051 

5 

52 

0.120 

45 

0.160 

49 

0.192 

135 

0.193 

50 

0.204 

1 

0.120 

6 

52 

0.075 

45 

0.081 

49 

0.084 

48 

0.088 

135 

0.089 

1 

0.075 

7 

149 

0.149 

150 

0.149 

160 

0.149 

73 

0.149 

75 

0.155 

11 

0.161 

8 

133 

0.127 

52 

0.135 

150 

0.157 

157 

0.157 

160 

0.157 

2 

0.135 

9 

52 

0.215 

46 

0.222 

50 

0.224 

49 

0.224 

48 

0.225 

1 

0.215 

10 

155 

0.154 

156 

0.154 

2 

0.154 

50 

0.154 

68 

0.155 

80 

0.164 

11 

149 

0.402 

150 

0.402 

160 

0.402 

73 

0.402 

75 

0.404 

38 

0.424 

Table  3:  Best  Achievable  Eigenvector, 
Integers  are  Element  Numbers, 
Reals  are  Euclidean  Distances 


Figure  7:  Euclidean  Distances  for  5th  Mode 


MODE 

1 

2 

3 

4 

5 

E52 

a 

125 

108 

2 

102 

110 

36 

15.6 

11.8 

6.79 

6.32 

6.14 

0.61 

2 

96 

123 

72 

77 

52 

5 

6.24 

5.95 

5.44 

3.96 

3.77 

3.76 

3 

125 

2 

108 

52 

14 

4 

10.6 

8.47 

8.39 

6.24 

4.90 

6.24 

H 

52 

71 

63 

77 

123 

1 

■■ 

35.2 

6.18 

3.08 

2.70 

2.38 

35.2 

5 

52 

23 

15 

1 

34 

1 

33.6 

5.68 

5.06 

4.95 

3.77 

33.6 

0 

52 

161 

160 

152 

149 

1 

12.0 

9.29 

8.27 

5.94 

4.45 

12.0 

111 

122 

89 

127 

103 

10 

mjiH 

8.47 

5.49 

5.39 

5.28 

4.75 

3.36 

8 

52 

157 

158 

108 

138 

1 

6.52 

5.78 

4.92 

3.56 

3.47 

6.52 

9 

2 

52 

1 

46 

37 

2 

16.95 

11.12 

8.53 

7.79 

5.57 

11.1 

10 

90 

37 

138 

2 

141 

5-58 

4.18 

3.88 

3.69 

3.33 

11 

90 

81 

125 

102 

148 

56 

15.7 

11.34 

11.2 

8.38 

5-97 

0.06 

Table  4:  Redistribution  of  Strain  Energy, 
Integers  are  Element  Numbers, 
Reals  are  %RSE’s 


Figure  8:  Damaged  Structure's  Strain  Energy 
Redistribution,  5th  Mode 
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Candidate 

Modes  4, 5, 6, 9 

Modes  1-11 

52 

1.02 

1.09 

133 

1.63 

2.27 

149 

10.38 

10.63 

45 

3.63 

98.89 

125 

3.73 

27.75 

90 

3.73 

24.24 

2 

3.67 

28.57 

Table  5:  Damage  Candidates’  MAC  Diagonal  Ratios,  p 


Figure  9:  MAC  matrix  for  Element  52  Figure  10:  MAC  matrix  for  Element  1 49 

Removed  From  Model,  7^=1 .09  Removed  From  Model,  7^10.63 

5.  Summary 

Damage  detection  on  a  precision  laboratory  truss  was  performed  using  two  different  classes  of 
algorithms.  The  first  algorithm  is  based  upon  the  concept  of  best  achievable  eigenvector  and 
requires  experimental  modal  parameters  as  well  as  a  finite  element  model  of  the  structure.  The 
second  method  computes  the  redistribution  of  strain  energy  for  each  element  of  the  truss,  where 
elements  exhibiting  large  changes  in  strain  energy  are  candidates  for  further  investigation.  Damage 
was  inflicted  on  the  structure  by  the  removal  of  one  element,  whose  location  was  withheld  from  the 
analyst.  Both  algorithms  not  only  detected  the  damage  location  and  extent,  but  also  helped  to  identify 
an  error  during  the  modal  testing,  namely,  a  rotated  accelerometer.  The  measure  of  the  diagonal 
spread  of  the  MAC  matrix,  which  is  the  ratio  between  the  largest  and  smallest  magnitude  diagonal 
elements,  was  found  to  be  a  useful  measure  of  model  fidelity  for  verification  of  damage  location  and 
extent. 

Valuable  lessons  were  learned  for  locating  and  estimating  damage  using  experimental  modal 
parameters.  First  of  all,  modes  exhibiting  high  percent  changes  in  frequency  were  found  to  give 
incorrect  predictions  of  damage  location,  even  though  the  actual  damaged  element  had  high  percent 
modal  strain  energies  for  the  healthy  structure.  For  example,  see  BAE  results  for  modes  7  and  10  in 
Table  3.  It  must  be  understood  that  these  algorithms  can  only  be  expected  to  yield  a  set  of  candidate 
damaged  elements,  which  must  be  verified  by  inserting  the  damage  into  the  analytical  model  and 
comparing  to  the  measured  response  of  the  damaged  structure.  As  necessary,  one  should  examine 
frequency  changes,  orthogonality  of  modeshapes,  or  synthesized  frequency  response  functions  for 
each  candidate. 
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Abstract 

One  problem  associated  with  updating  dynamic  finite  element  models  is  the  large  number  of 
parameters  which  must  be  updated.  This  can  cause  the  problem  to  be  ill-conditioned,  or  to  have  a 
non-unique  solution.  Moreover,  it  is  possible  to  update  parameters  which  have  no  physical  mean¬ 
ing.  It  is  important  therefore  to  determine  those  parameters  which  are  most  in  error,  in  order  to 
concentrate  the  updating  techniques  on  them.  This  process  is  known  as  error  localisation,  and  this 
paper  reviews  some  of  the  methods  currently  used  for  this  purpose.  Simulated  data  is  used  to  test 
the  algorithms,  and  their  robustness  to  various  types  of  error  is  assessed. 


1  Introduction 

There  are  two  different  types  of  model  commonly  associated  with  a  structure  undergoing  a  modal  test. 
These  are  the  analytical  model,  normally  obtained  from  finite-element  analysis,  and  the  experimental 
model,  created  from  test  data.  There  will  be  certain  discrepancies  between  the  models,  which  arise  for 
a  number  of  reasons.  Firstly,  theoretical  models  always  involve  idealisations  of  behaviour,  for  example 
assuming  that  a  system  is  linear  when  in  practice  there  will  always  be  some  (albeit  small)  nonlinear 
behaviour.  There  may  be  random  and  systematic  errors  associated  with  the  test  data,  and  the  size  of 
the  experimental  model  (in  terms  of  degrees-of-freedom  and  modes)  will  certainly  be  less  than  that  of 
the  analytical  model.  The  process  of  improving  the  correlation  between  the  two  models  is  known  as 
model  updating  (Ref.  1),  and  since  the  size  of  models  involved  may  be  large,  it  is  expedient  to  locate 
the  regions  where  the  difference  is  greatest  and  to  concentrate  the  updating  techniques  on  these  regions. 
This  process  is  known  as  error  localisation. 

Although  error  localisation  methods  will  be  discussed  in  this  paper  primarily  in  the  context  of 
modal  updating,  there  is  a  close  relationship  between  error  localisation  and  the  use  of  modal  testing  for 
non-destructive  evaluation  of  damage  in  structures.  Adams  and  Cawley  (Ref.  2)  discussed  the  use  of 
vibration  techniques  for  damage  detection,  noting  that  the  technique  is  not  new,  having  been  applied 
to  detect  cracks  in  pottery  and  glass  for  thousands  of  years.  In  the  case  of  damage  detection  however, 
the  analyst  attempts  to  localise  errors  between  models  of  damaged  and  undamaged  structures,  rather 
than  between  theoretical  and  analytical  models. 


2  Theory 

The  eigenvalue  equation  for  an  undamped  dynamic  system  with  mass  and  stiffness  matrices  M  and 
K  is 

{K-XjM)<j>j=0  (1) 
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where  Xj  and  <f>j  are  the  eigenvalues  and  eigenvectors  for  the  j-th  mode.  The  orthogonality  conditions 
(given  mass  normalised  eigenvectors)  are 

=  A  =  I  (2) 

where  ^  is  the  matrix  whose  columns  are  the  eigenvectors  and  A  the  matrix  with  the  eigenvalues  on 
the  leading  diagonal. 

It  is  possible  to  parameterize  models  both  in  terms  of  physical  parameters,  or  in  terms  of  substruc¬ 
tures.  If  analytically  derived  and  experimentally  obtained  matrices  are  available,  then  the  difference 
between  them  may  be  expressed  as  a  Taylor’s  expansion 


TT  _  XT  I  ^  ^  O'^Ka  AOk 

Kx-KA  +  }_^-^Aek+}_^-^—  + 

A:=l  ^ 


k=l 


(3) 


where  6k  are  the  parameters,  Kx  is  the  experimental  stiffness  matrix,  and  Ka  is  the  analytical  stiffness 
matrix.  Similar  expressions  apply  for  the  mass  matrix.  Neglecting  higher  order  terms 


Kx^Ka  +  AK  where  AK  (4) 

jfc  =  l  ^ 

In  the  case  of  substructure  parameterisation,  the  difference  between  analytical  and  experimental  matrices 
is  expressed  as 


p 

Kx^Ka  +  ^K  where  AK  =  ^^A6kKk  (5) 

k  =  l 

Kk  is  the  stiifness  matrix  of  the  k-th  substructure,  and  is  equal  to  dKAldOk.  Some  error  localisation 
techniques  either  work  directly  on  models  which  have  not  been  parameterised,  and  hence  give  results  in 
terms  of  the  degrees-of-freedom  (DoF)  of  the  models,  whilst  other  methods  require  parameterisation  of 
the  model. 


2.1  Degree-of-Preedom  Algorithms  using  Modal  Data 

2.1.1  Use  of  Mode  Shapes  Alone 

Pandey  ei  ai  (Ref.  3)  considered  the  use  of  mode  shapes  for  damage  detection,  specifically  the 
Modal  Assurance  Criterion  (MAC)  and  Coordinate  Modal  Assurance  Criterion  (COM AC).  The  MAC 
is  a  global  measure  of  the  difference  between  two  mode  shapes,  defined  as  (Ref.  4) 


MAC  = 


\Ya=1  ^Xi'^Ai 


JL  JL  * 

i-i  ^Xi^Xi  ♦ 


*|2 

<f>Ai<t>Ai* 


(6) 


where  <l>i  is  the  ith  coordinate  of  the  eigenvector,  the  subscripts  X  and  A  refer  to  experimental  and 
analytical  models  respectively  and  the  *  refers  to  the  complex  conjugate.  The  COMAC  is  defined  as 
(Ref.  5) 


COMAC(t)  = 


1 

^Aij 

^Xij 

y 

=1 

(< 

^>^,y 

(7) 


where  is  the  ith  coordinate  of  the  jth  eigenvector,  and  L  is  the  number  of  mode  shapes  being 
correlated.  The  COMAC  is  a  measure  of  the  difference  between  a  set  of  modes  at  a  particular  coordinate. 

Pandey  et  al.  found  that  neither  of  these  quantities  was  sensitive  to  damage,  but  they  quoted  the 
values  only  to  two  significant  figures,  which  may  have  obscured  the  results.  It  was  not  possible  to  decide 
whether  the  MAC  and  COMAC  were  insensitive  to  the  presence  of  damage,  or  merely  unable  to  locate 
it.  They  also  considered  the  use  of  “curvature  mode  shapes” ,  obtained  by  numerically  differentiating  the 
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displacement  mode  shapes,  and  concluded  that  these  were  more  reliable  locators  of  damage.  However 
experimental  verification  was  undertaken,  and  thus  the  possible  amplification  of  noise  introduced  by 
differentiation  was  not  considered.  Furthermore,  damage  was  simulated  by  the  removal  of  90%  of  an 
element  stiffness,  and  this  is  clearly  not  a  realistic  scale  of  “damage”  to  use  in  the  context  of  error 
localisation  routines. 

2.1.2  Force  residual  method 
The  eigenvalue  equation  for  the  experimental  model  is 

[Ka  +  AK]^x  •“  [M  +  AM]^xAx  =  0 

A  localisation  matrix  L  is  defined  as  (Ref.  6) 

L  =  AM^x Ax  “  AK^x  ~  a^x  ~  ^a^xAx 

This  matrix  contains  the  errors  corresponding  to  the  DoF  for  the  various  modes 
may  be  defined  as 

m 

qi  =  ^ ^  Wj  \Lij  I 

i=i 

where  Wj  is  a  weighting  factor  for  the  jth  mode. 

2.2  Parameter-based  Routines  using  Modal  Data 

2.2.1  Substructure  energy  functions 

Link  (Refs.  7, 8)  devised  a  localisation  function  based  on  the  elastic  and  kinetic  energy  contained  in 
each  mode 

m  m 

AEk  =  y^^WjA<l>jKkA<j>j  ATk  =  WjA<j>jMkA<j)j\j  (11) 

j=i  i=i 

where  A4>^  is  the  difference  between  analytical  and  experimental  eigenvectors,  and  Wj  is  a  weighting 
factor  for  the  jth  mode.  The  above  equations  are  for  substructure  parameterization,  similar  expressions 
would  apply  when  using  physical  parameters.  It  will  be  seen  from  the  results,  presented  later,  that  an 
effective  weighting  factor  is  the  inverse  of  the  eigenvalue,  as  this  takes  into  account  the  fact  that  the 
mode  shapes  for  the  higher  modes  are  less  well  characterized  than  those  for  the  lower  modes. 

2.2.2  Error  matrices 

Ewins  (Ref.  9)  suggested  the  use  of  the  inverse  mass  and  stiffness  matrices,  given  by 

K-^  =  M"^  =  (12) 

for  error  localisation,  by  examining  the  difference  between  analytical  and  experimental  inverse  ma¬ 
trices.  Pandey  and  Biswas  (Ref.  10)  adopted  this  approach  for  damage  location,  and  used  the  method 
to  detect  damage  to  a  beam  in  the  laboratory.  Some  researchers  have  proposed  inverting  the  matrices  in 
Eq.  (12).  Obviously  when  the  number  of  measured  modes  or  measured  coordinates  are  less  than  those  of 
the  actual  model,  a  normal  inverse  cannot  be  found.  Mannan  and  Richardson  (Ref.  IT)  and  Lieven  and 
Ewins  (Ref.  12)  suggest  the  use  of  the  pseudo-inverse  for  this  purpose.  Zhang  and  Lallemant  (Ref.  13) 
followed  a  different  approach  to  inversion  by  expanding  the  matrices  in  a  binomial  series.  Following 
Eqs.  (4)  and  (5),  we  may  write 

Kx~^  =-{Ka  +  AK)-^ 

=  Ka~^  -  Ka~^AKKa~^  +  Ka~^AKKa~^AKKa~^  +  ■  •  • 


(8) 

(9) 

.  Localisation  indicators 

(10) 


(13) 
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The  first-order  approximation  is 


AK  «  Ka  -  Kx")  Ka 
whilst  if  second-order  effects  are  included 


(15) 


AK  «  Ka  {Ka~^  -  K^^)  Ka  +  AKKa~^AK 


(16) 


Similar  expressions  apply  for  the  mass  matrix. 

The  inverse  matrices  for  the  analytical  model  may  obviously  be  obtained  through  calculation.  Those 
for  the  experimental  model  can  be  approximated  as  follows.  The  mode  shape  matrix  is  partitioned: 


= 


^RL  ^RH 
^SL  ^SH 


(17) 


where  the  subscripts  R  and  S  refer  to  the  retained  (master)  and  slave  coordinates,  and  L  and  H  to  the 
lower,  measured  modes  and  higher,  unmeasured  modes  respectively. 


K-^ 


^RL 

^SL 


^RH 

^SH 


[Ah]  ^ 


^RL 

^SL 


[Ai]  ^  [^rl^sl] 


(18) 

(19) 


since  the  second  term  should  be  small. Although  there  is  no  similar  criterion  for  accuracy,  the  mass 
matrix  is  approximated  as 


^RL 

^SL 


[^rl^sl] 


(20) 


The  slave  DoF  are  initially  approximated  by  using  the  corresponding  elements  from  the  analytical  mode 
shapes.  Then,  Eq.  (15)  is  used  to  calculate  AK  which  is  used  in  turn  to  update  Ka  and  and  to  obtain 
better  estimates  for  the  slave  DoF  by  solving 


\(Ka  +  AK)  -  (Ma  +  AM)Ar\  (  f ^ 


(21) 


in  a  least-squares  sense. 

Park  ei  al  (Ref.  14)  used  eigenvalue  sensitivity  to  weight  the  error  matrices  from  Eq.  (15)  for 
damage  location,  and  stated  that  better  results  were  achieved.  The  theory  is  unsuitable  for  model 
updating  however,  and  this  will  be  discussed  further  in  the  following  section. 


2.2.3  Eigensensi  t  ivit  y 


Adams  and  Cawley  appear  to  be  amongst  the  first  authors  to  use  the  sensitivity  of  the  eigenvalues 
to  locate  damage  (Refs.  15-17),  employing  the  ratio  of  eigenvalue  changes  to  this  end.  Since  then  a 
large  number  of  papers  have  appeared  in  the  literature  using  similar  methods.  Friswell  ei  ai  (Ref.  18) 
used  statistical  techniques  to  improve  the  Adams  and  Cawley  approach  so  that  measurement  noise 
would  not  trigger  false  damage  location.  Rides  and  Kosmatka  (Ref.  19)  derived  what.appears  to  be  the 
most  complete  eigensensitivity-based  error  localisation  equations,  including  the  effect  both  of  eigenvalue 
and  eigenvector  changes.  The  eigenvalues  and  eigenvectors  of  the  experimental  model  expressed  as  a 
first-order  Taylor’s  series  around  the  analytical  values  are 


/  Ax  -  Aa 
\  ^x-^A 


dA 

I 

80 


AO 


(22) 
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The  derivatives  of  the  eigenvalues  and  eigenvectors  may  be  calculated  via  a  number  of  established 
methods  (Refs.  20, 21).  Returning  to  the  weighted  matrix  method  of  Park  et  al.  (Ref.  14)  mentioned  in 
the  previous  section,  the  change  in  the  jth  eigenvalue  due  to  kth  parameter  change  is 


(23) 


where  dXj/dOk  is  given  by  (Ref.  20). 


(24) 


The  ratio  ajk  =  constant  for  all  j  if  damage  has  occurred  at  location  k.  Therefore,  the 

variance  of  ajk  can  be  used  as  an  inverse  weighting  factor  for  the  error  matrices  given  in  Eqs.  (15)  and 
(16).  A  necessary  assumption  however  is  that  damage  occurs  in  one  place,  since  ajk  is  constant  for  all 
j  only  if  this  condition  is  fulfilled.  Where  there  are  errors  in  more  than  one  place,  the  method  will  fail 
and  hence  it  would  not  be  useful  for  the  purposes  of  model  updating. 


2.3  FRF  method 

The  equation  for  the  frequency  response  matrix  is 

The  sensitivity  of  the  FRF  matrix  with  respect  to  a  parameter  Ok  is 


dH 

dOk 


=  -H 


^M) 


H 


(25) 


(26) 


A  first-order  Taylor’s  series  may  be  used  to  express  the  change  in  FRF  in  terms  of  the  change  in 
structural  parameters 

=  AH  (27) 

Eq.  (27)  may  be  used  to  locate  damage,  in  the  same  manner  as  for  Eq.  (22).  Lin  and  Ewins  (Refs.  22,23) 
used  this  technique  (but  with  a  slightly  different  expression  for  Eq.  (27))  to  locate  damage  in  simple 
structures. 

Using  FRF’s  directly  offers  several  advantages  over  the  use  of  eigenvalues  and  eigenvectors.  Because 
information  on  all  modes  is  contained  in  each  FRF,  modal  truncation  is  not  a  problem.  Furthermore, 
every  frequency  line  of  the  FRF  is  a  potential  equation,  increasing  the  size  of  the  system  greatly.  Finally, 
there  is  no  need  to  perform  curve-fitting,  which  reduces  the  effect  of  problems  such  cis  repeated  or  close 
eigenvalues. 

On  the  other  hand,  it  is  not  practical  to  use  all  the  frequency  lines  which  are  measured,  since  the 
resulting  system  of  equations  becomes  too  large  to  solve.  The  FRF  equations  do  not  really  contain  more 
information  than  the  modal  model  because  (in  theory  at  least)  FRFs  may  be  constructed  from  the  modal 
model.  Also  it  is  crucial  to  select  points  that  are  well  away  from  the  resonances  to  prevent  ill-conditioning 
of  the  equations,  and  these  points  are  less  sensitive  than  those  near  resonances.  Furthermore,  the  fact 
that  curve  fitting  is  not  performed  means  that  the  data  may  be  noisy. 


2.4  Solution  of  sensitivity  equations 

Eqs.  (22)  and  (27)  are  of  the  form  of  Ax  =  6.  In  general,  matrix  A,  of  dimension  nxm  and  with 
rank  r  is  not  square,  and  there  are  a  number  of  solution  methods  depending  on  the  size  of  A. 

If  n  <  m  there  are  more  parameters  than  equations  and  the  problem  is  underdetermined.  If  r  =:  n 
then  there  are  an  infinite  number  of  “exact”  solutions  (in  the  sense  that  ||  Ax  —  b  ||2  is  zero  to  working 
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Figure  1:  Ten  noded  beam  element  with  damage 


precision).  If  r  <  n  then  there  are  an  infinite  number  of  least-squares  solutions  (in  other  words  solutions 
which  minimise  ||  Ax  —  b  II2). 

If  n  >  m  then  there  are  more  equations  than  parameters  and  the  problem  is  over  determined.  If 
r  —  m  and  the  equations  are  consistent,  then  there  is  a  unique  least-squares  solution.  If  r  <  m  then 
there  are  an  infinite  number  of  least-squares  solutions. 

Lallemant  and  Piranda  (Ref.  6)  suggested  a  “best  sub-basis”  method  for  error  localisation.  That 
is,  the  column  of  A  which  best  represents  the  vector  b  is  selected.  Then,  this  column  is  retained  and 
the  next  best  column  selected  and  so  on.  This  method  enables  the  selection  of  those  parameters  which 
provide  the  best  basis  for  the  solution  6,  and  can  ostensibly  be  used  for  error  location.  However,  the  best 
sub-basis  will  provide  different  results  depending  on  the  size  of  A.  If  the  equations  are  over  determined, 
then  the  best  sub-basis  method  chooses  those  parameters  to  which  the  solution  is  most  sensitive.  If  the 
equations  are  underdetermined,  then  there  is  no  unique  solution,  and  the  solution  obtained  will  depend 
on  the  algorithm  employed. 

2,5  Testing  error  localisation 

A  ten  element  cantilever  beam  model,  shown  in  Figure  1,  was  used  to  test  and  compare  the  lo¬ 
calisation  routines.  Two  noded  beam  elements  with  one  translational  and  one  rotational  DoF  at  each 
node  were  used.  The  material  properties  of  the  beam  were:  E=70GPa,  L=lm,  h=25mm,  b=50mm, 
/)=:2800kg/m^.  The  “experimental”  data  was  obtained  by  reducing  the  stiffness  of  one  element,  shown 
hatched  in  Figure  1,  by  50%.  The  methods  were  tested  in  four  ways.  Firstly,  all  modes  and  coordinates 
were  included.  Secondly,  the  first  five  modes  were  used,  again  with  complete  coordinates.  Thirdly,  the 
first  five  modes  were  used  with  only  the  translational  coordinates  included.  These  were  expanded  to 
the  full  set  of  coordinates  using  the  analytical  mode  shapes  (Ref.  24) 

^xs  =  {^as\T  T  =  [^ar]^^xr  (28) 

where  4-  denotes  the  pseudo-inverse. 

Finally,  systematic  error  was  introduced  by  calculating  the  “experimental”  data  from  a  beam  with 
twenty  elements.  Complete  coordinates  were  used  in  this  case.  The  results  are  shown  in  Figures  2  to 
23.  The  binomial  series  method  did  not  converge  with  a  50%  reduction  in  stiffness,  even  with  complete 
modes  and  coordinates,  so  for  this  method  the  stiffness  of  the  element  was  reduced  by  10%.  Also,  even 
at  10%  it  did  not  converge  when  systematic  error  was  introduced,  therefore  no  figure  for  systematic 
error  is  shown  for  the  binomial  method. 

2*6  Discussion 

From  Figures  2  to  23,  a  number  of  results  are  plain.  Firstly,  it  can  be  seen  that  the  COMAC  is 
not  a  reliable  indicator  of  error  location.  This  can  be  understood  intuitively  if  damage  at  the  root  of 
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a  cantilever  is  considered.  Clearly,  the  displacement  of  all  modes  is  zero  at  the  root,  and  hence  cannot 
reveal  any  difference  here.  Mode  shapes  by  themselves  will  not  necessarily  exhibit  the  greatest  changes 
at  the  position  of  greatest  error. 

Both  the  force  residual  and  substructure  energy  methods  successfully  locate  the  error,  but  the 
results  are  worse  when  all  modes  are  included  as  opposed  to  including  only  the  first  five  modes.  This 
suggests  that  the  higher  modes,  whilst  affected  more  by  error,  are  in  fact  less  well  characterised,  and 
should  therefore  be  weighted  against.  The  results  of  the  energy  method  weighted  by  the  inverse  of 
the  eigenvalues  are  shown  in  Figures  12,  13  and  14.  The  error  has  been  more  sharpy  defined  by  this 
weighting. 

The  best  sub-basis  method  also  selects  the  initial  parameter  correctly  (using  either  eigendata  or 
FRF  data)  and  engineering  judgement  could  be  applied  to  choose  those  other  parameters  which  are 
considered  important  in  locating  error.  It  should  be  noted  that  when  using  FRF  data  the  selection  of 
which  frequency  points  to  use  is  crucial  to  the  success  of  the  method.  In  this  case,  points  were  arbitrarily 
chosen  far  from  the  resonances,  since  at  resonances  the  magnitudes  of  the  FRFs  are  strongly  influenced 
by  damping,  which  is  normally  an  ill-defined  quantity.  Also,  when  using  sensitivity  methods  it  may  be 
necessary  to  weight  certain  measurements  to  reflect  greater  certainty  or  uncertainty  as  their  reliability. 
However,  no  weighting  was  employed  in  this  research. 

Finally,  it  is  clear  that  all  the  methods  fail  when  discretisation  error  is  introduced.  In  order  to 
ascertain  the  extent  of  discretisation  error  caused  by  the  method  used  here,  the  first  five  frequencies  for 
the  beam,  calculated  using  ten  and  twenty  elements  respectively,  are  shown  in  Table  1.  These  results 
clearly  demonstrate  that  the  discretisation  error  considered  in  this  example  is  very  conservative  and 
that  in  practice  worse  effects  are  to  be  expected.  This  failure  is  a  serious  one,  since  systematic  error  will 
occur  in  practice  no  matter  how  carefully  measurements  are  made.  More  thought  needs  to  be  given  to 
making  methods  robust  against  this  form  of  error. 


Table  1:  Change  in  frequencies  due  to  discretisation 


/lo  (Hz) 

/20  (Hz) 

A/  (%) 

20.19 

20.19 

-0.0001 

126.55 

126.54 

-0.0031 

354.42 

354.33 

-0.0238 

695.00 

694.38 

-0.0890 

1150.69 

1147.99 

-0.2345 

3  Conclusions  and  recommendations 

A  number  of  different  approaches  to  error  localisation  have  been  examined.  These  range  from  direct 
degree-of-freedom  based  methods  to  techniques  which  require  parameterisation  of  the  structure  and 
are  often  based  on  a  first-order  Taylor  series.  The  methods  which  seem  to  show  most  promise  are 
sensitivity-based  techniques,  but  all  the  methods  examined  here  fail  when  a  small  systematic  error  is 
introduced  into  the  results.  There  is  a  paucity  of  papers  which  have  tested  the  methods  outlined  in  a 
rigorous  experimental  manner,  which  is  not  surprising  considering  the  weaknesses  inherent  to  them.  It 
is  necessary  to  improve  the  robustness  of  error  localisation  techniques  to  systematic  error  before  they 
can  be  confidently  used  in  practice. 
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Figure  2:  COMAC:  all  modes,  complete  coordi- 
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Figure  5:  COMAC:  systematic  error 
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Figure  3:  COMAC:  1st  5  modes,  complete  coordi- 
uates 
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Figure  6:  Force  residual:  all  modes,  complete  co¬ 
ordinates 
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Figure  4:  COMAC:  1st  5  modes,  incomplete  coor¬ 
dinates 


Figure  7:  Force  residual:  1st  5  modes,  complete 
coordinates 
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Figure  8:  Force  residual:  1st  5  modes,  incomplete 
coordinates 
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Figure  9:  Force  residual:  systematic  error 
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Figure  11:  Link’s  energy:  1st  5  modes,  complete 
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Figure  12:  Link’s  weighted  energy:  1st  5  modes, 
complete  coordinates 
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Figure  10:  Link’s  energy:  all  modes,  complete  co-  Figure  13:  Link’s  weighted  energy:  1st  5  modes, 
ordinates  incomplete  coordinates 
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Abstract 

A  Computational  Nonlinear  Design  technique  to  optimize  the  design  of  advanced  actively  controlled 
flexible  structures  is  presented.  The  technique  uses  explicit  time  integration  to  transform  nonlinear 
differential  equations  into  sparse  linear  algebraic  discrete-time  equations  and  analytic  gradient  equations  that 
can  be  efficiently  solved,  A  multi-variable  design  optimization  adjusts  structural  parameters  and  control  gains 
to  minimize  system  vibration.  This  solution  approach  is  nearly  exact,  uses  a  minimum  number  of  matrix 
inversions,  and  provides  gradient  sensitivities  of  any  variable  in  the  system  equations  without  recursion  or 
approximation.  Also,  any  type  of  structural  nonlinearity,  forcing  function  and  initial  conditions  can  be 
modeled.  Furthermore,  a  new  nonlinear  feedback  control  law  that  mimics  the  characteristics  of  a  passive 
isolator  is  proposed  to  improve  stability  of  the  nonlinear  system.  Since  full  second  order  sparse  equations  are 
used  in  the  control  design,  all  difficulties  of  imprecise  eigenvalue/vector  calculations,  reduced  basis 
approximations,  and  spillover  effects  present  in  linear  modeling  techniques  are  eliminated.  An  initial  result 
using  the  technique  is  presented  in  which  vibration  of  a  four  bay  16  degree-of-freedom  cantilever  truss  is 
controlled  using  a  single  actuator  near  the  support. 

1.  Introduction 

Advanced  structures  such  as  the  space  station,  high  speed  civil  transport  aircraft,  fuel-efficient 
automobiles,  and  high  altitude  long  endurance  aircraft  are  designed  for  minimum  weight  to  improve 
performance  and  reduce  operating  costs  over  the  life  of  the  product.  These  light-weight  designs,  however, 
are  more  flexible  than  traditional  structures  and  behave  nonlinearly  and  often  are  designed  to  operate  beyond 
buckling.  Flexible  structures  are  also  designed  to  have  a  finite  fatigue  life  that  is  governed  by  the  stress  to 
number  of  cycles  to  failure  curves  (S/N  curves)  for  the  structural  material.  For  aerospace  materials,  these 
curves  state  that  large  stresses  cause  logarithmically  greater  damage  than  lower  stresses  and  show  the 
criticality  of  analyzing  for  and  preventing  large  displacements  and  stresses  in  the  structural  response. 
Therefore,  to  design  the  most  efficient  structure  and  to  accurately  predict  structural  life,  highly  flexible 
structures  are  most  appropriately  modeled  and  analyzed  using  nonlinear  structural  theory. 

The  increased  flexibility  of  light-weight  structures  also  increases  vibration.  This  requires  that  lightweight 
structures  often  have  some  type  of  passive  or  active  control  device  to  suppress  vibration  [1]  to  ensure  the 
safety,  reliability  and  performance  of  the  structure.  An  active  control  system  can  also  be  used  to  quench 
dangerous  characteristics  unique  to  nonlinear  structures,  such  as  bifurcations  to  a  higher  response  level, 
internal  resonances,  limit  cycling,  and  chaotic  behavior.  Nonlinear  control  is  proposed  for  the  active 
structure  as  it  potentially  can  give  better  performance  than  linear  control  for  linear  and  nonlinear  structures. 

It  is  apparent  that  nonlinear  design  is  needed  to  develop  lighter-weight  and  lower  cost  advanced 
structures.  Presently,  however,  there  are  no  general  techniques  available  to  simultaneously  design  the 
structure  and  controller  for  nonlinear  systems  ~  existing  techniques  apply  only  to  linear  systems.  Analytical 
techniques  to  handle  nonlinear  structures  problems  are  not  well  developed  principally  because  exact  closed- 
form  solutions  to  general  large  order  systems  of  nonlinear  differential  equations  are  unobtainable.  Thus,  this 
paper  addresses  the  need  to  develop  an  analytical  technique  that  can  design  nonlinear  actively  controlled 
flexible  structures  with  improved  performance  and  reliability. 
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Existing  techniques  for  nonlinear  control  such  as  feedback  linearization,  describing  functions,  sliding 
control,  adaptive  control  [2],  model  referenced  adaptive  control  [3],  neural  network  control  [4],  and 
nonlinear  modal  control  [5]  have  serious  limitations  when  applied  to  the  control  of  large  flexible  structures. 
These  include  restriction  to  certain  classes  of  nonlinear  systems,  requiring  full  state  feedback,  errors  due  to 
truncating  sub-harmonic  and  super-harmonic  Fourier  terms,  linearization  errors,  application  only  to  tracking 
control  or  uncertain  systems,  restriction  to  very  small  order  or  single  input  or  decoupled  systems,  or  being 
heuristically  based.  These  techniques  also  obscure  the  relationship  between  the  structural  response  and  the 
structural  and  control  design  parameters  when  performing  a  multi-disciplinary  optimization.  Direct  Optimal 
Control  of  Nonlinear  Systems  via  Hamiltons  Law  of  Varying  Action  [6]  using  assumed  time  modes  is 
probably  the  most  similar  method  to  the  method  we  propose,  but  it  does  not  efficiently  handle  the  steady- 
state  response  computation  for  large  systems,  cannot  use  output  feedback  control,  and  the  optimal  control 
formulation  is  not  suited  to  constrained  structural  optimization. 

The  innovation  of  the  technique  proposed  herein  is  that  the  highly  nonlinear  dynamic  and  control 
equations  are  transformed  into  sparse  linear  algebraic  discrete-time  equations  and  analytic  gradient  equations 
that  can  be  solved  efficiently,  especially  by  using  parallel  computing.  A  nearly  exact  solution  is  obtained,  the 
number  of  matrix  inversions  is  minimized,  gradients  sensitivities  of  any  variable  in  the  system  matrices  can 
be  obtained  without  recursion  or  approximation,  and  any  types  of  structural  nonlinearities,  forcing  functions, 
and  initial  conditions  can  be  handled.  Thus  a  standard  multivariable  optimization  routine  can  design  the 
multi-degree-of-freedom  nonlinear  system,  that  is,  adjust  strucmral  parameters  and  control  gains  to  minimize 
the  mean-square  response  of  the  system.  The  mean-square  control  forces  and  any  other  desired  parameters  of 
the  design,  such  as  structural  weight,  can  also  be  minimized.  Since  full  system  sparse  equations  in  second 
order  form  are  used  in  the  control  design,  all  the  difficulties  of  imprecise  and  expensive  eigenvalue/vector 
calculations,  reduced  basis  approximations,  and  spillover  effects  present  in  other  techniques  are  eliminated. 
Furthermore,  a  new  nonlinear  control  law  that  mimics  the  characteristics  of  a  passive  isolator  is  proposed  to 
improve  stability  robusmess  for  the  optimized  nonlinear  system. 

2«  Nonlinear  Design  Technique 

The  general  structure-control  design  approach  taken  here  is  to  use  explicit  time  integration,  and 
optionally  parallel  computing,  to  obtain  a  nearly  exact  solution  to  the  simultaneous  second-order  nonlinear 
differential  equations  describing  the  closed  loop  system.  The  nonlinear  structural  model  could  be  generated 
from  a  nonlinear  finite  element  code.  With  this  approach  only  the  mass  matrix  that  is  often  diagonal  needs  to 
be  inverted  in  the  integration  solution.  The  remaining  computations  in  the  integration  only  involve  addition 
and  multiplication  of  sparse  matrices  and  can  be  done  extremely  fast  using  parallel-vector  sparse  matrix 
solvers  [7].  The  optimization  computations  are  streamlined  by  computing  the  gradients  or  sensitivities  of  the 
design  variables  in  closed  form,  or  semi-analytically  depending  upon  the  type  of  finite  elements  used  in  the 
model.  Matrix  inversion  is  needed  to  compute  the  gradients,  but  the  matrices  are  very  sparse  and  easy  to 
invert.  Choosing  a  larger  time  step  to  eliminate  the  less  important  higher  frequency  portions  of  the  response 
can  also  reduce  computations,  but  stability  cannot  be  guaranteed  for  nonlinear  systems.  The  integration 
solution  is  made  robust  to  instability  by  assuming  constant  acceleration  over  each  time  step  and  by 
performing  an  equilibrium  balance  at  the  end  of  each  time  step. 

Nonlinear  structural  optimization  is  computationally  intensive  due  to  the  recomputation  of  the  solution  at 
each  iteration  of  the  optimization.  However,  since  the  sparsity  of  the  structural  matrices  is  preserved  in  this 
approach,  the  new  sparse  matrix  solvers  recently  available  can  be  used  to  greatly  reduce  this  computational 
burden-  New  parallel  algorithms  also  exist  to  perform  general  matrix  computations  [8],  assemble  finite 
element  matrices  from  the  elemental  level  [9],  compute  design  sensitivities  [10],  and  perform  large  scale 
design  optimization  [11,12].  Therefore  the  method  proposed  here  should  be  able  to  handle  realistic  size 
engineering  problems  when  the  algorithm  is  developed  for  parallel  computing. 

The  structure  and  control  optimization  is  performed  by  defining  an  objective  function  to  try  to  drive  the 
forced  nonlinear  system  to  its  zero  equilibrium  solution  using  the  minimum  control  force.  Constant  gain 
output  feedback  control  is  used,  which  is  the  simplest  and  most  practical  technique  for  active  structural 
control.  No  observer  or  dynamic  compensator  is  needed  and  time  delay  in  computing  the  control  action  is 
minimized.  The  control  gains  are  actually  the  coefficients  of  some  polynomial  function  of  the  nonlinear 
displacements  and  velocities  of  the  system.  The  technique  can  also  be  used  to  study  the  dynamic  behavior 
and  control  order  characteristics  of  nonlinear  systems.  Gain  suppression  can  be  used  to  identify  the  best  out 
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of  a  group  of  candidate  locations  to  take  feedback  measurements  and  to  place  actuators.  Any  type  of  forcing 
functions  can  be  used  and  chaotic  responses  can  also  be  computed. 

Also  to  be  investigated  using  this  technique  is  whether  active  nonlinear  damping  can  effectively  suppress 
detrimental  nonlinear  structural  effects  for  multi-degree-of-freedom  systems.  Nonlinear  damping  on  single- 
degree-of-freedom  systems  has  been  shown  to  delay  the  point  of  bifurcations  to  a  higher  response  level, 
prevent  period  doubling  leading  to  chaotic  behavior,  reduce  sensitivity  to  small  variations  in  system  and 
excitation  parameters  and  initial  conditions,  and  limit  the  amplitude  or  prevent  catastrophic  internal 
resonances  from  occurring. 

2.1  Integration  Solution 

The  general  form  of  the  differential  equations  of  motion  that  describe  an  n  dimensional  second  order 
closed-loop  nonlinear  dynamic  system  subject  to  a  general  forcing  function  is 

Mx  +  f,(x)  +  f^(x)  =  F(/)  -  u,(x)  -  u^(x)  (1) 

where  x  is  the  displacement  vector,  M  is  the  mass  matrix,  f (x),  f ^  (x)  are  the  nonlinear  damping  and 
stiffness  force  vectors,  respectively,  F(f)  is  the  external  force  vector,  and  -U^,(x)  ~  Uj(x)  are  the 
nonlinear  control  force  vectors.  The  external  force  can  be  of  any  form,  transient  or  steady-state.  The 
Newmark-Beta  explicit  time  integration  technique  is  used  to  solve  (1).  The  solution  is  shown  below 

Xr+l  =  Xr  +  +  [(0-5  “  P)x,  +  ]A/^  (2a) 

=  Xr  +  [0  -  (2b) 

x,„  =M-'[F((r  +  l)A/)-u„(x,,,)-u^(x,,,)-f,(x,,,)-f^(x,,,)]  (2c) 

where  r+i  denotes  the  current  solution  point,  r  denotes  the  last  solution  point.  At  is  the  time  step,  and 
are  constants.  The  integration  solution  is  carried  out  only  long  enough  to  represent  the  essential 
characteristics  of  the  response,  which  may  be  only  four  cycles  of  response.  An  iteration  of  (2a-c)  is  done 
each  timestep  to  obtain  an  equilibrium  force  balance  that  greatly  improves  the  accuracy  of  the  solution.  The 
equilibrium  balance  is  done  by  taking  the  first  estimate  of  and  using  (2a,2b)  to  get  an  updated 

estimate  of  x^^|  in  (2c).  Note  that  all  terms  with  the  r  subscript  do  not  change  in  this  iteration.  The  value  of 
usually  converges  within  about  five  iterations. 

With  this  formulation,  the  only  inversion  is  the  mass  matrix  and  the  sparsity  of  the  structural  matrices  is 
preserved.  Thus  the  computations  can  be  carried  out  very  fast  for  a  large  number  of  time  steps  using 
parallel-sparse  matrix  solvers.  A  larger  time  step  can  also  be  used  to  eliminate  the  high  frequency  portion  of 
the  response  to  reduce  computations.  The  explicit  Newmark-Beta  integration  method  used  is  more  accurate 
than  Euler  finite  difference  type  methods,  and  it  is  simpler  to  derive  analytic  gradients  and  preserve  the 
sparsity  of  the  structural  matrices  than  in  the  Runge-Kutta  or  implicit  Newmark-Beta  methods. 

Note  that  this  form  of  integration  is  different  than  the  implicit  Newmark-Beta  method  typically  used  in 
finite  element  codes  that  perform  direct  integration  solutions.  Here,  only  the  mass  matrix  needs  to  be 
inverted.  Since  M  is  often  diagonal  or  constant,  the  inversion  is  either  trivial  or  only  needs  to  be  done  once. 
In  most  nonlinear  models  the  stiffness  matrix  is  nonlinear  and  recursion  is  necessary  to  -integrate  the 
nonlinear  equations.  No  repeated  inversion  is  needed  using  the  solution  procedure  presented  here.  Thus  this 
approach  may  also  be  useful  to  solve  general  nonlinear  structures  problems. 

2.2  Objective  Function 

An  objective  function  that  minimizes  the  mean  square  vibration  displacement  of  the  system  and  the  mean 
square  control  forces  is 
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+  ujR^u,) 


(3) 


where  T  denotes  transpose,  are  diagonal  positive  semi-defmite  weighting  matrices,  and  np  is 

the  number  of  solution  points  used  to  define  the  response  of  the  system. 

The  design  variables  in  the  problem  are  any  desired  structural  parameters  and  control  gains.  A  standard 
optimization  routine,  such  as  contained  within  the  Matlab  optimization  toolbox,  can  be  used  to  minimize  (3). 
The  only  constraints  on  the  design  variables  will  be  bounds  on  their  magnitudes  that  are  given  as  follows. 

j  =  \,2,...,ndv  (4) 


where  are  the  design  variables,  L,  U  represent  the  lower  and  upper  bounds,  and  ndv  is  the  total  number 

of  design  variables  in  the  problem.  No  functional  constraints  are  needed  with  this  formulation.  A  final  and 
very  important  requirement  to  make  the  optimization  computationally  feasible  is  to  derive  a  closed  form 
gradient  of  the  objective  function.  As  shown  below,  the  gradient  can  be  obtained  exactly  without  any 
additional  function  evaluations  or  recursion  that  is  normally  required  for  nonlinear  systems. 

2.3  Gradient  of  the  Objective  Function 

The  closed-form  gradient  of  the  objective  function  is 


dJ 


np 

-Y 

np 

r=l 


T  5x  X  9u 
2xjQ— i-  +  2ujR,— 


dn 


dr 


(5) 


Computation  of  the  sensitivity  vectors  in  (5)  depends  upon  the  form  of  the  equations  and  can  be  done  closed- 
form  or  semi-analytically,  depending  on  the  type  of  finite  element  used  and  the  type  of  parametization  for  the 
shape  optimization  of  the  structure,  if  used. 

The  sensitivity  vectors  are  computed  simply  as  follows.  Consider  the  gradient  of  the  displacements. 
Equation  (2a)  defines  the  value  of  x  for  the  current  time  step  r+/.  The  gradient  of  with  respect  to  the 
structural-control  design  variables  is  obtained  by  first  computing  the  gradients  of  equations  (2),  which  is 
shown  below. 


a^ 


^  +  ^A^  +  (0.5-PXaO' 


+  P(A/X 


(6a) 


dir 
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+  XAt 


^r+{ 


(6b) 
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r+l 


=  -M'* 


^v(ir.,)  .  5u^(Xr.l)  ,  5f,(x„,)  af^(x„,) 

- h - ^ - H - -H 


L 


5^. 


(6c) 


Note  that  all  terms  in  equations  (6a, 6b)  with  the  r  subscript  are  known  from  the  previous  timestep.  Thus, 
substituting  (6a)  and  (6b)  into  (6c)  initially  gives  a  linear  implicit  equation  that  is  then  rearranged  into  simple 
linear  equations  and  an  inversion  is  performed  to  get  exactly.  The  gradient  Of  the  acceleration 

(6c)  is  then  substituted  into  (6a)  to  get  .  The  gradient  of  the  control  forces  is  derived  using  the 

same  procedure  to  derive  equation  (6).  The  solution  of  the  dynamic  equations  and  gradients  are  calculated  in 
a  running  fashion  so  that  only  the  current  and  last  time  step  solution  information  is  saved.  This  reduces 
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computations  and  memory  requirements.  As  stated,  the  gradient  equations  are  initially  linear  equations  in  an 
implicit  form,  but  they  are  rearranged  and  solved  by  inversion  rather  than  recursion  that  is  normally  needed 
when  using  a  harmonic  balance  type  solution  for  nonlinear  differential  equations.  This  is  possible  because  the 
displacements  are  known  and  can  be  directly  substituted  into  the  nonlinear  terms  thus  eliminating  recursion. 

The  formulation  presented  above  represents  a  general  approach  to  analyze  nonlinear  actively  controlled 
practical  engineering  strucmres.  Other  nonlinear  control  approaches  that  we  have  found  in  the  literamre 
would  be  either  computationally  intractable,  restricted  to  small  scale  problems,  or  would  produce  an 
approximate  solution  when  applied  to  an  optimization  problem. 

3.  Control  Law  Design 

Nonlinear  control  potentially  improves  performance  over  linear  control,  but  it  may  also  be  particularly 
appropriate  for  systems  that  undergo  large  displacements  or  have  varying  or  uncertain  parameters.  Nonlinear 
control  may  be  able  to  operate  over  wide  frequency  and  amplitude  ranges  using  a  simple  nonlinear  active 
rfamping  coMrol  law.  This  may  eliminate  system  identification  and  adaptive  control  necessary  in  linear 
systems,  and,  moreover,  cannot  destabilize  the  plant.  This  approach  can  also  be  used  to  design  a  passive 
nonlinear  vibration  suppression  system. 

The  general  control  approach  taken  here  is  to  consider  any  type  of  nonlinear  control  function  that  uses 
constant  gain  output  feedback  control.  Feedback  control  using  constant  gains  is  much  simpler  than  using  a 
dynamic  compensator,  and  output  feedback  is  appropriate  for  large  structures  where  only  a  small  number  of 
sensors  is  practical.  We  are  investigating  general  polynomial  control  schemes  but  stability  is  not  guaranteed, 
except  possibly  for  collocated  active  damping.  A  new  approach  being  investigated  assures  stability  based  on 
the  idea  that  adding  a  simple  spring-damper  system  between  two  coordinates  on  the  structure  caimot 
destabilize  the  system.  This  nonlinear  feedback  control  law  uses  the  absolute  value  of  a  polynomial  function 
multiplied  by  the  sign  of  the  velocity  or  displacement  at  the  actuator  location.  This  means  that  the  control 
forces  act  as  if  they  were  produced  from  a  spring-damper  system  with  time-varying  coefficients.  The  damper 
can  only  extract  energy  and  the  spring  can  only  store/release  energy  when  stretched  or  compressed.  Thus, 
with  slowly  varying  coefficients,  this  control  law  is  stable  and  robust  to  system  parameter  variations,  forcing 
function  type,  and  modeling  errors,  but  it  may  have  somewhat  reduced  performance  from  a  controller  that  is 
not  constrained  to  this  form. 

From  previous  structural  vibration  and  control  studies  on  linear  systems,  we  have  found  that  additive 
damping  is  often  the  most  effective  way  to  reduce  wide  band  vibration  using  minimum  control  forces.  This  is 
because  wide  band  disturbing  forces  acting  on  a  system  always  have  components  in  phase  with  the  structural 
velocity,  and  velocity  feedback  control,  which  is  active  damping,  can  most  directly  alter  this  phase 
coincidence.  Active  damping  tends  to  distort  and  couple  and  distribute  energy  among  the  complex  mode 
shapes  of  a  structure,  whereas  position  feedback  changes  the  stiffness  and  hence  significantly  changes  the 
actual  mode  shapes  and  frequencies  of  the  closed-loop  structure.  Changing  the  mode  shapes  of  a  structure 
usually  requires  large  control  forces,  and  generally  does  not  produce  a  commensurate  reduction  in  vibration 
amplitude.  Active  damping  versus  position  feedback  nonlinear  control  laws  are  being  studied  to  determine 
the  most  effective  algorithm  to  suppress  vibration  for  nonlinear  structures. 

4.  Example  Problem 

An  initial  result  is  presented  in  which  a  four  bay  16  degree-of-freedom  cantilever  truss  with  a  transverse 
harmonic  force  at  its  end  is  controlled  using  a  single  actuator  near  the  support.  Testing  of  the  technique  is  being 
done  using  a  90  MHz  pentium  PC  with  16MB  RAM  and  the  sparse  matrix  functions  in  Matlab.  This  semp  is 
easily  powerful  enou^  to  solve  the  nonlinear  truss  structure  without  using  parallel  computing.  The  truss 
structure  is  shown  in  Figure  1.  The  truss  has  a  linear  stiffness  matrix  and  a  diagonal  nonlinear  stiffiiess  matrix. 
The  nonlinear  stiffness  matrix  is  comprised  of  small  nonlinear  terms  proportional  to  the  linear  ^agonal  terms 
and  a  term  from  a  light  nonlinear  spring  at  the  top  of  the  truss.  All  members  of  the  truss  are  pin  connected  and 
the  two  offset  members  at  the  actuator  are  designed  to  produce  a  transverse  force  on  the  truss,  that  is,  only  the  y 
direction  component  of  the  force  in  the  actuator  is  transferred  to  the  truss. 
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Nonlinear  Spring 

Disp .  Sensor 
4  6 


Figure  1.  Nonlinear  Active  Truss 

The  mass  matrix  and  the  linear  and  nonlinear  stiffness  matrices  for  the  truss  are  given  below.  The  mass  and 
stiffness  coefficients  were  chosen  to  obtain  a  desired  truss  frequency  and  do  not  represent  any  particular  system 
dimensions  or  material  properties. 
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The  vector  of  displacements  is  x(/)  =  [jcl  yl  x2  y2  .  .  r8  yS^ .  The  nonlinear  stiffness  terms  are 

coefficients  that  multiply  cubic  displacements  of  the  associated  coordinates,  and  were  chosen  arbitrarily  to 
test  the  technique.  Future  work  is  to  use  a  fiilly  nonlinear  geometrically  exact  truss  model  [13]  and  other  types 
of  nonlinear  elements. 

The  mass  matrix  contains  about  90%  non-structural  mass  at  each  node  of  the  truss.  Proportional  linear 
damping  (D=0.0002K/)  is  assumed  to  simplify  the  example.  The  design  goal  is  to  reduce  the  cantilever  type 
bending  of  the  truss.  A  sinusoidal  force  /(/)  =  40sin(47tr)  acts  at  the  end  of  the  truss  (DOF  yl).  The 
uncontrolled  truss  exhibits  a  beating  response  that  is  shown  in  Figure  2. 
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DOF:  1,5,  9,13 


DOF:  3,  7,11,15 


DOF  :  2,  6, 10,  14 


0  2  4  6  8 


Figure  2.  Truss  Vibration  (Disp.  vs  Time)  Uncontrolled 

Integration  parameters  corresponding  to  constant  acceleration  over  each  time  step  ( p  =  025,  a  =  Oi )  are 
used  in  the  integration.  The  time  step  required  to  ensure  stability  was  0.001  second  and  the  response  was 
computed  for  2.6  seconds  to  optimize  the  system.  Initial  conditions  were  zero.  The  external  spring  coefficient 
was  optunized  and  bounded  within  the  range  10,000  to  40,000.  A  cubic  polynomial  control  law  is  used  with 
feedback  of  the  velocity  and  position  of  only  one  point  at  the  end  of  the  truss  ( =  >;g ).  The  proposed  control 
law  is  shown  below. 


«v  =  *^16  + 

*^16  +  ^d  *^16 

where  the  values  are  coefficients  to  be  determined  by  the  optimization.  The  weighting  matrices  chosen 

are  Q  =  200 *  I,RD  =  10  *,RV  =  4*10  *  .  This  particular  weighting  puts  almost  all  emphasis  on  minimizing 
the  displacements  of  the  truss  with  little  penalty  for  control  force  magnitude.  The  optimization  was  done  in  two 
steps  with  different  values  of  the  weighting  matrix  Q.  The  initial  value  weighted  the  displacements  near  the 
actuator  more  heavily  to  help  convergence.  The  objective  function  at  the  start  of  the  optimization  was  J=3943 
and  at  the  end  1=213.2,  The  optimization  took  about  40  minutes  wail  time  and  20  iterations  on  a  90MHz  PC 
and  drove  the  stiffness  of  the  nonlinear  external  spring  to  its  upper  bound,  40,000,  and  set  ±e  control  gains  for 
the  cubic  displacement  and  all  the  velocity  feedback  gains  to  be  negligibly  small  (for  a  multi-frequency  input  the 
opposite  could  occur  and  the  velocity  gains  could  overshadow  the  position  gains).  The  optimal  control  law 
determined  by  the  optimization  thus  consisted  of  only  the  position  feedback  terms,  as  shown  below. 

Urf  =  6.9682  ♦  10^  *  - 12.68  *  10^  *  *  Ix^el  +  0.0062  *  10^  * 

This  is  a  significantly  different  type  of  control  action  than  could  occur  with  linear  control,  and  this  particular 
result  depends  on  the  amplitude  and  frequency  content  of  the  forcing  function,  the  nonlinearity  of  the  structure, 
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and  the  weighting  parameters.  The  vibration  response  of  the  truss  using  this  control  law  is  shown  in  Figure  3. 
Note  that  the  beating  is  nearly  eliminated  and  that  the  vibration  arnplimdes  at  the  actuator  and  at  the  end  of  the 
truss  are  about  the  same.  Further  reducing  the  vibration  at  the  end  would  increase  the  vibration  at  the  actuator 
and  this  is  a  limiting  condition  in  suppressing  vibration  of  the  truss.  The  control  force  is  shown  in  Figure  4. 


Figure  3.  Truss  Vibration  (Disp.  vs  Time)  with  Nonlinear  Control 


Figure  4.  Control  Force  (Transverse  Force  vs  Time)  with  Nonlinear  Control 

This  example  shows  that  active  control  and  the  small  effect  of  increasing  the  stiffness  of  the  nonlinear  spring 
reduces  the  peak  vibration  amplitude  of  the  truss  by  about  80  percent. 

Nonlinear  control  laws  may  have  more  than  one  solution  and  this  example  was  re-run  with  a  different 
starting  point  for  the  optimization.  The  nonlinear  spring  was  fixed  at  the  upper  bound  of  40,000,  velocity  gains 
were  set  to  zero,  and  a  sli^dy  different  scaling  of  the  design  variables  was  used.  The  starting  value  of  the 
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objective  fimction  is  unchanged,  J=3943,  and  the  optimization  found  a  minimum  1=212.71.  The  response  and 
control  forces  are  similar  to  the  first  case  and  the  optimal  control  law  is  shown  below. 

=  6.8609  *  10'*  *  x,6  +  0.4692  *  10'*  *  x,6  *  |x,4|  +  0.0360  ♦  10'*  ♦  xf^ 

A  linear  control  case  was  also  run  for  a  comparison  to  nonlinear  control  results  above.  Here,  the  external 
spring  was  set  to  its  upper  value  and  the  optimization  re-run  with  only  the  linear  position  feedback  control  term 
remaining.  The  optimization  drove  the  objective  function  from  the  same  starting  point  as  the  nonlinear  cases, 
J=3943,  to  a  minimum  value  of  J=216.7,  The  linear  control  gain  is  given  below. 

6.0739*10^ 

The  response  and  control  forces  for  the  linear  case  are  different  than  for  the  nonlinear  case  and  are  shown  in 
Figures  5  and  6,  respectively.  For  this  example  the  nonlinear  control  produced  a  very  slightly  better 
performance,  as  defined  by  the  smaller  J  value,  than  the  linear  control.  However,  for  larger  amplitudes  of  the 
forcing  function,  or  different  weighting  factors,  or  a  strongly  nonlinear  structure,  the  nonlinear  control  may 
have  a  more  significant  advantage. 

In  the  truss  configuration  studied  here  the  peak  transverse  control  forces  are  high,  approximately  37  times 
larger  than  the  disturbing  force  at  the  end  of  the  truss  (also,  peak  actuator  force  is  2.23  times  greater  than 
transverse  force).  A  static  analysis  without  the  nonlinear  terms  was  performed  to  verify  the  reasonableness  of 
the  dynamic  solution  and  to  determine  the  best  position  for  the  actuator.  The  static  analysis  showed  that  for  the 
actuator  at  node  1,  as  in  the  above  examples,  the  transverse  force  required  to  reduce  deflection  at  the  end  of  the 
truss  to  zero  was  34.5  times  greater  than  the  end  force.  This  verifies  the  large  control  forces  determined  in  the 
dynamic  analysis.  With  the  actuator  positioned  at  bays  3,5  and  then  7,  the  peak  transverse  force  reduced, 
respectively,  to  3.9,  1.7,  and  1  times  the  end  force.  This  result  shows  that  a  static  analysis  is  useful  to  determine 
optimal  positioning  of  actuators  and  emphasizes  intuition  that  the  actuator  should  be  as  close  to  the  disturbing 
force  as  possible.  Changing  the  angles  of  the  actuator  link  configuration  also  reduces  the  actuator  force  required, 
but  to  a  much  lesser  extent  than  repositioning  the  actuator. 

5.  Continuing  Work 

The  problem  presented  herein  has  verified  the  integration  algorithm  and  gradient  derivation  for  a  simple 
assumed  structural  nonlinearity.  Currently,  a  geometrically  exact  nonlinear  truss  element  has  been 
programmed  with  the  exact  closed-form  gradient,  and  the  static  deflection  analysis  has  been  used  to 
determine  a  better  actuator  position.  This  model  is  being  tested  and  initial  results  show  that  the  nonlinear 
element  formulation  and  gradient  are  much  longer  and  require  much  more  computation  than  the  example 
presented.  A  nonlinear  beam  finite  element  has  been  derived  by  Pai  based  on  the  theory  in  [14]  and  will  be 
programmed  and  tested  next.  Nonlinear  active  damping  will  be  studied  using  the  nonlinear  beam  model. 

6.  Conclusion 

The  example  problem  showed  that  the  technique  presented  herein  is  an  effective  tool  to  design  nonlinear 
structures  to  suppress  structural  vibration.  Also,  nonlinear  design  as  well  as  nonlinear  control  are  new  fields  to 
be  developed  that  promise  significant  improvements  in  structural  designs.  In  particular,  control  system  stability 
and  new  types  of  nonlinear  control  laws  need  to  be  investigated.  Safer  and  more  economical  designs  for 
engineering  applications  such  as  large  flexible  space  structures,  high  speed  aircraft,  tall  buildings,  commercial 
aircraft,  and  almost  any  lightweight/highly  flexible  structure  may  be  possible  by  nonlinear  design  and  nonlinear 
control. 

Parallel-vector  sparse  matrix  equation-solvers  and  optimization  techniques  are  also  needed  to  apply  the  present 
technique  to  large  scale  structures.  This  would  be  an  important  step  toward  developing  a  New  Generation  of 
Nonlinear  Structural  Analysis  Tools  For  Shared  and  Distributed  Memory  High-Performance  Computers, 
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Abstract 

This  paper  considers  the  application  of  model  reduction  methods,  which  are  popular  for  linear 
systems,  to  systems  with  local  nonlinearities,  modelled  using  finite  element  analysis.  In  particular 
these  methods  are  demonstrated  by  obtaining  the  receptance  of  a  continuous  system  with  cubic 
stiffening  disaele  springs,  using  the  harmonic  balance  method.  The  model  reduction  methods  available 
and  the  choice  of  master  coordinates  are  considered.  In  the  IRS  method  there  is  a  conflict  in  the  choice 
of  master  coordinates  between  the  demands  of  the  nonlinearity  and  the  linear  reduction.  Other  reduction 
methods  considered  are  the  reduction  to  modal  coordinates  and  a  balanced  realisation  approach. 
Reduction  to  modal  coordinates  is  easy  to  apply  and  gives  acceptable  results,  although  a  more  accurate 
reduced  model  may  be  obtained  with  IRS  and  the  best  choice  of  master  coordinates.  Reduction  based  on 
observability  and  controllability  considerations,  via  balanced  realisations,  gives  the  most  accurate 
reduced  model. 


1 .  Introduction 

The  analysis  of  nonlinear  models  with  a  large  number  of  degrees  of  freedom  requires  considerable 
computational  effort  and  therefore  models  of  nonlinear  systems  are  generally  restricted  to  a  low 
number  of  degrees  of  freedom.  In  structural  dynamics  finite  element  analysis  is  often  used  to  obtain 
accurate  discretised  models  of  continuous  systems,  usually  with  hundreds  if  not  thousands  of  degrees 
of  freedom.  If  a  nonlinear  component,  for  example  a  joint  or  a  crack  (Refs.  1  and  2),  is  added  to  the 
finite  element  model,  then  the  calculation  of  the  system  response  will  require  considerable 
computation.  Nonlinearities  in  these  large  models  are  often  local  in  the  sense  that  the  forces  in  the 
nonlinear  components  may  be  determined  by  a  small  number  of  degrees  of  freedom.  This  paper  will 
reduce  the  number  of  degrees  of  freedom  in  the  model  using  a  variety  of  methods  and  thus  speed  up  the 
computation.  Friswell  et  al.  (Ref.  3)  introduced  the  idea  of  using  reduction  based  on  the  linear  model 
but  did  not  discuss  the  choice  of  retained  coordinates  in  any  detail. 

Model  reduction  has  considerable  potential  in  substructuring.  In  linear  systems,  substructuring 
has  been  used  to  replace  the  solution  of  a  large  eigenproblem  with  the  solutions  of  several  smaller 
eigenproblems.  Substructuring  methods  have  been  used  to  some  extent  in  nonlinear  analysis  (Refs.  4 


415 


M.  I.  FRISWELL,  J.  E.  T.  PENNY  AND  S.  D.  GARVEY 


and  5),  although  the  number  of  degrees  of  freedom  in  the  linear  parts  of  the  substructures  will  have  to 
be  reduced  to  fully  realise  the  potential  of  substructuring. 


2.  Using  Model  Reduction  For  Nonlinear  Equations 

To  obtain  the  receptance  for  a  structure  modelled  with  a  large  number  of  degrees  of  freedom 
requires  the  solution  of  a  large  number  of  nonlinear  differential  equations.  If  a  structure  has  only  local 
nonlinearities  then  it  is  possible  to  restrict  the  number  of  nonlinear  equations  that  need  to  be  solved 
and  obtain  the  receptance  for  the  generalised  coordinates  from  the  reduced  transformation. 

Suppose  the  ordinary  differential  equation  for  the  nonlinear  sttucture  may  be  written  in  terms  of 
the  n  degrees  of  freedom  x  as 


Mx  +  Dx  +  Kx  +  HN(x)  =  Bf(t) 

y  =  Cx 


(1) 


where  M,  D  and  K  are  the  usual  mass,  damping  and  stiffness  matrices,  f  is  the  applied  force  and  N 
contains  the  nonlinear  terms.  The  matrices  H  and  B  distribute  the  nonlinear  terms  and  the  applied  force 
to  the  correct  degrees  of  freedom.  These  matrices  are  not  strictly  necessary  but  their  inclusion  means 
that  the  nonlinear  force  vector,  N,  and  the  forcing  vector,  f,  have  smaller  dimensions.  The  measured 
degrees  of  freedom,  y,  are  determined  by  the  matrix  C.  Note  that  D  is  used  for  damping  to  allow 
control  notation  to  be  applied  to  the  input  and  output  matrices.  If  the  nonlinearity  is  local  then  it  may 
be  written  in  terms  of  a  limited  number  of  the  generalised  coordinates.  Let 

N(x)  =  N[zi,Z2,...,Zp)  =  N(z)  (2) 


where  the  zi  are  linear  combinations  of  the  elements  of  x,  so  that  for  some  {p,n)  transformation 
matrix,  T^, 

z  =  Tnx.  (3) 

The  number  of  these  coordinates,  p,  should  be  as  small  as  possible,  in  which  case  will  be  full 
rank. 

The  next  step  is  to  reduce  the  order  of  the  model  using  a  reducdon  transformation  derived  from  the 
linear  part  of  the  model.  The  transformation  will  be  of  the  form 

X  =  T  q  (4) 

where  q  is  a  vector  of  the  r  reduced  coordnates  and  T  is  a  transformation  matrix  of  size  (n,  r) ,  the  form 
of  which  will  be  discussed  later.  Applying  this  transformation  to  Eq.  (1),  and  premultiplying  by  the 
transpose  of  the  transformation  matrix,  produces  a  set  of  r  equations  in  the  r  generalised  coordinates  q, 

T^MTq  +  T^DTq  +  T^KTq  +  T^HN(z)  = 

y  = 


T'^Bf(/) 


C  Tq 


(5) 


or  writing  the  transformed  matrices  and  vectors  with  an  overbar 
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Mq  +  Dq  +  Kq  +  HN(z)  =  Bt{t) 

y  =  Cq. 


(6) 


The  coordinates  used  to  specify  the  nonlinearity  may  be  obtained  from  the  reduced  set  of  coordinates  by 
combining  Eqs.  (3)  and  (4)  to  give 


z  =  TjvfT  q=  Tn  q. 


(7) 


3.  The  Model  Reduction  Techniques 

Fom  model  reduction  techniques  will  be  used  to  reduce  the  number  of  degrees  of  freedom  in  the 
linear  system.  It  is  assumed  that  the  number  of  reduced  degrees  of  freedom  is  greater  than  the  number 
of  degrees  of  freedom  required  to  calculate  the  nonlinearity,  p.  All  the  methods  produce  a  reduced  model 
that  approximates  the  full  model  at  the  lower  excitation  frequencies.  The  first  three  reduction  methods, 
described  in  this  section,  are  based  on  the  undamped  part  of  the  linear  model;  the  reduction  based  on  a 
balanced  realisation,  desaibed  in  the  next  section,  includes  damping.  The  methods  chosen  apply  the 
transformations  once;  methods  that  produce  separate  reduced  models  at  different  excitation  frequencies 
in  the  Harmonic  Balance  ncthod  are  not  considered. 

3.1.  Improved  Reduced  System  (IRS) 

O'Callahan  (Ref.  6)  introduced  this  improvement  on  static  reduction.  The  method  provides  a 
perturbation  to  the  transformation  from  the  static  case  by  including  the  inertia  terms  as  pseudo  static 
forces.  The  IRS  transformation  is  based  on  choosing  a  subset  of  the  coordinates  as  masters,  to  be 
retained,  while  the  remaining  coordinates  are  slaves  which  are  eliminated.  Thus 

|,  where  q  =  Xm  (8) 

and  the  subscripts  m  and  s  denote  master  and  slave  coordinates.  The  mass  and  stiffness  matrices  are 
partitioned  based  on  the  master  and  slave  coordinates.  The  transformation,  Tj,  is  then  given  by 

Ti  =  Ts  +  SMTsM^^Kr  (9) 


where  S  = 


by. 


d  0 

SS  J 


and  Tg  is  the  transformation  obtained  from  static  reduction  (Ref.  7),  given 


Ts 


(10) 


Mr  and  Kr  are  the  following  reduced  mass  and  stiffness  matrices,  obtained  from  static  reduction. 


Mr  =  tJ  M  Tg  Kr  =  tJ  K  Tg. 


(11) 
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Automatic  methods  to  choose  the  master  degrees  of  freedom  are  available  based  on  static  reduction,  for 
example,  the  method  of  Henshell  and  Ong  (Refs.  8  and  9).  Friswell  et  al.  (Ref.  10)  outlined  an  iterated 
IRS  method,  which  uses  the  improved  reduced  matrices  Mr  and  Kr  in  Eq.  (9).  On  convergence  the 

reduced  model  produces  the  SEREP  transformation  described  below. 

3.2.  System  Equivalent  Reduction  Expansion  Process  (SEREP) 

This  reduction  (Ref.  11)  uses  the  computed  eigenvectors  to  produce  the  transformation  between 
the  master  and  slave  coordinates.  The  matrix  containing  the  first  r  analytical  eigenvectors,  O,  is 
partitioned  into  the  master  and  slave  coordinates.  When  the  number  of  master  coordinates  are  greater 
than  the  number  of  modes  then 

where  0^+  =  (12) 

and  Om  and  Og  are  the  parts  of  the  analytical  eigenvectors  associated  with  the  master  and  slave 

coordinates  respectively.  Using  this  method  the  reduced  model  will  exactly  reproduce  the  lower  natural 
frequencies  of  the  full  linear  model. 

3.3.  Modal  Coordinates 

The  SEREP  reduction  method  reproduces  the  lower  modes  of  the  linear  system.  An  alternative  is 
to  transform  the  equations  into  modal  coordinates.  The  reduced  coordinates  are  now  modal  participation 
factors  rather  than  specified  physical  coordinates.  The  tranformation  matrix  is  the  first  r  columns  of  the 
eigenvector  matrix 

Tm  =  <1>.  (13) 


Tu  = 


O 


m 


4.  Controllability,  Observability  and  Balanced  Realisations 

The  concepts  of  controllability  and  observability  originated  in  Control  Engineering.  In  simple 
terms,  a  system  is  controllable  if  an  input  exists  that  enables  the  states  of  the  system  to  attain  any 
arbitrary  value.  Similarly  a  system  is  observable  if  the  states  of  the  system  may  be  deduced  from  the 
output.  The  determination  of  system  controllability  and  observability  is  usually  based  on  the  state 
space  representation  of  the  system  although  it  is  possible  to  work  directly  with  the  second  order 
equations  of  motion  (Ref.  12).  Equation  (1)  may  be  written  as 


Equation  (14)  may  be  rewritten  in  terms  of  the  state  vector,  w,  as 
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w  =  Aw  +  HN(z)  +  Bf(r) 
y  =  Cw 


(15) 


where  z  =  Tf^  w,  w  =  |^|  and  the  matrix  definitions  may  be  deduced  by  comparing  Eqs.  (14) 

and  (15).  The  controllability  and  observability  grammians  for  the  linear  part  of  Eq.  (15), 
Wc  and  Wq  respectively,  are  defined  for  a  stable,  time  invariant  system  as 


W,  = 


Jo 


B  F 


^a'^'t 


dT, 


Wo  =  f 

JO 


dr. 


(16,17) 


These  grammians  are  conveniently  calculated  from  the  algebraic  Lyapunov  equations  (Refs.  12-14), 

A  Wo  +  WcA’’^  +  BB'^  =  0,  A^^Wo  +  WoA  +  C^C  =  0.  (18,19) 

The  grammians  are  positive  semi-definite,  and  for  a  controllable  and  observable  system  are  positive 
definite.  If  a  system  is  controllable  and  observable  then  a  useful  measure  is  how  close  the  grammians 
are  to  being  rank  deficient,  that  is  how  close  the  system  is  to  being  uncontrollable  or  unobservable. 
This  measure  takes  the  form  of  the  ratio  of  the  largest  to  the  smallest  singular  value  of  the 
grammians. 

Moore  (Ref.  14)  introduced  the  idea  of  a  balancing  transformation.  The  state  of  the  system  is 
transformed  so  that  the  controllability  and  observability  grammians  are  diagonal  and  equal.  Laub  (Ref. 
13)  gave  an  efficient  method  for  the  calculation  of  this  transformation,  which  is  implemented  in 
MATLAB  (Ref.  15).  If  Tb  is  the  balancing  transformation  then  Eq.  (15)  becomes 


V  =  Av  +  HN(z)  +  Bf(t) 
y  =  Cv 


(20) 


where  w  =  TbV,  A  =  T^^ATb,  H  =  T^^H,  B  =  T^^B,  C  =  CTb. 

The  model  may  be  reduced  by  eliminating  those  transformed  states  that  are  least  controllable  and 
observable  (Ref.  12  and  14).  The  reduced  matrices  are  calculated  using  a  similar  approach  to  static 
reduction  in  dynamics.  If  Vm  represents  those  states  which  are  retained,  Vj  those  that  are  eliminated, 

and  the  matrices  A ,  H ,  B  and  C  are  partitioned  accordingly,  then  the  reduced  model  is 


-  [Amm  ^ms  +  [Hm  “  Ams  aJ  Hg jN(z)  +  [Bjh  -  An^  A‘ ^  Bg  ]  f(r) 

y  ~  [^m  ~^s  Agg  Agjjjjvjjj  —  CgAgg  851(1) 


where  v 
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In  Eq.  (21),  Vg  is  assumed  to  be  zero,  and  the  reduction  is  similar  to  that  for  a  linear  system,  except 

that  the  nonlinear  distribution  matrix,  H,  must  also  be  reduced.  For  lightly  damped  linear,  elastic 
structures  the  resulting  transformation  is  often  very  similar  to  the  reduction  to  modal  a)ordinates.  One 
difficulty  is  that  the  coordinates  specifying  the  nonlinearity,  z,  must  be  calculated.  The  transformation 
given  by  Eq.  (21)  suggests  that  this  estimator  should  be  given  by 


I 

0  1 

0  1 

*  =  TNTb 

A 

^ss 

1 

1 

Vi 

1 _ 

f  +  TNTb 

1 

Vi 

1  03 

1 

_ 1 

(22) 


Equation  (22)  is  an  implicit  function  in  z,  which  complicates  the  analysis  of  the  reduced  system.  Also 
the  results  using  this  estimator  are  poor,  and  far  better  results  are  obtained  using  the  simplified 
estimator 


z  =  TNTb 

The  reduction  transformation  is  based  on  the  observability  and  caitrollability  of  the  linear  part  of 
the  model.  To  allow  for  a  local  nonlinearity,  the  coordinates  used  to  specify  the  nonlinearity,  given  by 
the  transformation  Eq.  (3),  should  be  included  in  the  output  matrix,  C.  Generally  the  force  produced  by 
the  local  nonlinearity  will  only  occur  at  a  limited  number  of  combinations  of  degrees  of  freedom, 
given  by  the  matrix  H  in  Eq.  (1).  These  force  locations  should  be  included  in  the  input  matrix,  B.  For 
example,  a  nonlinear  translational  spring  will  produce  a  force  which  is  a  function  of  the  spring 
extension.  The  force  produced  by  the  spring  will  occur  at  its  two  ends,  and  the  forces  will  equal  in 
magnitude  but  opposite  in  direction.  Therefore  in  the  con:5)utation  of  the  reduction  transformation  one 
extra  input  and  one  extra  output  is  specified.  Once  the  reduction  transformation  has  been  calculated, 
these  extra  inputs  and  outputs  are  neglected. 


I 

0 


(23) 


5.  Using  The  Reduced  Model  To  Calculate  The  Receptance 

The  receptance  will  be  calculated  using  the  harmonic  balance  method.  The  response  of  each  degree 
of  freedom  is  assumed  to  be  at  the  excitation  frequency  only,  although  not  necessarily  in  phase  with 
the  force  or  with  the  response  of  any  other  degree  of  freedom.  Other  more  accurate  methods  are 
available  to  estimate  the  structure's  receptance  (Refs.  16-21),  although  this  form  of  the  harmonic 
balance  method  will  serve  our  purpose  here  to  look  at  the  inaccuracies  introduced  by  the  model 
reduction.  Near  resonance  the  errors  introduced  by  only  considering  the  fundamental  frequency  are 
small.  Friswell  and  Penny  (Ref.  22)  showed  that,  for  a  single  degree  of  freedom  system  with  a  cubic 
nonlinearity,  the  error  in  jump  frequency  is  at  most  0.3%  and  the  error  in  the  magnitude  just  before 
the  jump  is  at  most  2%  for  a  large  range  of  forcing  magnitudes  and  damping  values. 

The  approximate  response  at  the  excitation  frequency  is  obtained  by  neglecting  terms  that  are 
harmonics  of  the  excitation  frequency.  For  a  single  degree  of  freedom  system  this  produces  a  cubic 
polynomial  for  the  response  magnitude  (Refs.  22  and  23).  For  a  multi  degree  of  freedom  case  each 
degree  of  freedom,  x/,  is  written  as 


Xi  =  Ai  cos  (Ot  +  Bi  sin  cot  (24) 

for  some  constants  A,  and  B/.  Substituting  these  expressions  for  the  system  response  into  the 
equations  of  motion  for  a  cubic  stiffening  nonlinearity  gives  a  set  of  simultaneous  cubic  polynomials 
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in  the  constants  A/  and  B,-.  These  nonlinear  simultaneous  equations  may  be  solved  using  the  Newton 
Raphson  method  with  the  initial  values  taken  to  be  the  parameters  from  the  previous  frequency.  Using 
this  choice  of  initial  values  simulates  an  experiment  where  the  excitation  frequency  is  either  swept  up 
or  down. 


6.  The  Receptance  Of  A  Cantilever  Beam  System 

Figure  1  shows  the  example  of  two  cantilever  beams  whose  free  ends  are  joined  by  a  discrete 
linear  and  cubic  stiffening  spring  and  also  by  a  damper.  Each  cantilever  is  discretised  into  six  elements, 
giving  12  degrees  of  freedom  per  beam,  or  24  altogether.  The  stmcture  is  assumed  to  be  forced  at 
degree  of  freedom  7  and  the  response  measured  at  degree  of  freedom  17,  as  marked  on  Figure  1.  The 
system  is  excited  with  a  sinusoidal  force  of  250  N  around  the  second  resonance  at  approximately  301 
rad/s.  Note  that  the  second  linear  natural  frequency  is  approximately  262  rad/s. 


ik=10kN/m  B  =  2MN/m^  c  =  10  Ns/m 

£  =  70  GN/m^  p  =  2700  kg/m^ 


Figure  1 .  The  Twin  Cantilever  Beam  Exan:5)le  (24  Degrees  of  Freedom) 


6.1.  IRS  Reduction 

Figure  2  shows  the  receptance  of  the  full  model  during  an  upward  frequency  sweep  between  270 
rad/s  and  330  rad/s.  Also  shown  are  the  effects  of  using  the  reduced  models  with  4  degrees  of  freedom, 
based  on  the  IRS  method  with  different  sets  of  reduced  coordinates.  The  quality  of  the  receptance 
depends  on  the  choice  of  master  coordinates,  and  clearly  demonstrates  the  need  to  choose  these 
coordinates  very  carefully.  Table  1  shows  the  estimated  jump  frequencies  for  each  set  _of  degrees  of 
freedom.  Also  shown  in  Table  2  are  the  natural  frequencies  of  the  linear  part  of  the  reduced  model,  to 
give  some  idea  of  the  accuracy  of  the  IRS  reduction.  The  set  of  coordinates  5,  9,  15,  19  is  the  one 
chosen  by  the  automatic  selection  procedure  based  on  static  reduction,  where  all  the  degrees  of  freedom 
are  possible  master  coordinates  (Ref.  9).  The  results  follow  the  expected  trend;  as  the  retained,  or 
master  degrees  of  freedom,  become  more  remote  from  the  nonlinearity,  the  resulting  receptance 
becomes  less  accurate.  The  results  for  degrees  of  freedom  5,  6, 11, 12  and  1, 2,  3, 4  are  particularly 
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bad  because  the  master  coordinates  are  located  on  only  one  beam.  The  estimation  of  the  extension  in 
the  nonlinear  spring  is  likely  to  be  poor  in  these  cases.  In  the  case  of  degrees  of  freedom  1,  2,  3,  4, 
even  the  estimate  of  the  response  at  the  tip  of  the  thinner  beam  is  likely  to  be  poor. 


Figure  2.  Twin  Cantilever  Beam  Exan^le  using  IRS  Reduction  -  the  Effect  of  the  Choice  of 
Master  DoFs  on  the  Receptance  Near  the  Second  Resonance 


Reduced  DoF  Set 

Jump  Frequency 

Natural  Frequencies  (rad/s) 

(rad/s) 

1 

2 

3 

4 

No  Reduction 

300.6 

92.714 

261.97 

536.65 

682.68 

11,  12, 13, 14 

299.1 

92.714 

261.82 

539.01 

683.03 

7, 11,  13,  17 

298.5 

92.714 

261.77 

537.45 

681.65 

5,  9, 15,  19 

297.1 

92.714 

261.65 

535.82 

681.15 

5,  6,  19,  20 

295.4 

92.714 

261.40 

538.40 

688.01 

5,  6,  11,  12 

297.2 

92.714 

261.79 

540.37 

1,  2,  3,  4 

308.2 

92.734 

279.31 

819.64 

3960.76 

Table  1.  Twin  Cantilever  Beam  Exan:q)le  using  IRS  Reduction  -  Jump  Frequencies  and 
Linear  Natural  Frequencies 
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6.2.  Reduction  to  Modal  Coordinates  and  SEREP 

Figure  3  shows  the  results  of  reducing  the  model  to  4,  5  or  6  modal  coordinates.  The  results  for 
SEREP  are  identical,  providing  a  really  poor  choice  of  coordinates  is  not  chosen  (which  would  result 
in  a  poorly  conditioned  pseudo  inverse  in  Eq.  (12)).  The  results  follow  the  expected  trend,  in  that  the 
more  modes  that  are  used,  the  more  accurate  the  reduced  model.  Interestingly,  using  4  modal 
coordinates  is  not  as  accurate  as  model  reduction  based  on  the  IRS  method  and  the  ^st  choice  of 
master  coordinates. 


Figure  3.  Twin  Cantilever  Beam  Example  using  Reduction  to  Modal  Coordinates  -  the  Effect 
of  the  Number  of  Modes  Retained  on  the  Receptance  near  the  Second  Resonance 


No.  of  Modes 

Junp  Frequency  (rad/s) 

No  Reduction 

300.6 

7 

300.4 

6 

300.0 

5 

299.5 

4 

297.3 

Table  2.  Jump  Frequencies  for  the  Twin  Cantilever  Beam  Example  using  Reduction  to 
Modal  Coordinates 
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6.3.  Reduction  via  a  Balanced  Realisation 

Figure  4  shows  the  results  of  reducing  the  model  using  observability  and  controllability,  via  the 
balanced  realisation  approach.  Reduction  to  14, 12, 10  and  8  states  is  performed,  which  is  equivalent 
to  7,  6,  5  and  4  modes  in  the  reduction  to  modal  coordinates  method.  Table  3  shows  the  jump 
frequencies  and  the  first  four  natural  frequencies  of  the  reduced  model.  The  results  follow  the  expected 
trend,  in  that  the  more  states  that  are  used,  the  more  accurate  is  the  reduced  model.  Using  8  states 
produces  a  more  accurate  receptance  than  either  reduction  to  4  modal  coordinates,  or  reduction  by  IRS 
with  the  best  choice  of  master  coordinates. 


Figure  4.  Twin  Cantilever  Beam  Example  using  Reduction  Based  on  Observability, 
Controllability  and  Balanced  Realisations  -  the  Effect  of  the  Number  of  States 
Retained  on  the  Receptance  near  the  Second  Resonance 


7.  Conclusions 

This  paper  has  considered  the  application  of  model  reduction  techniques  for  linear  systems  to 
structures  with  nonlinear  components.  The  methods  have  been  tested  by  calculating  the  receptance  of  a 
system  consisting  of  two  cantilever  beams  joined  with  a  cubic  spring.  Using  the  IRS  method  the 
master  degrees  of  freedom  should  be  chosen  carefully  to  produce  an  accurate  reduced  model.  Better 
quality  results  are  obtained  if  the  coordinates  required  to  specify  the  nonlinearity  are  retained  after  the 
reduction.  Reduction  to  modal  coordinates  is  easy  to  apply  and  gives  acceptable  results,  although  a 
more  accurate  reduced  model  may  be  obtained  with  IRS  and  the  best  choice  of  master  coordinates. 
Reduction  based  on  observability  and  controllability  considerations,  via  balanced  realisations,  gives  the 
best  results,  although  implementing  such  a  reduction  method  requires  more  computation  initially. 
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No.  of  States 

Jump  Frequency 

Natural  Frequencies  (rad/s) 

(rad/s) 

1 

2 

3 

"  4 

No  Reduction 

300.6 

92.714 

261.97 

536.65 

682.68 

14 

300.7 

92.714 

261.97 

536.65 

682.71 

12 

300.8 

92.714 

261.97 

536.66 

682.77 

10 

300.9 

92.714 

261.98 

536.71 

683.19 

8 

301.4 

92.714 

261.99 

537.07 

685.07 

Table  3.  Jun^  Frequencies  for  the  Twin  Cantilever  Beam  Example  using  Reduction 
Based  on  Observability,  Controllability  and  Balanced  Realisations 
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Abstract 

In  this  paper  we  examine  the  complex  coefficients  of  reflection  and  transmission  of 
elastic  waves  in  rods  at  the  location  of  a  sudden  change  in  cross-section.  Their  knowledge 
is  useful  for  example  in  the  insulation  of  structure-borne  sound.  The  values  given  in 
literature  for  these  coefficients  are  usually  determined  using  simple  theories  for  longitudinal 
or  transverse  vibrations  in  elastic  rods,  where  the  cross-sections  are  assumed  to  remain 
uniform.  In  the  present  paper,  we  restrict  our  attention  to  longitudinal  waves  in  rods; 
bending  waves  in  beams  will  be  considered  in  another  paper.  The  vibrations  are  then 
described  by  the  one-dimensional  linear  wave  equation  for  which  the  transition  relations  are 
formulated  at  the  point  of  discontinuity  of  the  cross-section.  Although  this  one-dimensional 
wave  equation  can  give  an  excellent  approximation  to  waves  obtained  from  the  theory  of 
three-dimensional  elasticity,  this  is  certainly  not  true  in  the  immediate  neighborhood  of  a 
sudden  change  of  cross-section.  The  coefficients  of  reflection  and  transmission  computed  in 
this  manner  are  therefore  of  questionable  value.  In  this  paper  we  show  how  the  coefficients 
of  reflection  and  transmission  can  be  computed  using  standard  finite  element  codes  designed 
for  the  solution  of  eigenvalue  rather  than  wave  propagation  problems.  The  values  of  the 
coefficients  computed  using  the  three-dimensional  theory  of  elasticity  are  then  compared 
to  the  values  obtained  via  the  elementary  one-dimensional  theory. 


1  Introduction 

The  knowledge  of  transmission  and  reflection  coefficients  in  rods  and  beams  with  a  sudden 
change  in  cross-section  is  important  in  many  technical  applications.  With  such  coefficients, 
for  instance,  the  propagation,  radiation  and  insulation  of  structure-borne  sound  in  buildings 
or  in  machines  can  be  determined.  Structural  elements  such  as  beams  or  rods  are  of  particular 
importance  in  this  context.  In  the  present  paper  we  restrict  our  attention  to  longitudinal  waves 
in  rods;  bending  waves  in  beams  will  be  considered  in  another  paper.  For  the  case  of  purely 
longitudinal  waves,  the  coefficients  may  be  found  using  the  one-dimensional  wave  equation  and 
the  transition  conditions  of  equilibrium  and  continuity  of  displacement  at  the  discontinuity  in 
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the  cross-section.  Such  ideal  transmission  and  reflection  coefficients  are  given  for  instance  in 
[1].  The  results  may  be  valid  if  the  change  in  cross-section  is  small.  For  large  changes  in 
cross-section  experimental  data  may  differ  significantly  from  these  theoretical  predictions. 

Normally,  vibration  problems  of  elastic  structures  are  solved  numerically  using  commercial 
finite  element  codes.  The  computation  of  travelling  wave  problems  using  FEM  packages  is 
however  often  not  possible.  If  standing  waves  or  vibrations  are  considered,  jn  other  words, 
if  the  vibration  is  described  in  terms  of  modes,  finite  element  methods  are  a  good  tool  to 
achieve  accurate  results.  Therefore,  in  this  paper  we  show  how  the  transmission  and  reflection 
coefficients  of  a  rod  with  a  sudden  change  in  cross-section  can  be  computed  by  a  combination 
of  analytical  considerations  and  finite  element  modal  results. 


2  Formulation  of  the  Problem 


We  consider  a  system  consisting  of  two  semi-infinite  rods  with  constant  but  different  cross- 
sections  Ai  and  A2,  see  figure  1.  The  geometric  and  material  parameters  in  the  left  rod  are 
characterized  by  an  index  1,  those  in  the  right  rod  by  an  index  2.  For  simplicity  we  assume 
identical  mass  densities  (p)  and  Young’s  moduli  (E)  in  both  rods.  The  equations  of  motion 
for  the  longitudinal  vibrations  are 

EAiUi  —  pAiiii  =  0,  x<0,  (1) 

EA2U2  -  PA2U2  =  0  ,  a;  >  0 ,  (2) 

where  u  =  u{x,t)  denotes  the  longitudinal  displacement  and  ()'  and  ()  indicate  the  partial 
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Figure  1:  System  of  two  rods  with  different  cross-sections 

derivatives  with  respect  to  the  spatial  co-ordinate  x  and  the  time  i. 

We  are  interested  in  solutions  in  the  form  of  travelling  harmonic  waves  with  a  given  circular 
frequency  u.  They  can  be  written  as 

Ui(x,t)  =  ,  (3) 

U2ix,t)  =  (4) 

with  an  arbitrary  reference  length  I  and  the  nondimensional  wave  number 

k  =  lujyJp/E  .  (5) 

This  parameter  is  equal  in  both  beams  since  it  does  not  depend  on  Ai  and  A2-  It  is  related 
to  the  wavelength  A  through  k  =  27rl/X. 

The  four  complex  amplitudes  C/i+,  j72+  and  U2-  are  not  independent  but  are  related 

through  the  reflection  and  transmission  coefficients  r,  f  and  which  are  implicitly  defined 
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Figure  2:  Transition  zone  as  a  black  box 


by 

Ui-  =  rUi+  +  iU2-.  (6) 

1/2^  =  tUi^  +  fU2--  (7) 

The  interpretation  of  these  coefficients  is  as  follows.  If  there  is  an  incoming  wave  (i.e.  travelling 
towards  the  discontinuity  in  the  cross-section  at  a:  =  0)  in  beam  1  of  amplitude  Ui^  it  wiU 
produce  a  reflected  wave  of  complex  amplitude  r  •  as  well  as  a  wave  transmitted  into  beam 
2  with  complex  amplitude  t  •  The  reflection  and  transmission  coefficients  r  and  t  may  be 
complex,  which  means  that  there  are  phase  shifts.  In  a  similar  way  r  and  i  are  defined.  For 
an  incoming  wave  of  amplitude  172-  in  beam  2  the  reflected  wave  in  beam  2  has  the  complex 
amplitude  f  •  J72-  while  the  wave  transmitted  to  beam  1  has  the  complex  amplitude  i  •  [72-  • 

If  we  assume  certain  specific  transition  conditions,  the  reflection  and  transmission  coeffi¬ 
cients  can  easily  be  computed.  Those  idealised  transition  conditions  are:  equal  displacements 
ui  and  U2  and  equal  normal  forces  Ni  and  7V2  at  x  =  0  for  any  time  t.  Note  that  these  conditi¬ 
ons  implicitely  assume  that  the  cross  sectional  displacements  and  normal  stresses  are  constant 
over  the  cross-section,  which  clearly  is  not  true.  Additionally,  expressions  for  the  reflection  and 
transmission  coefficients  will  be  given  in  section  3.1  for  the  case  in  which  additional  discrete 
masses  and  springs  are  present  at  the  transition. 

The  one- dimensional  wave  equations  (1),  (2)  give  a  good  description  of  the  longitudinal 
waves  far  away  from  the  discontinuity  at  x  =  0.  We  know  from  the  theory  of  elasticity  that 
in  the  neighborhood  of  this  discontinuity  the  vibrations  are  qualitatively  quite  different  from 
the  planar  motion  assumed  in  the  derivation  of  (1),  (2),  The  deviations  from  the  planar  waves 
do  however  decay  exponentially  with  |x|,  so  that  even  in  three-dimensional  elasticity  there  are 
motions  of  the  type  (3),  (4)  with  the  exception  of  a  certain  ‘transition  zone’  or  boundary  layer. 
In  many  applications  one  may  not  be  interested  in  a  detailed  description  of  the  vibrations  in  the 
transition  zone.  In  this  case  the  longtudinal  waves  away  from  the  transition  zones  can  stiU  be 
described  by  (l)-(4)  and  the  complex  amplitudes  are  related  through  (6),  (7),  The  coefficients 
r,  t,  f  and  i  will  however  differ  from  the  ones  obtained  in  the  manner  described  above.  Here, 
the  transition  zone  for  a  real  system  will  be  regarded  as  a  black  box.  Purely  longitudinal 
harmonic  waves  as  described  by  (3),  (4)  are  assumed  to  enter  and  to  leave  th^  black  box.  No 
transition  conditions  will  be  assumed  on  the  level  of  Ui^U2  and  TVi,  iV2.  The  relations  between 
the  complex  amplitudes  will  be  calculated  using  three-dimensional  finite  element  models.  The 
reflection  and  transmission  coefficients  wiU  then  be  computed  by  a  combination  of  analytical 
and  finite  element  results. 

Due  to  the  fact  that  it  is  not  easily  possible  to  model  infinite  rods  and  travelling  waves  in 
commercial  finite  element  codes,  we  have  to  consider  a  finite  system,  see  figure  3.  This  has 
important  consequences  for  the  determination  of  our  reflection  and  transmission  coefficients. 
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We  now  have  the  boundary  conditions  that  the  normal  forces  are  zero  at  the  free  end  of  each 
beam  (in  the  3D  model:  stress  free  end  surfaces).  This  leads  to  reflections  at  these  boundaries 
and  therefore  to  standing  waves.  Note  that  the  boundary  condition  N  =  0  will  not  cause 
boundary  layers  which  have  to  be  studied  via  three-dimensional  elasticity,  as  is  the  case  in  the 
transition  zone. 

Instead  of  a  wave-propagation  problem  we  now  have  an  eigenvalue  problem.  Free  harmonic 
vibrations  of  this  system  are  possible  only  for  discrete  frequencies  u>,  the  eigenfrequencies, 
which  can  easily  be  computed  using  a  finite  element  code. 


3  Determination  of  the  Coefficients 

3.1  Ideal  Transition  Conditions 

3.1.1  System  with  Discrete  Mass 

In  this  section  we  analytically  compute  the  reflection  and  transmission  coefficients  for  a  system 
with  a  discrete  mass  m  at  x  =  0,  assuming  ideal  transition  conditions.  This  may  be  a  good 
approximation  for  cases  in  which  a  part  of  the  rod  is  almost  not  deformed  and  plays  the  role  of 
an  additional  mass,  see  figure  4.  The  ideal  transition  conditions  imply  that  the  displacements 
ui(0,t)  and  U2(0,t)  are  equal  and  that  the  sum  of  the  normal  forces  ^1(0,^),  N2(0,t)  and  the 
inertia  force  is  zero.  The  solution  therefore  has  to  satisfy  the  equations 


ui(0,t)  -  U2(0,0  =  0,  (8) 

EAiu[(0,t)  —  EA2U2(0,t)  -  mu(0,t)  =  0,  (9) 

or,  after  substituting  (3)  and  (4): 

Ui+ +  Ui- -  U2+ -  U2-  =  0,  (10) 

jjEAi{—Ui^  +  Ui-)  —  jjEA2{—U2+  +  U2-)  +  rnu^(UiJ^.  +  Ui-)  =  0.  (11) 

Dividing  the  second  equation  by  kEAijl  and  introducing  the  abbreviations  6  =  A2/A1  and 
/?  =  rmjPl/{kEA\)  we  can  rewrite  it  in  the  form 

(/?  -  i)<7i+  -h  (/?  +  j)Ur.  +  jS{U2+  -U2-)  =  Q.  (12) 


For  the  determination  of  r  and  t  we  consider  a  wave  in  beam  1  travelling  towards  the  transition 
zone.  We  can  achieve  this  by  setting  =  1  and  U2-  =  0.  The  resulting  amplitudes  Ui- 
and  C/24,  equal  to  the  reflection  and  transmission  coefficients  r  and  t,  as  can  be  seen 


Figure  3:  Finite  system  of  two  rods  with  given  lengths  li  and  I2 
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from  (6)  and  (7).  With  tho  transition  conditions  (10)  and  (12)  we  obtain  the  simple  system 
of  linear  equations 

(  i  +  /?  )  (  0  "  (  )’ 

and  solving  for  r,  t  results  in 

+  2j/3  ^_2{l  +  S)  +  2jP 

i3^  +  {i  +  sy  ’  i3^  +  (i  +  sy  ■ 

We  calculate  the  reflection  and  transmission  coefficients  v  and  t  in  analogous  manner  by 
considering  a  wave  in  beam  2  travelling  towards  a:  =  0,  so  that  we  set  U2-  =  1  and  Ui^  =  0. 
This  leads  to 

^  -  -1  -  +  ^jl3S  2(1  +  +  2j^6 

/32  + (1  +  ^)2  >  +  •  (15) 

3.1.2  General  Case 

In  this  section  we  consider  the  more  general  case  with  a  discrete  mass  at  the  end  of  each  beam 
and  a  spring  between  them  at  a;  =  0,  see  figure  6.  If  we  denote  the  masses  by  mi  and  m2  and 


the  stiffness  of  the  spring  by  c,  the  transition  conditions  read 

miiii(0,f)  =  EAiu[(0,t)  +  c{u2{0,t)- ui(0,t)) ,  (16) 

TO2«2(0,t)  =  -EA2u'2{0,t)  +  c{ui{0,t)-u2i0,t))  .  (17) 

Substituting  (3),  (4)  we  obtain 

(-j  +  mi-  c)Ui+  +  (j  +  mi  -  c)Ui-  +  CU2+  +  CU2-  -  0  ,  (18) 

+  cC/i- +  (j^  +  m2  -  c)f/2+ +  (— 7^  +  m2  —  c)I72_  =  0  (19) 


with  the  abbreviations  6  =  A2/A1,  m„  =  /(kEAi)  (n  =  1,2)  and  c  =  cl/{kEAi).  The 

coefficients  of  reflection  and  transmission  can  then  be  determined  by  the  previously  described 
way. 

3.2  Nonideal  Transition  Conditions 

Now,  we  show  explicitly  how  the  reflection  and  transmission  coefficients  can  be  computed  with 
the  finite  system  of  figure  3,  using  the  finite  element  results  and  the  boundary  conditions  at 
X  =  —l\  and  X  —  +/2-  In  equations  (3)  and  (4)  we  have  as  unknowns  the  amplitudes  17i+,  I7i_, 


"Additional” 

mass 


Figure  4:  Part  of  beam  2  as  additional  mass 
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m 


Figure  5:  System  with  a  discrete  mass  at  x  =  0 


U2+  and  U2-  and  the  wave  number  k,  which  is  directly  related  to  the  frequency  w  through 
equation  (5). 

As  we  handle  our  finite  system  by  a  finite  element  code  we  can  easily  compute  the  ei- 
genfrequencies  and  the  corresponding  mode  shapes.  From  the  large  variety  of  eigenmodes  we 
consider  only  those  which  correspond  to  the  ‘longitudinal  vibrations’.  We  obtain  the  wave 
number  k  for  each  of  these  eigenmodes  from  the  corresponding  eigenfrequency  using  (5).  One 
of  the  four  complex  amplitudes  can  be  assumed  as  given,  since  the  mode  shapes  are  only 
determined  up  to  a  multiplicative  factor.  For  this  reason  we  consider  17i+  as  given  from  now 
on. 

For  the  rod  of  figure  3  we  have  vanishing  normal  forces  at  both  ends  (stress  free  surfaces). 
If  we  assume  that  (in  contrast  to  the  transition  region)  the  one-dimensional  rod  theory  is  valid 
at  X  =  -/i,  then  Nx  =  EAiu[  and  with  the  nondimensional  length  li  =  li/l  this  yields 

=  0  .  (20) 

After  dividing  by  EAijje^'^^  this  leads  to  the  simple  relation 


As  the  amplitude  Ui+  is  given,  we  can  determine  the  amplitude  Ui-  as 


(21) 


=  (22) 

which  is  a  simple  relation  between  the  incoming  and  the  reflected  wave  at  x  =  -/i.  In  a  similar 
way,  we  can  formulate  the  boundary  condition  at  x  =  /2,  which  leads  to  the  relation 

U2-  =  e-^^^‘-U2+  (23) 


a)  b) 


thin  elaistic 
layer 


Figure  6:  System  with  a  thin  elastic  layer  at  the  joint  (a)  and  the  corresponding  model  with 
two  discrete  masses  and  a  spring  (b) 
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with  the  dimensionless  length  k  =  h/l  and  the  two  unknown  amplitudes  U2-  and  U2+. 

So  far  we  have  only  used  the  eigenfrequencies  w  obtained  from  the  FEM  computations  (to 
calculate  k).  Now  we  make  use  also  of  the  eigenforms  obtained  from  the  numerical  compu¬ 
tation.  At  the  rods’  ends,  the  stress  free  cross-sections  remain  planar  (to  an  extremely  high 
degree  of  accuracy).  From  the  numerically  computed  mode  shape  we  calculate  the  ratio  of 
the  amplitudes  of  the  axial  displacements  at  both  ends,  which  we  denote  by  ou  If  we  fall  back 
upon  the  one-dimensional  rod  theory,  from  (3),  (4)  we  obtain  a  =  W2(^2,<)/“i(-^i>0?  and 
using  (22),  (23)  we  get 

_  _  2C/2+e-^'^^2 

^  ~  (24) 

or 

U2+  =  .  (25) 

All  the  four  complex  amplitudes  in  (22),  (23)  are  therefore  known,  since  a  and  u  follow  from 
the  numerical  computations  and  I7i_,  U2+  and  U2-  can  be  calculated  from  (22),  (23),  (25)  for 
a  given  arbitrary  value  of  U\^. 

The  four  reflection  and  transmission  coefficients  still  have  to  be  computed.  For  their 
determination  we  can  only  use  the  definitions  (6)  and  (7),  since  these  are  the  only  means  to 
describe  the  longitudinal  waves  entering  and  leaving  the  black  box.  This  means  that  we  have 
only  two  equations  for  four  unknowns.  The  trick  now  is  to  compute  the  eigenfrequency  u  first 
for  a  given  length  ratio  /2//1.  If  we  use  a  second  rod  system  with  a  different  length  /i,  and 
adjust  I2  such  that  the  eigenfrequency  is  the  same  as  in  the  original  system,  we  obtain  two 
more  equations  of  the  type  (6),  (7).  We  therefore  now  have  four  linear  independent  equations 
for  our  four  coefibcients  forming  a  linear,  inhomogeneous  system  of  equations,  which  can  be 
solved  easily: 


/  Ui+  0  0  U2-  \  (  r\  (  Ui-\ 

0  I7i+  U2-  0  t  _  U2+ 

Ui+  0  0  U2-  f  ~  L’l. 

\  0  Ui+  U2-  0  J  \  t  J  V  U2+  J 


(26) 


It  has  to  be  assured  that  the  difference  /i  -  li  is  not  a  multiple  of  the  wavelength  A  =  2^1 /k, 
since  this  would  lead  to  the  same  amplitudes  and  therefore  to  linear  dependent  equations.  Also, 
it  is  necessary  to  have  the  same  eigenfrequency  in  both  rod  systems,  because  the  reflection 
and  transmission  coefficients  are  functions  of  u;  in  general. 

Instead  of  using  free  end  boundaries  in  the  rod  system  we  could  also  have  fixed  end  boun¬ 
daries.  In  the  finite  element  model  the  corresponding  boundary  condition  would  be  zero 
displacement  over  the  whole  end  surface.  The  equations  (22),  (23)  and  (25)  would  then  be 
substituted  by  equations  to  be  found  by  similar  considerations  as  before  (the  coefficient  a 
would  have  to  be  defined  in  a  different  way). 

With  the  knowledge  of  the  reflection  and  transmission  coefficients  we  can  now  proceed  the 
other  way  round  and  solve  the  eigenvalue-problem  without  using  the  ideal  transition  conditions. 
As  already  shown,  the  boundary  conditions  at  the  free  ends  yield  the  relations 

U,_  =  (27)- 

U2+  =  (28) 
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Inserting  these  formulas  into  the  definitions  of  the  reflection 
Ui-  =  r  Ux+  -\-iU2-  , 

U2+  —  t  ^  1/2- 

leads  to  the  system  of  equations 


and  transmission  coefficients 

(29) 

(30) 


(31) 


For  non-trivial  solutions  the  determinant  of  the  coefficient  matrix  hcis  to  be  zero  so  that  we 
obtain  the  characteristic  equation 

rf  —  ti—  _  q  ^ 

which  can  be  solved  for  the  wave  number  k  (respectively  for  the  eigenfrequency  oj)  if  the 
coefficients  are  known  as  functions  of  this  variable. 


4  Relations  Between  the  Coefficients 


In  order  to  be  able  to  check  the  coefficients  calculated  from  (26),  we  formulate  relations  to 
fnlfiUed  by  the  reflection  and  transmission  coefficients.  If  we  assume  that  no  energy  is 
dissipated  nor  transformed  into  other  types  of  wave  motions  within  the  transition  zone,  the 
energy  transported  by  an  incoming  wave  is  the  same  as  the  sum  of  the  energies  in  the  reflected 
and  the  transmitted  waves.  For  an  incoming  wave  in  rod  1  this  leads  to 

I  r  |2  +<5  I  t  p=  1  ^33^ 

with  the  abbreviation  6  =  A2IA1.  Similarly,  for  the  case  of  an  incoming  wave  in  rod  2  we  have 

I^P+^KI^=1-  (34) 

In  addition,  if  time  is  reversed,  this  leads  to  inverse  phase  shifts.  Therefore,  for  the  wave 
propagation  in  reverse  time,  the  complex  conjugates  of  the  reflection  and  transmission  coeffi¬ 
cients  have  to  be  taken.  This  implies 


U\-  =  rUx+-\-t  U2-  ,  (35) 

U2+  =  tUi+  +  fU2-  (36) 

for  the  direct  situation  and 

Ux+  =  r*£/i_+f*Cl2+,  -  (37) 

U2-  =  t*Ux.  +  f*U2+  (38) 

for  the  reverse  situation  in  which  f*  and  i*  denote  the  complex  conjugates  of  r,  t,  r  and 

t.  Substituting  (37),  (38)  into  (35),  (36)  leads  to 

[l-rr*-if]Ux.  +  [-ri’^-tr]U2+  =  0,  (39) 

[-tr""  -  rt*]Ui- +  [1  -  tt*  -  ff*]U2+  =  0,  (40) 
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so  that 


det 


( 


l-rr*  -  tt* 
-tr*  -  ft* 


-rt*-t  f* 
1-ti*  -ff* 


=  0 


(41) 


has  to  be  fulfilled.  The  relations  (33),  (34)  and  (41)  are  completely  general.  AU  other  relations 
found  in  literature,  see  for  example  [1],  like  tt-rf  =  1,  are  only  valid  in  special  cases. 

At  this  point  it  should  be  mentioned  that  even  with  the  help  of  (33),  (34)  and  (41)  the 
coefficients  r,  t,  f  and  i  cannot  be  determined  with  only  one  single  finite  element  calculation. 
The  reason  is  that  aU  coefficients  are  complex  so  that  there  are  four  unknown  real  and  four 
unknown  imaginary  parts  to  be  found.  Equations  (6)  and  (7)  also  have  real  and  imaginary 
parts  and  thus  correspond  to  four  real  equations.  Equations  (33)  and  (34)  are  real  and  (41) 
can  also  be  shown  to  be  real.  As  a  result,  there  are  only  seven  equations  for  eight  unknowns, 
so  that  one  equation  is  missing. 


5  Results 

5.1  Ideal  Transition  Conditions 

In  section  3.1  the  reflection  and  transmission  coefficients  were  determined  assuming  ideal  tran¬ 
sition  conditions.  The  results  (14)  and  (15)  show  that  normally  the  reflection  and  transmission 
coefficients  are  not  real.  Even  for  the  simple  case  considered  in  section  3.1.1  they  do  not  fulfill 
the  relation  ti  —  rf  =  1  mentioned  in  the  preceeding  section,  but  they  do  fulfill  a  similar 
equation  |  ti  -  rf  |=  1.  This  new  relation  is  stiU  valid  for  the  more  general  case  including 
springs  in  addition  to  the  discrete  mass  in  the  transition  zone. 

We  now  will  use  these  results  to  test  the  procedure  described  in  section  3.2.  In  doing  this 
we  will  not  use  finite  element  computations  but  we  assume  that  the  finite  rod  of  figure  4  can 
be  described  by  the  wave  equation  even  in  the  immediate  neighborhood  of  x  =  0. 

The  given  parameters  are  Young’s  modulus  E,  the  mass  density  p  and  the  reference  length 
1.  Furthermore,  we  have  to  choose  the  ratio  between  the  cross-sections  6  —  A2/A1,  the  di¬ 
mensionless  mass  /?  =  muP'll{kEAi)  and  the  wave  number  k.  First,  we  analytically  compute 
a  ratio  I2/I1  so  that  the  frequency  u  (given  by  (5))  is  an  eigenfrequency  of  the  system.  This 
means  that  we  can  choose  for  example  any  dimensionless  length  /i  =  li/l  and  then  compute  a 
dimensionless  length  l2  =  h/ 1,  so  that  the  characteristic  equation 


( 

1 

1 

-1 

-1 

\ 

det 

^-3 

/?  +  i 

36 

-3^ 

=  0 

(42) 

_giWi 

e-jkh 

0 

0 

\ 

0 

0 

_e-iW2 

gjkl2 

is  fulfilled.  This  equation  follows  from  the  transition  and  boundary  conditions^ 

With  one  given  amplitude,  for  example  Ui+,  we  now  can  compute  the  corresponding  eigen- 
form  to  this  eigenfrequency  and  therefore  the  ratio  of  the  amplitudes  a  =  U2{l2,t)lui(-li,t). 
Next  we  determine  a  different  ratio  l2ll\  and  the  corresponding  a  in  the  same  way. 

We  now  have  all  the  data  needed  to  apply  the  calculation  method  for  the  reflection  and 
transmission  coefficients  developed  in  section  3.2.  We  set  the  amplitudes  Ui+  —  Ui^  =  1  and 
can  compute  all  other  amplitudes  from  (22),  (23)  and  (25).  The  coefficients  r,  t,  f,  i  obtained 
in  this  manner  from  (26)  are  identical  to  those  given  in  (14)  and  (15). 
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For  a  numerical  example  we  set 

E  =  2.1  •  10^^  N/m^ ,  p  =  7800  kg/m^, 

/  =  Im,  6  =  0.25, 

/?  =  0.01. 

The  formulas  (14)  and  (15)  yield  the  reflection  and  transmission  coefficients 

r  =  ..-0.5999  +  0.0128i,  t  =  1.5999  +  0.0128i, 

f  =  -0.6000  +  0.0032J,  i  =  0.4000  +  0.0032j. 

For  the  application  of  the  method  developed  in  this  paper  we  set  furthermore 

k  =  l,  Zi  =  20 ,  h=  20.5 . 

Possible  dimensionless  lengths  of  beam  2  which  fulfill  the  condition  that  the  frequency  u 
corresponding  to  A:  =  1  is  an  eigenfrequency  are 

I2  =  29.9569 ,  h  =  20.4004 . 

The  eigenforms  yield  the  ratios  between  the  amplitudes  in  beam  2  and  beam  1 


a  =  3.6582 , 


a  =  -3.9913 . 


Setting  Ui+  =  =  1  we  can  calculate  the  amplitudes  by  using  the  formulas  (22),  (23)  and 

(25) 


Ur-  = 

-0.6669 

+ 

0.7451i, 

U2+  = 

3.4855  - 

l.lllOj, 

U2-  = 

-3.1524 

+ 

1.8561J, 

Ui-  = 

-0.9873  - 

0.1586i, 

U2+  = 

3.9842 

+ 

0.2382J, 

U2-  = 

-3.9715  - 

0.3968i. 

Inserting  these  values  into  the  system  of  equations  (26)  and  solving  for  the  reflection  and 
transmission  coefficients  leads  again  to  the  results  (43). 


5.2  Test  of  Accuracy 


As  a  test  of  the  accuracy  of  the  different  models  we  consider  a  rod  with  constant  cross  section. 
In  addition  to  the  3D  FEM-model  and  the  description  via  elementary  rod  theory  we  also  use 
Love’s  rod  theory.  In  this  theory  also  the  kinetic  energy  due  to  the  transverse  contraction 
is  taken  into  account.  Of  course  each  of  the  three  descriptions  and  pertaining  numerical 
computations  contains  errors,  if  compared  to  an  exact  solution  of  the  equations  of  linear 
elasticity  for  quasi-longitudinal  vibrations.  We  respectively  use  the  eigenfrequencies  for  the 
comparison  of  the  three  models. 

Let  n  be  the  number  of  the  eigenmode  and  I  the  length  of  the  rod,  then  the  eigenfrequencies 
resulting  from  simple  rod  theory  are  given  by 


Applying  Love’s  theory  the  equivalent  formula  reads 


(45) 


/  =  -  ^ 


(46) 
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n=l 

n=2 

n=3 

il 

li 

FEM 

16.2139 

32.4220 

48.6188 

64.7998 

80.9639 

rod 

16.2148 

32.4297 

48.6445 

64.8593 

81.0741 

Love 

16.2139 

32.4220 

48.6186 

64.7979 

80.9543 

Table  1:  Eigenfrequencies  for  a  rod  with  constant  cross-section 


Figure  7:  Detail  of  the  finite  element  model  of  the  beam  under  consideration 


where  v  is  the  Poisson  number  and  =  Ip! A  the  ratio  between  the  polar  moment  of  inertia 
and  the  area  of  cross  section. 

As  a  numerical  example  we  consider  a  beam  with 


E  =  2.1- 10^1  N/m2, 

p  =  7800  kg/m^ , 

u  =  0.3, 

j2  _  41  2 

12  • 

/  =  160  m, 

The  resulting  eigenfrequencies  in  Hz  obtained  from  the  different  approaches  are  given  in  table 

1. 

The  results  listed  in  table  1  give  an  indication  of  the  accuracy  of  the  different  descriptions. 
This  is  of  relevance  if  we  compare  the  values  of  the  coefficients  of  reflection  and  transmission 
calculated  by  means  of  the  one-dimensional  wave  equation  and  ideal  transition  conditions  with 
the  ‘corrected’  values  from  the  ‘black  box’  approach. 

5.3  Ideal  and  Real  Coefficients 

In  this  subsection  we  compare  the  ideal  and  real  coefficients  of  reflection  and  transmission  for 
6  =  0.5.  In  figure  7  a  detail  of  the  finite  element  model  is  shown.  The  first  five  longitudinal 
mode  shapes  were  used.  Therefore,  we  have  five  different  frequencies  for  which  we  obtain 
the  nonideal  coefficients.  For  ideal  transmission  conditions  the  coefficients  of  reflection  and 
transmission  do  not  depend  on  the  frequency  and  should  therefore  be  equal  for  all  longitudinal 
mode  shapes. 

In  aU  results  the  magnitudes  of  the  coefficients  are  almost  equal  to  those  predicted  for 
ideal  transmission  conditions,  the  differences  being  of  the  order  of  the  accuracy  of  the  finite 
element  computation.  Nevertheless,  there  are  significant  differences  in  the  imaginary  part  of 
the  coefficients,  which  are  zero  for  ideal  conditions.  The  imaginary  part  of  the  coefficients 
relative  to  the  absolute  values  are  shown  in  figure  8.  The  magnitude  of  the  imaginary  part 
increases  with  frequency.  An  extrapolation  of  the  curves  towards  zero  frequency  shows  that 
for  w  ^  0  the  imaginary  parts  also  tend  to  zero.  This  may  be  explained  by  the  fact  that  part 
of  the  transition  zone  is  not  deformed  and  plays  thus  the  role  of  an  additional  mass,  which  hzis 
more  influence  for  high  frequencies. 
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Figure  8:  Imaginary  parts  of  the  coefficients  in  relation  to  the  absolute  values 
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Abstract 


This  paper  deals  with  the  problem  of  active  vibration  suppression  in  a  large  flexible  truss  structure, 
representative  of  a  very  large  space  structure,  using  air  jet  thrusters  as  actuators.  A  very  simple  controller 
based  on  direct  velocity  feedback  is  initially  presented;  its  shortcomings,  mainly  due  to  delays  in  the  control 
loop  and  to  the  structure  of  the  control  law,  are  highlighted  and  eliminated  using  a  Kalman  state  prediction 
filter  and  a  modified  control  law.  Finally,  significant  experimental  results  obtained  with  this  controller  are 
given. 


1 .  Introduction 

Active  control  of  Large  Space  Structures  (LSS)  represents  a  vast  field  of  research  and  has  encouraged 
many  theoretical  and  experimental  works  all  over  the  world.  In  this  context,  a  research  work  is  being 
conducted  at  the  Politecnico  di  Milano  for  the  development  and  experimental  verification  of  active  controls 
for  a  laboratory  model  of  a  LSS,  a  large  modular  truss  suspended  by  soft  springs  [1]. 
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Figure  1  -  The  laboratory  structure 


At  the  moment,  only  air  jet  thrusters  (AJT)  are  available  as  actuators  on  this  structure;  control  systems 
using  other  kinds  of  actuators  (e.g.  active  members)  have  been  investigated  theoretically  [2],  but  their 
experimental  verification  is  left  for  future  research.  The  purpose  of  this  work  is  to  obtain  the  best  possible 
performance  of  the  control  system  with  the  current  configuration  of  sensors  and  actuators,  i.e.  accelerometers 
and  AJT's. 


2.  Experimental  facility 

The  laboratory  structure  (Figure  1)  is  a  modular  truss  having  a  mass  of  75  Kg  and  a  total  length  of  19  m, 
built  with  commercial  PVC  elements  [1],  The  truss  is  suspended  by  3  pairs  of  soft  springs  assuring  an 
acceptable  decoupling  of  rigid  and  elastic  vibration  modes;  it  has  been  designed  so  that  bending  modes  are 
either  in  the  horizontal  or  in  the  vertical  plane;  this  permits  to  apply  the  control  in  the  horizontal  plane  only, 
without  any  loss  of  generality.  The  natural  frequencies  and  damping  coefficients  of  the  first  eight  horiziontal 
plane  modes  are  shown  in  Table  1 . 

Six  AJT  actuators  are  mounted  on  the  tips  and  near  the  middle  of  the  structure,  as  shown  in  Figure  2.  Each 
of  them  consists  of  a  pair  of  electrovalves  and  nozzles,  mounted  back-to-back,  that  can  generate  a  transverse 
thrust  of  2  N  in  either  direction  in  the  horizontal  plane.  Thrust  is  generated  with  a  delay  of  approximately  12 
ms  after  the  application  of  the  control  command;  moreover  these  actuators  do  not  operate  properly  at 
switching  frequencies  greater  than  40  Hz.  Actuator  locations  have  been  chosen  in  a  previous  work  [3]  as  a 
compromise  between  maximization  of  structure  controllability  and  minimization  of  static  deformation;  in  this 
research  they  are  considered  as  given  and  not  subject  to  change. 

Structure  motion  is  measured  by  6  piezoresistive  accelerometers,  measuring  the  horizontal  transverse 
acceleration.  These  instruments,  co-located  with  the  actuators,  have  a  band  ranging  from  0  to  500  Hz  and  a 
rms  noise  level,  after  the  anti-aliasing  filter,  of  20  mm/s^.  Particular  care  must  be  taken  not  to  induce  rolling 
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Figure  2  -  Actuator  positions  -  top  view 
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movements  in  the  truss,  as  the  component  of  the  gravity  acceleration 
along  the  axis  of  the  sensors  could  be  misinterpreted  as  a  transverse 
acceleration. 

An  electro-mechanical  shaker  is  available  for  structure  excitation 
at  its  natural  frequencies;  after  the  desired  initial  conditions  have 
been  reached,  it  is  automatically  disconnected  from  the  structure 
before  the  control  experiment  begins. 

The  linear  mathematical  model  of  the  structure,  obtained  with  a 
finite  element  analysis  program,  is  the  following: 

x  =  <bTi  (1) 

ii  +  2Sf2fi  +  Q^r|  =  <I>'MaU  (2) 

y  =  MjX  =  -Ms<I>n^Ti  -  2Ms®Snii  +  Ms<I><t>MaU  (3) 

where  x  is  the  vector  of  the  physical  coordinates  of  the  truss 
nodes,  <I>  is  the  matrix  of  the  modal  shape  vectors,  q  the  vector  of 
the  mode  amplitudes,  Q  and  E  the  diagonal  matrices  of  natural 
frequencies  and  damping  coefficients,  u  the  normalized  control 


Mode 

f(Hz) 

4 

Rigid  Rot 

0.293 

0.0032 

Rigid  Transl. 

0.312 

0.0085 

I  bending 

1.032 

0.0139 

II  bending 

2.930 

0.01 10 

III  bending 

5.536 

0.0110 

IV  bending 

8.781 

0.0100 

V  bending 

12.880 

0.0100 

VI  bending 

17.699 

0.0100 

Table  1  -  Natural  frequencies  and 
damping  coefficients 


variable  vector  (i.e.  w,  €  {-1;  0;  1});  depends  on  the  position  and  orientation  of  the  sensors,  while  A4 
depends  on  the  position  and  thrust  intensity  of  the  actuators;  y  is  the  vector  of  the  acceleration  measurements. 
The  equations  (l)-(3)  can  be  easily  rearranged  in  the  standard  form 


z(t)  =  Az(t)  +  Bu(t) 

y(t)  =  Cz(t)  +  Du(t)  (4) 

where 


A  = 


O  I 
-2EQ  ’ 


B  = 


O 

-<I>’Ma 


C  =  I  -2Ms<l>ED  I; 


D  =  MsOOMa 


from  which  a  discrete  time  model 


z(k+l)  =  Fz(k)  +  Gu(k) 

y(k)  =  Cz(k)  +  Du(k)  (5) 

can  be  obtained  through  the  sampling  transformation. 

The  model  used  for  control  system  simulation  comprises  the  first  28  modes,  with  frequencies  up  to  32  Hz, 
while  controller  design  is  carried  out  on  a  model  which  considers  the  first  8  horizontal  plane  modes  only. 


3.  Direct  velocity  feedback 

The  particular  nature  of  the  AJT  actuators,  whose  thrust  cannot  be  regulated  in  amplitude,  suggests  using 
a  bang-bang  control  law.  Moreover,  it  is  desirable  to  limit  the  switching  frequency  as  much  as  possible,  to 
prevent  actuator  wear  and  malfunctioning. 

A  simple  solution  that  seems  to  fulfil  these  requirements  is  to  fire  each  actuator  in  the  opposite  direction 
with  respect  to  the  local  velocity,  emulating  friction  of  the  actuator  on  a  horizontal  plane.  Since  fnction  is  a 
dissipative  phenomenon,  this  kind  of  control  has  stabilizing  properties  (this  fact  can  be  formally  proved,  see 
[4]).  In  order  to  avoid  persistent  control  switching  near  the  equilibrium  condition,  we  can  introduce  a  suitable 
dead  band  in  the  control  law,  delimited  by  a  velocity  threshold  v,.  For  each  actuator,  if  the  local  velocity  is  v; , 
the  corresponding  value  for  the  control  variable  is: 
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f  0  |vi|  <  vt 

I  -sign(vi)  |vi|>vt 


(6) 


The  threshold  v,  determines  the  residual  velocity,  so  it  should  be  taken  as  low  as  possible,  provided  that 
the  control  system  remains  stable  and  does  not  show  limit  cycles  near  the  equilibrium  position. 

Since  the  acceleration  sensors  are  co-located  with  each  actuator,  we  can  obtain  the  local  velocity  v,-  simply 
by  filtering  the  local  acceleration  with  a  low  pass  filter,  that  approximates  an  integrator  in  the  band  of  interest. 

This  controller  seems  very  attractive  for  its  simplicity,  decentralization  and  robustness  (it  does  not 
explicitly  depend  on  the  model  of  the  structure). 

However,  it  suffers  two  rather  severe  limitations  04| _ t- _ 

[3]. 

The  first  is  due  to  control  loop  delays,  npveioc%°  J  ]\  A  A 
introduced  by  the  actuators  and  by  the  anti-aliasing  (m/s)  ^  U  V  V 

filters,  that  can  destabilize  higher  frequency  - - - 1 - ^ - 

bending  modes.  For  instance.  Figure  3  shows  tip  -0.4I - ^ ^ i - . - - 

velocity  in  a  simulated  control  experiment,  in  which  nme  <$) 

the  second  bending  mode  is  excited  so  as  to  have  an  figure  3  -  Control  system  instability 

initial  tip  velocity  of  25  cm/s  and  the  velocity 
threshold  is  set  to  2  cm/s.  This  unsatisfactory 

behavior,  confirmed  by  experimental  results  (see  section  6),  can  be  eliminated  by  further  increasing  the 
threshold;  however  this  would  imply  having  unacceptably  high  residual  velocities. 

The  second  limitation  arises  from  the  very  structure  of  the  control  law:  even  if  we  could  eliminate  the 
control  loop  delays,  the  controller  would  not 


Figure  3  -  Control  system  instability 


behave  properly  near  the  equilibrium.  This  is 
apparent  if  we  consider  Figure  4,  that  shows  tip 
velocity,  position  and  control  in  a  simulated 
control  experiment,  in  which  actuator  velocities 
are  directly  fed  to  the  control  law  without  any 
delay.  The  velocity  threshold  can  be  lowered  to 
only  2  mm/s;  however,  control  chattering 
appears  in  the  last  seconds.  This  happens 
because  the  control  forces  try  to  keep  v  =  0,  thus 
holding  the  whole  structure  bent  out  of  the 
equilibrium  position.  This  is  undesirable,  since  it 
causes  unnecessary  excitation  of  higher 
frequency  modes,  wasting  of  thrust  and 
lengthening  of  the  control  transient. 

These  limitations  have  been  overcome  by 
introducing  a  Kalman  state  predictor,  to 
compensate  for  delays,  and  using  an 
appropriately  modified  control  law,  such  that  the 
stabilizing  properties  of  the  controller  are 
maintained  for  large  perturbations,  and 
dramatically  improved  near  equilibrium. 


Figure  4  -  Control  chattering 
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4.  State  variable  estimator 


Figure  5  -  Control  system  structure 


The  block  diagram  of  the  control  system  is 
sketched  in  Figure  5.  The  state  estimator  should 
feed  the  control  law  with  the  appropriate  variables 
(e.g.  actuator  velocities  or  modal  amplitudes  and 
rates),  compensating  for  the  various  control  loop 
delays.  A  fundamental  problem  arises  here:  the 
estimator  has  a  reduced  order  with  respect  to  the 
plant,  that  is  substantially  a  resonant  system 
having  many  (in  principle  infinite)  closely  spaced 
natural  frequencies;  however,  the  contribution  of 

high  frequency  unmodeled  modes  on  the  sensors^  output  is  not  negligible,  because  of  the  high  frequency 
spectral  components  of  the  input  signal,  that  makes  sharp  on-off  transitions.  It  is  therefore  desirable  to 
suppress  these  components,  that  could  have  unpredictable  or  even  destabilizing  effects  on  the  control  system. 

This  task  can  be  accomplished  with  the  system  of  Figure  6.  The  idea  is  to  use  a  high  order  lowpass  filter 
to  eliminate  the  acceleration  components  of  the  unmodeled  modes.  This  filter  introduces  a  phase  lag  that  is 
roughly  equivalent  to  that  of  a  pure  time  delay  of  n  sample  periods  for  the  lower  frequency  modes;  in  other 
words,  the  output  y  of  this  filter  closely  resembles  the  delayed  output  y*  of  an  equivalent  plant  in  which 
higher  order  modes  have  been  removed.  This  signal  can  now  be  safely  used  as  input  for  the  reduced  order 
state  estimator,  that  should  provide  a  suitable  predictive  action  to  compensate  for  this  delay,  along  with  the 
delay  of  m  sample  periods  introduced  by  the  anti-aliasing  filter  and  by  the  actuators. 

If  we  use  a  standard,  time- 
invariant  Kalman  predictor  [5],  we 
can  also  take  into  account  the 
deterministic  input  to  the  system,  i.e. 
the  control  variables.  However,  for 
consistency  reasons,  this  signal  must 
be  filtered  with  the  same  filter  used 
for  the  acceleration  signals  and 
delayed  by  the  same  time  delay  of 
the  actuators,  as  shown  in  the 
diagram.  This  means  that  the  last 
values  of  the  control  variables  are 
not  actually  used  in  the  state 
predictions;  it  is  then  possible  to  add 
a  feed-forward  term  that  takes  into 
account  their  effect  on  the  plant's 
state. 


state  estimator 


Figure  6  -  State  estimator 


As  a  compromise  between  accuracy  and  computational  burden,  a  time  invariant  Kalman  predictor  with  16 
state  variables  (modal  amplitudes  and  rates  for  the  first  8  horizontal  plane  modes)  has  been  used.  The 
incoming  acceleration  signals  are  processed  by  a  sixth  order  Butterworth  filter,  with  a  cutoff  frequency  of  15 
Hz.  This  filter  introduces  a  phase  lag  that,  for  the  first  6  modes,  is  roughly  equivalent  to  that  of  a  pure  time 
delay  of  40  ms;  the  signals  relative  to  the  7*  and  S*  modes  suffer  heavier  distortion,  while  further  modal 
components  are  almost  completely  attenuated.  This  system  then  provides  accurate  estimations  of  the  motion 
components  of  the  2  rigid  and  the  first  4  bending  modes  and  can  be  implemented  on  a  st^dard  PC  with  a 
sampling  frequency  of  200  Hz. 
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Estimate  feature 

IR 

HR 

IB 

II B 

IIIB 

IV  B 

VB 

position  r.m.s.  noise  (mm) 

0.212 

0.122 

0.035 

0.007 

0.003 

0.001 

0.0005 

velocity  r.m.s.  noise  (mm/s) 

0.373 

0.224 

0.209 

0.122 

0.086 

0.051 

0.052 

position  rise  time  (s) 

3.610 

3.279 

0.601 

0.380 

0.200 

0.450 

1.719 

velocity  rise  time  (s) 

3.242 

2.979 

0.541 

0.320 

0.160 

0.470 

1.730 

Table  2  -  Features  of  the  modal  estimates 


The  Kalman  predictor  used  for  the  control  experiments  has  been  tuned  to  find  the  best  compromise  in  the 
estimates  between  response  times  and  noise  level.  Table  2  gives  the  time  required  by  the  state  estimates  to 
reach  80%  of  the  actual  value  and  their  rms  noise  level,  in  terms  of  tip  displacement  and  velocity. 


5.  Modified  control  law 


The  preliimnaiy'  analysis  conducted  in  section  3  has  shown  that  the  simple  velocity  feedback  control  law 
leads  to  an  unsatisfactory  behavior  of  the  control  system;  we  can  now  study  this  problem  in  deeper  detail. 
Since  the  truss  is  essentially  a  lightly  damped  mechanical  oscillator  having  many  degrees  of  fi-eedom,  we  can 
start  considering  a  simplified  case,  in  which  the  plant  is  a  one-degree-of-freedom  undamped  spring-mass 
oscillator,  and  try  then  to  extend  the  results  to  the  case  of  the  truss. 


Consider  the  mechanical  system  of  Figure  7,  in 
which  a  body  of  mass  m,  moving  along  the  x  axis  with 
velocity  v,  is  connected  to  the  ground  with  a  spring  of 
stiffiiess  k  and  subject  to  the  control  force  The 
equation  of  motion  of  the  system  is: 


0  X 

Figure  7  -  Spring-mass  system 


Provided  a  suitable  scale  is  adopted  for  the  velocity  axis,  system  trajectories  on  the  position-velocity 
phase  plane  are  clockwise  oriented  circumference  arcs,  centered  in  the  static  equilibrium  points  A(-fmco/k,0), 
0(0,0),  B(-ffr„aA,  0)whenf=-f„ax.f=0,f=-ffmax,  respectively. 

Let's  suppose  to  apply  the  control  law  described  in  section  3,  that  is: 


0  |v|  <  Vt 

-sign(v)  |v|  >  Vt 


(8) 


The  resulting  trajectories  are  sketched  in  Figure  8.  Far  away  from  the  origin  the  trajectory  is  a  spiral  of 
decreasing  radius,  as  shown  in  Figure  8.a;  when  the  trajectory  first  crosses  one  of  the  two  segments  CD  and 
EF  shown  in  Figure  8.b,  the  solution  of  the  differential  equations  (7)-(8)  becomes  undetermined,  due  to  the 
control  law  discontinuity.  If  we  suppose  to  have  a  small  delay  At  between  the  crossing  instant  and  the  control 
variable  switching,  we  obtain  the  sliding  motion  shown  in  the  figure,  that  drifts  towaifd  the  final  free 
trajectory  with  velocity  v  and  high  frequency  control  commutations  (recall  the  chattering  control  history 
of  Figure  4,  in  the  truss  case).  Switching  frequency  can  be  reduced  by  increasing  At,  while  drifting  time  can 
be  reduced  by  increasing  the  threshold  velocity  Vf;  however,  both  expedients  are  not  satisfactory,  since  a  good 
control  system  should  avoid  large  delays  and  obtain  a  small  residual  velocity. 
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Figure  8  -  Phase-plane  trajectories  of  the  spring-mass  system 


Some  simple  considerations  about  the  physical  motivations  of  this  control  behavior  suggest  a  suitable 
modification  of  the  control  law.  For  example,  let  x  >  0  and  v  <  0,  so  that  -kx  <  0  itnd  f=fmax  >  0:  the  elastic 
force  of  the  spring  is  pushing  the  body  towards  the  origin,  while  the  control  force  is  directed  away  from  the 
origin.  When  the  body  passes  through  the  equilibrium  point  x  =  fmcoA,  the  control  force  becomes 
predominant,  so  that  the  vector  sum  of  the  two  is  directed  away  from  the  origin.  If  the  velocity  towards  the 
origin  is  low  enough,  it  can  become  lower  than  the  threshold  before  the  origin  has  been  reached,  thus 
starting  the  high  frequency  control  commutations.  The  simplest  way  to  avoid  that  is  to  inhibit  the  activation 
of  the  control  force  whenever  it  is  greater  and  opposite  to  the  elastic  force  acting  on  the  body. 

The  resulting  control  law  and  control  system  trajectory  are  shown  in  Figure  9;  far  away  from  the  origin 
the  trajectory  is  again  a  sort  of  spiral,  while  it  can  be  easily  proved  that,  once  it  has  crossed  the  segment  AB, 
fiuther  intersections  with  the  x  axis  will  occur  at  a  distance  from  the  origin 

x(k+l)  =  (-y/d'+xOc)^  -  d),  d  =  AO  =  OB  (9) 

Equation  (9)  describes  a  non-linear  discrete  time  system,  for  which  the  origin  is  a  globally  stable 
equilibrium  point,  since  x(k+])  <x(k)  for  the  triangular  inequality.  In  the  neighborhood  of  the  origin,  eq.  (9) 
can  be  approximated  with  the  first  non-zero  term  of  its  McLaurin  expansion,  that  is 

x(k+l) »  x(k)  ^ ;  |x(k)|  «  d  (10) 

showing  how  the  trajectory  asymptotically  converges  to  the  origin.  The  control  law  of  Figure  9  should  then 
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be  modified  adding  a  velocity  dead  band,  to  avoid 
persistent  control  action  in  the  neighborhood  of  the 
origin. 

Figure  10  shows  the  resulting  control  law  on  the 
ciei~'v  plane  instead  of  the  x-v  plane,  where 
Ogi  =  -kx/m  is  the  acceleration  term  due  to  the  spring 
force  and  Oc  =  fmax/^  is  the  acceleration  that  the 
control  force  can  impress  to  the  body.  The  reason  of 
this  particular  representation  will  be  clarified  in  the 
following. 

This  control  law  is  the  starting  point  for  the 
derivation  of  the  modified  control  law  for  the  truss 
case.  The  basic  idea  is  that  each  control  section  of  the 
truss  (i.e.  each  section  on  which  an  actuator  is 
installed)  is  a  body  of  a  certain  mass,  subject  to  two 

kinds  of  forces:  the  local  actuator  thrust  and  the  elastic  force  exerted  by  the  remaining  part  of  the  structure, 
which  is  a  function  of  its  deformation  state.  If  we  are  able  to  calculate  the  accelerations  caused  by  these  two 
forces,  we  can  think  of  applying  the  control  law  of  Figure  10  to  each  actuator.  A  theoretical  analysis  of  the 
truss  dynamics  under  this  kind  of  control  is  not  feasible,  because  there  are  many  degrees  of  freedom  and 
many  independent  actuators;  however  this  extension  seems  reasonable,  since  the  underlying  physical 
motivations  are  the  same  of  the  spring-mass  case. 

The  above  considerations  can  be  formalized  as  follows:  consider  the  dynamical  model  of  the  truss 


Figure  10  -  The  modified  control  law 


ij  +  2SQf)  +  Q^r|  =  O'MaU 

X  =  Msd>T) ;  V  =  Msd)f| 


(11) 

(12) 


where  x  is  the  vector  of  the  transverse  displacements  of  the  control  sections  and  v  the  vector  of  the 
corresponding  velocities.  The  term  2SQfi  can  be  ignored,  since,  due  to  the  low  damping  coefficients  of  the 
structure,  it  is  at  least  one  order  of  magnitude  smaller  than  the  control  term.  The  dyn^ics  of  the  control 
sections  is  therefore: 


X  =  +  MjOO'MaU  ( j  3) 

In  other  words,  the  instantaneous  acceleration  of  each  control  section  is  the  sum  of  two  terms:  the  first  one 
is  a  function  of  the  modal  amplitudes  ri,  i.e.  of  the  state  of  deformation,  the  other  one  is  a  function  of  the 
control  variables.  Provided  that  the  actuators  are  sufficiently  spaced  one  fi-om  each  other,  the  matrix 
Ms^'Ma  is  almost  diagonal:  this  means  that  the  instantaneous  acceleration  of  a  control  section  depends 
mainly  on  its  corresponding  control  variable  and  not  on  the  others.  We  can  therefore  write  that,  for  each 
actuator: 


Xi  =  -kiTi  +  aiUi  (j4) 

where  is  the  i-th  row  of  the  matrix  and  a,  is  the  i-th  diagonal  element  of  the  matrix  Ms<S>^’Ma. 

At  this  point,  we  can  think  of  using  the  same  control  law  we  obtained  in  the  spring-mass  case,  that  is  the 
one  of  Figure  1 0,  in  which  Ogi  =  -A^ri  and  Oc  =  Oj: 

For  each  i 

^i  =  -kiTi 

if  (Vj  >  -V,  and  0  <  aei  <  a;)  or  (vj  <  Vt  and  -a;  <  agi  <  0) 

Uj  =  0 

else 

Ui  =  -sign(Vi). 

The  actually  used  algorithm  is  slightly  more  complex,  because  some  actuators  are  not  widely  spaced  from 
each  other,  so  that  M/^’Ma  is  only  block  diagonal,  but  the  underlying  philosophy  is  exactly  the  same. 
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Figure  1 1  -  Bending  mode  control  system  response 

This  control  law  has  the  same  dissipative  properties  of  the  direct  velocity  feedback  control  law  (6),  since 
each  control  force  is  either  zero  or  opposite  to  the  actuator’s  velocity,  thus  subtracting  energy  from  the 
structure.  However,  due  to  the  heuristic  derivation  of  the  truss  case,  it’s  not  possible  to  guarantee  a  priori  that 
the  control  transient  won’t  show  high  frequency  commutations. 

Extensive  simulation  of  the  control  system,  supposing  accessible  state  information  and  lack  of  non¬ 
idealities  such  as  delays  in  the  control  loop,  has  shown  excellent  performance  when  the  first  four  bending 
modes  only  are  controlled  (i.e.  the  velocity  components  of  the  rigid  modes  are  eliminated);  as  an  example. 
Figure  1 1  shows  the  values  of  the  tip  velocity  and  of  the  corresponding  control  values  when  the  first  mode 
only  (left  -  compare  with  Figure  4)  and  all  the  first  four  modes  (right)  are  excited.  Residual  velocities  as  low 
as  1 .5  mm/s  can  be  obtained. 


If  we  control  the  two  rigid  and  the  first  four 
bending  modes,  instead,  the  behavior  of  the 
control  system  is  not  so  good:  for  example,  if  we 
excite  the  first  rigid  mode  only,  unwanted 
oscillations  arise  on  the  bending  modes,  thus 
limiting  control  effectiveness  (see  Figure  12).  In 
a  real  "free-free”  truss,  control  of  the  rigid 
modes  by  velocity  feedback  would  not  be 


possible,  but  in  the  actual  truss  the  rigid  motion 
corresponds  to  a  pendulum  mode,  which  in 
principle  should  be  easily  controlled  by  a  lateral 
force. 

These  oscillations  can  be  explained  if  we 
consider  that,  for  typical  truss  motion,  rigid 
modes  elastic  forces  correspond  to  accelerations 
not  greater  than  0.1 -0.2  m/s^,  much  lower  than 


those  corresponding  to  the  bending  modes.  The 


Time  (s) 


application  of  the  control  force  causes  the 
structure  to  bend,  thus  generating  a  reactive 
elastic  acceleration  that  builds  up  very  rapidly, 


Figure  12 

Rigid  and  bending  mode  control  system  response 
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due  to  the  higher  frequency  modes,  to  around  0.4  m/s^.  The  elastic  acceleration  term  can  therefore  easily 
change  sign,  causing  the  control  force  to  switch  offj  the  elastic  acceleration  consequently  decreases  as  rapidly 
as  it  had  increased  and  changes  sign  again,  so  that  high-frequency  oscillations  arise.  In  principle,  we  could 
avoid  these  oscillations  by  substantially  lowering  the  actuators'  thrust  intensity;  however  this  would 
unacceptably  reduce  the  control  system  effectiveness  on  the  bending  mode  vibration  suppression. 

From  a  conceptual  point  of  view,  the  suppression  of  the  rigid  mode  oscillations  in  the  laboratory  structure 
is  not  very  significant,  since  their  dynamics  (suspension  spring  induced  oscillations)  is  completely  different 
from  that  of  the  real  space  environment  (free  inertial  motion);  we  can  therefore  limit  ourselves  to  bending 
mode  vibration  suppression,  supposing  that  in  space  there  will  be  an  independent  attitude  control  system. 
However,  it  is  possible  that,  with  a  different  choice  of  LSS  geometric  configuration,  building  materials  and 
actuator  thrust  intensities,  these  unwanted  oscillations  arise  not  only  when  controlling  the  rigid  modes,  but 
also  when  controlling  the  lower  frequency  bending  modes.  This  should  be  verified,  for  instance,  using 
structural  data  from  various  proposed  space-bom  sfructure  designs. 


6.  Experimental  re.sults 


Experimental  results  are  given  for  the  above-mentioned  controllers  [6].  For  each  experiment,  the  tmss  tip 
velocity  and  the  corresponding  actuator's  control  variable  are  shown.  Tip  velocity  has  been  calculated  by 
processing  the  output  of  the  accelerometers  with  the  same  Kalman  filter  used  for  the  controller;  the  low  pass 
filter  has  been  removed,  so  that  the  motion  of  the  first  two  uncontrolled  modes  (5*  and  6*)  can  be  observed. 
Since  the  rigid  modes  are  uncontrolled,  we  are  not  interested  in  their  velocity  components:  the  use  of  a 
Kalman  filter  permits  us  to  suppress  them  from  the  measurements  simply  by  setting  to  zero  the  corresponding 
columns  in  the  filter's  output  matrix;  on  the  other  side,  the  filter  needs  a  certain  settling  time  to  give  accurate 
results,  expecially  for  the  first  bending  mode  (see  Table  2).  Initial  conditions  for  the  experiments  are  as 
follows:  either  a  single  bending  mode  is  excited,  so  as  to  have  a  tip  velocity  of  25  cm/s,  or  all  the  first  four 
bending  modes  are  simultaneously  excited,  with  tip  velocities  of  12,  12,  12, 4  cm/s  respectively. 

Figure  13  shows  the  response  of  the  simple 
controller  described  in  section  3,  in  which  the 
second  bending  mode  has  been  excited  so  as  to 
have  a  tip  velocity  of  0.25  m/s  and  the  velocity 
threshold  has  been  set  to  20  mm/s:  the  control 
system's  response  is  clearly  unstable. 

If  we  use  the  state  variable  estimator,  described 
in  section  4,  to  obtain  the  velocity  of  the  control 
sections,  instead  of  the  pseudo-integrators,  we 
obtain  the  results  shown  in  Figure  14.a  from  the  top 
to  the  bottom,  when  the  first,  the  second  and  all  the 
first  four  bending  modes  are  excited,  respectively. 

The  velocity  threshold  can  be  lowered  to  4  mm/s 
without  the  system  going  unstable;  however, 
control  chattering  appears  at  the  end  of  the  control  transient,  in  particular  when  exciting  the  first  bending 
mode. 


Figure  13  -  Simple  controller  response 


The  introduction  of  the  modified  control  law  described  in  section  5  eliminates  this  problem,  as  can  be  seen 
in  Figure  14.b;  in  addition  it  allows  us  to  further  reduce  the  residual  velocity  to  2.5  mm/s  and  to  cut  the  air 
consumption  of  the  actuators  by  15-30%,  depending  on  the  initial  conditions.  The  corifrol  spikes  that 
sometimes  appear  in  the  end  of  the  control  transitories  are  caused  by  disturbances  induced  by  the  suspension 
springs,  that  are  nearly  resonant  with  the  fourth  bending  mode  of  the  structure. 
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7.  Conclusions 


A  control  system  for  vibration  suppression  in  a  laboratory  model  of  a  LSS,  based  on  on-off  air  jet 
actuators,  has  been  presented.  Each  actuator  is  activated  according  to  a  control  law,  that  depends  on  the 
actuator's  velocity  and  on  the  deformation  state  of  the  whole  structure;  both  are  obtained  with  a  state 
estimator  based  on  a  discrete  time,  time-invariant  Kalman  predictor.  Experimental  results  in  the  control  of  the 
first  four  bending  modes  of  the  structure  have  been  quite  promising,  and  have  largely  confinned  the  results  of 
simulation  studies.  The  proposed  control  law  can  however  induce  transient  oscillations  when  trying  to  control 
vibration  modes  having  very  different  intrinsic  stiffness,  in  this  case  the  rigid  and  the  bending  modes.  Its 
applicability  to  other  large  flexible  structures  should  therefore  be  subject  to  further  study. 
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Abstract 

A  mathematical  model  is  developed  to  study  dynamics  and  control  of  a  class  of  two-body  systems, 
consisting  of  a  flexible  tether  connecting  a  rigid  platform  with  a  point  mass  subsatellite,  undergoing 
planar  motion  in  a  Keplerian  orbit.  The  model  incorporates  translation  of  the  tether  attachment  point 
and  deployment /retrieval  of  the  subsatellite.  The  governing  equations  of  motion  are  obtained  using  the 
Lagrangian  procedure.  The  offset  control  strategy,  which  involves  movement  of  the  tether  attachment 
point,  is  used  to  regulate  the  attitude  dynamics  of  the  tether.  The  controller  for  the  time  varying  rigid 
body  dynamics  is  designed  using  the  Feedback  Linearization  Technique  (FLT).  Finally,  an  experimental 
setup  is  described  to  validate  effectiveness  of  the  FLT  based  offset  controller  for  regulating  the  attitude 
motion. 

!•  Introduction 

With  the  advent  of  the  Space  Shuttle  and  the  U.S.  proposed  Space  Station,  interest  in  the 
concept  of  Tethered  Satellite  Systems  (TSS)  has  increased  considerably  due  to  a  number  of  potential 
applications.  These  include  scientific  experiments  in  the  microgravity  environment,  upper  atmospheric 
research,  generation  of  electricity,  cargo  transfer  between  orbiting  bodies,  collection  of  planetary  dust 
without  landing  (Ref.  1),  expansion  of  the  geostationary  orbit  resource  by  having  tethered  chain 
satellites  (Ref.  2)  to  name  a  few. 

The  potential  of  the  tethered  systems  has  led  to  many  investigations  on  its  dynamics  and  control 
during  stationkeeping  (constant  tether  length),  deployment,  and  retrieval.  The  large  body  of  literature 
generated  over  years  has  been  reviewed  by  Misra  and  Modi  (Refs.  3,4).  Different  control  strategies 
have  been  developed  to  regulate  the  complex  dynamics  of  these  systems.  They  can  be  classified  as:  the 
tension  or  length  rate  control  (Refs.  5,  6);  the  thruster  control  (Ref,  7);  and  the  offset  control  (Ref. 
8).  Because  of  relative  advantages  and  disadvantages  of  these  methods  for  different  tether  lengths,  it  is 
desirable  to  use  a  hybrid  strategy  where  the  offset  law  can  be  used  for  shorter  tethers  and  the  thruster 
scheme  for  longer  ones  (Ref.  9).  The  studies  by  Modi  ei  al  (Refs.  8,9)  consider  the  tether  as  a  rigid 
body  and  the  offset  strategy  is  used  to  control  the  libration  of  the  tether.  The  present  study  extends 
this  research  to  systems  with  a  flexible  tether,  a  rigid  platform  and  a  pointmass  subsatellite.  The  main 
objective  of  this  study  is  to  validate  the  offset  strategy  for  a  system  with  a  flexible  tether.  To  that  end, 
the  equations  of  motion  for  planar  dynamics  are  obtained  by  the  Lagrangian  procedure. 

The  attitude  controller  for  the  time  varying  tether  dynamics  is  designed  by  the  Feedback  Lin¬ 
earization  Technique  (FLT).  The  control  inputs  are  the  moments  applied  by  the  momentum  gyros  for 
the  platform  pitch  angle  and  the  offset  acceleration  along  the  local  horizontal  for  the  tether  swing. 
It  is  shown  that  a  relatively  simple  control  structure  is  sufficient  to  regulate  the  dynamics  without 
implementing  a  gain  scheduling  procedure,  which  is  normally  used  for  time  varying  systems. 
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Finally,  a  ground  based  experiment  is  described  to  validate  the  offset  strategy  for  control  of  the 
tether  attitude.  The  FLT  based  controller,  which  is  implemented  in  real  time,  is  able  to  regulate  the 
motion  of  the  ground  based  tethered  system  quite  successfully  during  the  stationkeeping,  deployment 
and  retrieval  modes  of  operation. 

2.  Mathematical  Model 

The  TSS  under  consideration  (Fig.  1)  consists  of  four  subsystems  :  platform;  offset  mechanism; 
tether;  and  subsatellite.  As  shown  in  Fig.  1,  the  frame  Fp  (Xp,  1^,  Zp)  is  located  at  the  center  of  mass 
of  the  platform  and  defines  the  librational  motion  of  the  platform.  It  is  oriented  along  any  arbitrary 
body  fixed  directions.  The  origin  of  the  frame  Ft  (Xt,  It?  Zt)  is  fixed  to  the  tether  at  the  platform  end 
and  is  used  to  define  the  motion  (both  rigid  and  flexible)  of  any  elemental  mass  of  the  tether.  The  axis 
Yt  is  along  the  line  joining  the  tether  end  points  and  is  directed  towards  the  subsatellite.  Xt  is  parallel 
to  the  orbit  normal  Xo,  and  Zt  completes  the  right-handed  triad. 

Two  additional  reference  frames  are  required  to  define  the  kinematics  of  any  mass  element  in  the 
system:  inertial  frame  Fi  (Xi,  Ti,  Zi)  located  at  the  center  of  Earth;  and  the  orbital  frame  Fq  (X^,  T©, 
Zo)-  The  origin  of  the  orbital  frame  is  located  at  the  instantaneous  center  of  mass  of  the  system  and 
follows  a  Keplerian  orbit.  The  orbital  frame  is  so  oriented  that  the  y*o-ctxis  is  along  the  local  vertical  and 
points  away  from  the  Earth;  the  Xo-axis  is  along  the  local  horizontal  and  points  towards  the  direction 
of  motion  of  the  system;  and  the  X^-axis  is  along  the  orbit  normal  completing  the  right-handed  triad. 

The  platform  is  considered  a  rigid  body  free  to  undergo  rotational  motion  and  the  subsatellite 
is  modelled  as  a  point  mass.  The  offset  mechanism,  which  moves  the  tether  attachment  point,  is  also 
considered  to  be  a  point  mass.  All  the  motions  are  restricted  to  the  plane  of  the  orbit.  The  relative 
orientation  of  different  coordinate  systems  are  expressed  using  the  modified  Euler  rotations.  The 
flexibility  of  the  tether  is  modelled  by  the  assumed  mode  method  (Ref.  10).  The  effect  of  structural 
damping  is  incorporated  by  introducing  Rayleigh’s  dissipation  function  (Ref.  11).  Application  of 
the  Lagrangian  procedure  results  in  the  nonlinear,  nonautonomous  and  coupled  equations  of  motion 
governing  the  system  dynamics. 

As  can  be  expected,  the  complete  set  of  equations  are  indeed  extremely  lengthy  and  hence  are 
not  presented  here  for  brevity.  The  generalized  coordinate  vector  of  this  system  contains  the  platform 
pitch  angle  (ap),  the  tether  pitch  (a^),  the  modes  for  the  longitudinal  tether  oscillation  and 

the  modes  for  the  lateral  vibration  of  thq. tether  Here  N\  and  N2  represent  number  of  modes 

for  the  transverse  and  longitudinal  oscillations  of  the  tether,  respectively,  used  in  the  simulation.  The 
vector  of  generalized  forces  is  dependent  on  the  control  strategy  used.  It  is  obtained  using  the  principle 
of  virtual  work. 

3.  Design  of  the  Attitude  Controller 

As  mentioned  before,  it  is  advantageous  to  use  the  offset  strategy  for  attitude  control  when  the 
tether  length  is  small.  This  section  presents  the  design  procedure  for  the  offset  control  for  a  class  of 
tethered  systems.  For  highly  time  varying  systems,  which  is  the  case  in  this  study,  the  commonly 
used  control  algorithms  are:  gain  scheduling;  adaptive/self-tunning  control;  simultaneous  stabiliza¬ 
tion  of  multiple  plants;  and  Feedback  Linearization  Technique  (FLT).  Particularly  for  systems  whose 
mathematical  model  can  be  represented  with  a  reasonable  degree  of  accuracy,  FLT  controller  is  quite 
effective  and  does  not  have  the  disadvantages  of  other  strategies.  The  disadvantages  include  design  and 
implementation  of  controllers  at  multiple  operating  points  in  the  gain  scheduling  approach;  numerical 
problems  associated  with  adaptive  axid  self-tunning  algorithms;  and  lack  of  simultaneous  controllability 
of  multiple  plants  over  the  operating  domain.  In  the  present  study,  the  attitude  dynamics  of  the  system 
can  be  modelled  quite  accurately  and  hence  the  FLT  is  used  for  the  controller  design. 

The  purpose  of  the  attitude  controller  is  to  regulate  the  rigid  body  rotation  of  the  platform  and 
tether.  The  dominant  characteristics,  which  governs  the  system  dynamics,  is  the  time  varying  length 
of  the  tether  during  deployment  and  retrieval.  The  tether  response  is  not  significantly  influences  by  the 
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platform  dynamics.  However,  with  nonzero  offset,  the  platform  motion  is  strongly  affected  by  the  tether 
swing.  Therefore  design  of  the  controller  for  the  tether  dynamics  is  based  on  the  model  decoupled  from 
the  platform  motion.  On  the  other  hand,  the  model  for  the  platform  controller  includes  the  effect  of 
tether  libration. 

The  pitch  (a^)  equation  for  the  tether  dynamics  is  decoupled  from  the  platform  motion.  The 
resulting  equation  is  linearized  about  the  quasi-equilibrium  trajectory  (aj)  and  the  specified  offset 
motion.  The  total  offset  position  {dp}  is  the  sum  of  the  specified  value  {Dp}  andf  the  controller 
coordinate  {D}-  It  should  be  pointed  out  that  the  prime  objective  of  the  design  is  to  get  a  single 
controller  expression  applicable  during  deployment  as  well  as  retrieval  of  the  tether.  To  that  end,  the 
linear  equations  were  found  to  be  sufEcient.  The  resulting  dynamic  equations  for  the  controller  design 
are: 


^ap  (^pi  “h  /otp  (o^p)  ^pj  t)  ~  Qap  5  (1) 

=  dicxt  4"  d2Dz  4~  4"  d^Dz  -j-  h  cDz]  (2) 

Dz  —  (3) 

where  x  =  {a*,  dt,  Here  Dz  is  the  offset  along  the  local  horizontal  required  to  control  the 

attitude  motion  (z— component  of  {D}).  The  coefficients  of  the  above  equations  are  defined  in  Ref.  (12). 
In  the  model  for  controller  design,  Eq.(3)  is  used  to  regulate  the  offset  position  and  velocity. 

For  the  platform  pitch  controller,  the  generalized  force  Q^p  can  be  selected  as 

Qap  ~  ^ap  (^pj  f)'yp  4“  /ap  (^p  j  ^pj  ^)*  (4) 

where  Vp  is  the  secondary  control  input.  It  is  selected  to  place  the  closed  loop  eigenvalues  of  the 
transformed  system  at  some  desired  locations, 

Vp  kp^{ptp^  ”  ^p)  "h  ^V2^^‘Pd.  ~~  (^) 

where  hp^  and  kp^  are  the  position  and  velocity  feedback  gains,  respectively;  and  ap^,  dp^  and  dp^ 
represent  the  desired  trajectory. 

The  model  used  for  the  tether  controller  design,  Eqs.  (2)  and  (3),  can  be  expressed  as 

»  =  /W  4'^(x)ut,  (6) 


r  *3  ^ 

where:  /(x)  =  < 

1  ®4  1 

1  CiXi  +  O2X2  +  03®3  +  CI4X4  +  h  1 

1  0  J 

>  ;  and  gr(x)  =  < 

lol 

ill 

Here  i=l-4,  are  the  elements  of  vector  x.  With  quasi-static  assumption,  the  functions  /(x)  and  g{x) 
satisfy  the  feedback  linearizability  conditions  (Ref.  13)  and  hence  can  be  transformed  to  the  canonical 
form.  The  state  transformation,  which  achieves  this  specific  form,  is 

z  =  T(x)  =  [tij\x,  (7) 


where: 


til  =  a2  4“  +  03(04  4“  03c); 

ti3  =  ■**04  —  03C; 


ti2  =  -c(o2  4“  oic)  4-  04(04  4-  03c); 
tl4  =  c(o4  4“  03c); 
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and  for  i  =  2,  3, 4 


ti2  ~  Cb2t(i-1)37 
Ua  =  %-l)2  + 

The  transformed  system  can  be  expressed  as 


Ul  — 

Uz  =  +  ^3f(i-l)3j 


^2  ' 

r 

^  =  < 

^3 

>  -f  < 

1  24  j 

1  ° 

.  24  j 

1  0  J 

1 1 J 

(8) 


The  control  input  (vt)  of  the  transformed  system  is  related  to  the  original  input  (ut)  by  the  expression 


Ut  = 


Vt  -  P(x) 

Q(x)  ■ 


(9) 


where:  P(x)  =  oit43Xi  +  02t43®2  +  (<4i  +  a3<43)®3  +  (442  +  04443)3:4;  and  Q(x)  =  C443  +  444.  Eq.(9)  is 
referred  to  as  the  primary  controller.  The  secondary  controller,  i.e.  the  controller  for  the  system  in 
Eq.(8),  is  designed  to  place  the  closed  loop  eigenvalues  at  some  desired  locations.  This  leads  to  the 
following  expression  for  the  transformed  control  input,  vt, 

Vt  =  kt^{zi  -  21^)  +  kt2{z2  -  22j)  +  kt^{z3  -  23^)  +  kt^{Zi  -  Z4^),  (10) 

where:  kt^  and  3^^,  i=l“4,  are  the  coefficients  of  the  desired  closed  loop  polynomial  and  the  desired 
values  for  jz^’s,  respectively,  z^^’s  can  be  computed  from  Eq.(7)  with  the  knowledge  of  the  desired  x. 
Though  this  approach  uses  the  quasi-static  assumption  where  the  system  is  treated  as  time  invariant  over 
small  time-intervals,  it  avoids  gain  scheduling  by  obtaining  a  closed-form  expression  for  the  controller. 


4.  Results  and  Discussion 

The  nonlinear  coupled  differential  equations  governing  the  system  dynamics  were  integrated 
numerically.  Results  were  obtained  for  a  wide  range  of  system  parameters  involving  the  tether  length, 
deployment /retrieval  rates,  arbitrarily  fixed  and  moving  tether  attachment  point  in  different  directions, 
etc.  Only  a  few  typical  results  are  presented  here.  The  inertia  and  elastic  parameters  considered  in  the 
analysis  are: 


Ip  =  Inertia  matrix  of  the  platform. 


8, 646, 050 
--8, 135 
328, 108 


-8,135 

1,091,430 

27,116 


328, 108 
27,116 
8, 286, 760 


kg-m^; 


rrip  =  mass  of  the  platform  =  90, 000  kg; 


TUo  =  mass  of  the  offset  mechanism  =  10  kg; 

Pt  =  mass  of  the  tether  per  unit  length  =  4.9  x  10”^  kgfm; 


m,  =  mass  of  the  subsatellite  =  500  kg; 


EA  =  61,  645  N. 


Here,  E  is  the  Young’s  modulus  of  the  tether  material  and  A,  the  cross-sectional  area  of  the  tether.  The 
system  negotiates  a  circular  trajectory  with  a  period  of  90.3  minutes.  The  structural  damping  considered 
in  the  simulation  corresponds  to  a  damping  ratio  of  0.5%  based  on  the  first  natural  frequency  of  the 
longitudinal  oscillation  of  the  tether.  In  the  simulation,  the  Xp  and  Xt-axes  are  oriented  parallel  to 
the  orbit  normal  (X©).  The  platform  and  tether  pitch  angles  (op,  a*)  are  the  angles  between  the  local 
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vertical  (i.e.  Yo-axis),  and  Yp  and  Yi-axes,  respectively.  The  longitudinal  and  lateral  elastic  motions 
of  the  tether  are  measured  with  respect  to  the  frame  Ft.  In  these  definitions,  the  subscript  ‘p’  and  T 
refer  to  the  platform  and  tether,  respectively. 

Typical  dynamic  simulation  results  for  operations  at  a  shorter  tether  length  (LJ  where  the  offset 
control  strategy  is  more  efficient  are  shown  in  Fig.  2.  It  considers  a  case  of  retrieval  from  L  =200  m 
to  L  =50  m  with  an  exponential  velocity  profile.  The  negative  value  of  L  during  retrieval  makes  the 
system  unstable.  The  tether  pitch  angle  (a^)  grows  upto  ±50*^.  The  transverse  mode  (Ui)  grows  and 
eventually  oscillates  between  ±3  cm  even  without  any  initial  disturbance.  The  mean  value  of  the  Bi 
response  decreases  with  the  tether  length.  As  expected,  for  zero  offset,  the  platform  pitch  response  is 
not  affected  by  the  retrieval  maneuver. 

The  controllers  designed  for  the  platform  and  tether  pitch  angles  were  implemented  on  the  com¬ 
plete  flexible,  nonlinear  and  coupled  model.  Intentional  modelling  errors  are  introduced  by  neglecting 
the  shift  in  the  center  of  mass  terms  from  the  controller  model,  but  the  corresponding  terms  are  retained 
in  the  simulation.  For  controlled  simulation  during  stationkeeping  at  a  tether  length  of  200  m,  the  rigid 
modes  are  stabilized  to  some  steady  state  value,  but  the  performance  of  the  system  is  not  satisfactory 
(plot  not  shown).  The  desired  steady  state  value  for  ap  and  dpz  are  0  and  1  m,  respectively.  The 
controller  does  not  achieve  these  steady  state  requirements.  When  the  shift  in  the  center  of  mass  terms 
were  included  in  the  controller  model,  the  steady  state  value  of  ap  became  zero.  However,  the  steady 
state  value  of  dpz  still  remained  less  than  the  required  magnitude  of  1  m. 

It  was  decided  to  introduce,  an  outer  integral  loop  to  reduce  the  steady  state  error.  The  schematic 
diagram  of  the  controllers  with  the  integral  loop  is  shown  in  Fig.  3.  With  this,  the  structure  of  the 
primary  controller  in  Eq.(9)  becomes 


Vt  —  P(x)  /** 

^  +  Ki  Dzdt  +  KpDz,  (11) 

where  Kj  and  Kp  are  the  integral  and  proportional  gains,  respectively.  The  secondary  control  input  Vt 
was  obtained  as  before  using  Eq.(lO).  In  the  present  simulation,  the  gains  are:  Kj  =  —1.5  x  10““®;  and 
Kp  =  1.0  X  10“®.  The  response  of  the  system  with  the  integrator  loop  is  presented  in  Fig,  4.  Now,  the 
steady  state  offset  is  1.0  m  as  commanded. 

The  response  of  the  system  during  the  controlled  retrieval  from  tether  length  of  200  m  to  50  m 
in  1  orbit  is  shown  in  Fig.  5.  An  exponential  velocity  profile  is  used  for  the  retrieval.  The  generalized 
coordinate  for  the  transverse  vibration  (Ci)  grows  close  to  2  cm  even  with  zero  initial  condition. 
The  initial  disturbance  in  the  first  longitudinal  mode  (J5i)  decays  quite  rapidly  due  to  the  structural 
damping,  however  there  is  a  steady  oscillation  with  a  relatively  small  amplitude  due  to  coupling  with 
the  transverse  vibration  (inset  in  Bi  plot).  The  platform  pitch  response  settles  down  to  zero  within 
0.4  orbit.  The  tether  pitch  angle  is  stabilized  about  the  queisi-equilibrium  position  which  is  zero  after 
the  retrieval.  The  moment  {M^)  required  to  control  ap  is  only  4  Nm.  The  offset  position  required  to 
control  the  tether  swing  is  between  +12  m  and  —5  m.  This  is  well  within  the  limit  of  ±15  m  for  the 
present  study. 

5,  Experimental  Procedure 

Numerical  simulation  results  show  effectiveness  of  the  offset  control  strategy  to  regulate  the 
attitude  dynamics  of  the  tether.  This  section  describes  a  ground  based  experiment  carried  out  to 
demonstrate  effectiveness  of  the  attitude  controller.  The  feasibility  of  the  offset  control  strategy  by 
experimental  simulation  was  first  shown  by  Modi  et  al.  (Ref.  8).  An  LQR  based  algorithm  was 
used  to  control  tethered  satellite  oscillations.  The  main  problem  with  this  form  of  controller  is  that 
of  gain  scheduling  for  time  varying  systems.  In  the  present  study,  a  controller  based  on  the  FLT  is 
implemented  in  real  time.  As  mentioned  earlier,  this  algorithm  does  not  involve  any  gain  scheduling 
during  deployment  or  retrieval  of  the  subsatellite. 
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Figure  1  Schematic  diagram  of  the  tethered  satellite  system  Figure  2  Retrieval  dynamics  of  the  system  with  an  exponential 
with  coordinate  systems.  velocity  profile. 
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Figure  3  Schematic  diagram  of  the  closed-loop  system  with  outer  integral  loop  controller. 

The  experimental  setup  consists  of  a  spherical  mass,  representing  the  subsatellite,  which  can 
be  deployed  or  retrieved  from  a  carriage  (Fig.  6).  The  carriage  can  be  moved  in  a  horizontal  plane 
thus  permitting  motion  of  the  tether  attachment  point  to  implement  the  offset  control  strategy.  A 
Nylon  thread,  1  mm  in  diameter,  served  as  tether.  The  tether  can  have  a  maximum  length  of  2.25 
m.  The  angular  deviation  of  the  tether  from  the  vertical  position  is  measured  by  a  pair  of  optical 
potentiometers.  In  the  original  setup  (Ref.  8),  a  pair  of  resistance  potentiometers  were  used  and  the 
sensing  mechanism  was  not  dynamically  balanced.  In  the  present  study,  a  better  sensor  and  sensing 
mechanism  have  been  designed  to  improve  the  system  output  by  having  a  dynamically  balanced  system. 

5,1  Controller  Design  and  Implementation 

The  linearized  governing  equations  representing  the  laboratory  model  of  the  tethered  satellite 
system  can  be  written  as: 

6t  ^  aiCL a^ot cda\  (12) 

7  =  ai7  +  a37  +  cdy]  (13) 

where:  ai  =  —gfL]  as  =  —2LfL]  c  =  1/X;  L  is  the  instantaneous  tether  length;  g,  the  acceleration 
due  to  gravity;  a  and  7  are  the  tether  angles  in  two  orthogonal  vertical  planes;  and  da  and  dy  are 
the  accelerations  of  the  offset  point  for  controlling  a  and  7,  respectively.  The  a  and  7  equations  are 
independent  of  each  other  and  hence  the  controllers  can  be  designed  separately.  They  were  obtained 
using  the  FLT  procedure  described  earlier  (Eqs.  7,  9  and  10). 

The  continuous  time  controller  is  implemented  as  a  sampled  data  system  with  zero  order  hold. 
The  sampling  period  (At)  is  a  critical  parameter  governing  the  system  performance.  At  has  to  be 
sufficiently  large  so  that  the  computations  required  in  the  control  loop  can  be  completed.  In  the  present 
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Figure  4  Controlled  response  of  the  system,  in  the  presence  of  Figure  5  System  response  during  controlled  retrieval  with 

integral  loop.  exponential  velocity  profile. 
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setup,  as  found  from  the  experimental  results,  the  time  required  to  perform  sensing,  computation, 
actuation  and  data  storage,  was  less  than  2  tms.  So  the  above  mentioned  factors  do  not  have  any 
importance  in  selection  of  the  sampling  time.  The  governing  factor  requires  the  frequency  of  the 
sampled  data  system  to  be  higher  than  the  Nyquist  frequency.  For  better  performance  of  the  system, 
the  sampling  time  should  be  less  than  one  sixth  of  the  minimum  period  of  the  system  (Ref.  14),  which 
is  1.45  s  in  the  present  case.  From  this  consideration,  the  sampling  time  (Ai)  is  taken  to  be  100  ms. 

The  computer  program  to  implement  the  controller  was  written  in  MicroSoft  C  language.  The 
real  time  implementation  begins  with  the  initialization  and  calibration  of  the  potentiometers.  Appli¬ 
cation  of  any  disturbance  starts  the  control  loop.  Each  loop  consists  of  measurement  of  the  angles; 
computation  of  the  offset  position,  velocity  and  acceleration;  checking  for  the  steady  state  and  safety 
conditions;  and  recording  the  data  into  the  output  file.  After  the  data  are  written,  the  program  waits 
till  the  time  reaches  At  and  then  the  loop  continues.  The  controller  operation  can  be  stopped  at  any 
time  by  a  keyboard  command.  The  flow  chart  for  the  controller  operation  is  shown  in  Fig.  7. 


5-2  Results  and  Discussion 

The  controller  based  on  the  FLT  was  found  to  be  quite  effective  in  real  time  with  the  experimental 
tethered  satellite  model.  A  series  of  tests  were  carried  out  during  different  phases  of  tether  operations. 
Only  a  small  sample  of  representative  data  is  recorded  here.  It  should  be  pointed  out  that  the  energy 
dissipation  in  the  real  system  due  to  aerodynamic  drag  and  Coulomb  friction  in  the  potentiometers 
are  very  difficult  to  model  mathematically  or  eliminate  from  the  experiment.  The  other  characteristics 
which  may  cause  discrepancy  between  the  controlled  experimental  and  numerical  results  are: 

(i)  missing  pulses  in  the  stepper  motor; 

(ii)  noise  in  the  measurement  due  to  residual  dynamic  imbalance  of  the  sensing  mechanism; 

(iii)  nonlinearities  of  the  real  system  due  to  backlash  in  the  sensor  and  actuator  drive  systems,  and 
friction  at  the  linear  bearings. 

During  the  experiment,  the  system  was  subjected  to  a  large  disturbance  of  around  10®  to  assess 
the  controller  effectiveness  under  a  demanding  situation.  In  practice,  an  external  disturbance  would 
seldom  result  in  deviation  larger  than  a  few  degrees.  The  experimental  results  for  stationkeeping 
at  a  tether  length  of  2  m  are  compared  with  the  numerical  result  in  Fig.  8.  The  numerical  results 
match  with  the  experimental  data  quite  closely,  implying  that  the  mathematical  equations  represent  the 
experimental  model  quite  accurately.  The  small  discrepancy  can  be  attributed  to  the  sources  of  error 
mentioned  earlier.  A  single  FLT  based  controller  was  used  to  regulate  the  system  during  deployment, 
retrieval  and  stationkeeping  phases.  A  sample  plot  for  retrieval  of  the  subsatellite,  from  X  =  2  m  to 
X  =  0.5  m  in  10  s,  is  shown  in  Fig.  9.  The  instability  of  the  uncontrolled  system  is  quite  evident  from 
the  growth  of  amplitude  during  retrieval.  The  controller  is  indeed  quite  effective  in  damping  both  the 
inplane  and  out-of-plane  tether  oscillations.  The  angles  a  and  7  settle  to  zero  within  6  $  with  the  offset 
requirement  of  around  20  cm.  The  controller  was  found  to  be  quite  successful  even  with  faster  retrieval 
and  different  rates  of  deployment  (not  shown). 


6.  Conclusions 

The  equations  of  motion  are  obtained  for  a  class  of  orbiting  systems  consisting  of  a  flexible 
tether  connecting  a  rigid  platform  with  a  point  mass  subsatellite.  The  formulation  includes  deploy¬ 
ment/retrieval  of  the  subsatellite  and  translation  of  the  tether  attachment  point  at  the  platform  end. 
The  Lagrangian  procedure  is  used  to  obtain  the  equations  of  motion.  The  attitude  controller,  for  de¬ 
ployment,  retrieval  and  stationkeeping  modes,  is  designed  using  the  Feedback  Linearization  Technique 
(FLT).  The  controller  based  on  the  rigid  body  model  is  implemented  on  the  complete  flexible  nonlinear 
dynamics.  An  outer  PI  control  loop  is  introduced  to  improve  the  system  performance.  Simulation  re- 
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the  attitude  controller. 


Comparision  of  responses  during  stationkeeping.  Figure  9  Experimental  simulation  result  for  retrieval 

subsatellite. 
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suits  show  the  effectiveness  of  the  offset  strategy  in  controlling  the  attitude  dynamics  of  a  flexible  tether. 

A  simple  FLT  based  controller  is  shown  to  be  quite  effective  during  all  the  three  operational  phases, 

i.e.  deployment,  stationkeeping  and  retrieval.  The  ground  based  experimental  results  substantiate  the 

attitude  control  law  in  real  time. 
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Abstract 

The  paper  presents  a  methodology,  based  on  the  use  of  fictitious  masses,  for  the  analysis  and  the  modal 
synthesis  of  structural  components.  The  applicability  of  the  methodology  has  been  experimentally  verified 
by  tests  of  a  space-like  truss  performed  at  the  Dipartimento  di  Ingegneria  Aerospaziale  of  Politecnico  di 
Milano.  Some  results  of  numerical  simulations,  showing  the  advantages  of  this  methodology  during  the 
finite  element  model  updating,  are  also  reported. 

1.  Introduction 

During  the  last  years,  many  significant  experimental  facilities  reproducing  most  of  the  dynamic  and 
environmental  characteristics  of  Large  Space  Structures  (LSS)  have  been  developed.  The  main  interest  in 
this  activity  is  the  need  to  study  and  solve  the  many  problems  typical  of  LSS;  the  most  notable  are  low 
weight  and  modular  topology  (for  ease  of  transportation  and  assembly),  lack  of  ground  support,  almost  null 
effect  of  gravity  loads,  and  the  very  high  pointing  accuracy  required  in  the  nominal  operating  conditions 
and  during  attitude  acquisition  maneuvers.  For  these  reasons  ground  vibration  tests  are  essential  for  the 
verification  of  the  dynamic  properties  of  the  LSS,  desirably  in  their  operational  configuration.  On  the  other 
hand,  practical  and  economic  considerations  suggest  not  to  perform  full  scale  ground  vibration  tests, 
because  obvious  environmental  difficulties  like  size,  high  flexibility,  assembly  and  support,  make  it  very 
difficult,  expensive  and  sometimes  risky.  A  potential  solution  to  this  problem  is  to  divide  the  structure  into 
several  substructures  and  to  perform  the  test  by  parts.  This  approach  is  valid  only  if  the  tests  on  individual 
parts  provide  enough  information  to  adequately  predict  the  dynamic  properties  of  the  assembled  structure. 
Since  during  the  modal  analysis  only  a  small  set  of  low  natural  frequencies  and  modes  are  identified,  the 
properties  near  the  boundaries  between  different  components  might  not  be  adequately  represented  in  these 
low-frequency  component  modes. 

Many  methods  are  reported  in  the  literature  for  accelerating  convergence  in  substructure  coupling, 
mainly  based  on  the  use  of  the  so  called  "fixed-end"  or  "free-end"  adjoint  modes  [1-4].  In  the  "fixed-end" 
case,  for  example,  the  modal  basis  of  the  structural  components  are  composed  by  a  limited  number  of  rigid 
and  flexible  modes  plus  a  certain  number  of  static  modes,  obtained  by  loading  the  boundaries  by  elementary 
forces.  These  static  modes  are  used  to  take  into  account  the  behavior  of  the  structure  close  to  the  boundaries. 
This  approach  is  not  so  easily  applicable  during  the  experimental  modal  testing  because  of  difficulty  in 
generating  and  measuring  the  adjoint  static  modes,  especially  in  the  case  of  very  flexible  structures,  such  as 
the  LSS. 

An  alternative  approach  appears  to  be  one  based  on  the  use  of  "fictitious  masses."  This  approach, 
suggested  during  the  70s  by  Newman  and  Karpel  [5],  has  shown  a  good  efficiency  in  many  numerical 
applications,  including  aeroelastic,  dynamic  response  and  active  control  problems.  In  this  method,  the 
dynamic  properties  of  the  separate  components  are  computed  with  their  boundaries  loaded  with  rigid  heavy 
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dummy  masses.  Using  these  large  masses,  the  low  frequency  modes  contain  local  deformations  directly 
related  to  the  structural  behavior  near  the  interfaces.  These  boundary  modes  are  fundamental  in  order  to 
obtain  the  dynamic  properties  of  the  components  when  combined  with  others,  and  to  accurately  tune  the 
finite  element  (fern)  model  on  the  basis  of  modal  testing  results,  mainly  in  presence  of  near-boundary 
modeling  errors. 

The  two  main  purposes  of  this  paper  are  :  first  to  demonstrate  the  applicability  of  fictitious-mass 
method  in  experimental  modal  analysis  and  the  second  is  an  evaluation  of  the  advantages  refated  to  the  use 
of  this  method  during  the  correlation  and  model  updating  phase.  For  this  purpose,  both  numerical  and 
experimental  results  are  presented. 


2.  The  Fictitious  Mass  Method 


We  present  here  only  the  main  bases  of  the  fictitious  mass  method.  For  a  full  description  see  Refs.  5 
and  9.  The  main  difference  between  the  original  formulation  of  the  method  and  one  used  to  extend  its 
application  to  experimental  modal  analysis  is  the  use  of  a  fictitious  stiffness  as  well.  In  reality,  the  large 
fictitious  mass  cannot  be  directly  connected  to  the  structure  being  tested,  especially  in  the  case  of  very 
flexible  structures,  but  must  be  supported  by  an  "ad  hoc"  suspension  system,  modeled  here  by  means  of 
springs.  The  term  "fictitious  mass"  is  inappropriate  in  the  case  of  experimental  applications,  because  this 
mass  is  not  quite  "fictitious",  having  a  comparable  value  to  that  of  the  entire  structure.  In  the  following,  the 
terms  boundary  mass  (BM)  and  stiffness  are  adopted.  The  equation  of  motion  of  a  structural  component 
loaded  by  boundary  mass  and  stiffness  can  be  expressed  as: 
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where  the  mass  and  stiffness  matrices  [M]  and  [K]  (of  order  n)  are  partitioned  with  respect  to  the  internal  i 
and  boundary  b  degrees  of  freedom,  used  to  connect  the  component  to  the  others,  [Mf]  and  [K^  are  the 
boundary  mass  and  stiffness  matrices  respectively.  The  solution  of  Eq.  (1)  gives  the  eigenvalues  [cOy]  and 
eigenvectors  [(j)^,  with  generalized  mass  : 

[gA//]  =  [<t./f  [M]  M+[^fbf[^f]  [<!>y2,]  (2) 


where  [<|)^]  includes  the  rows  of  [<jy]  related  to  the  boundary  d.o.f.  {m^}.  Let  consider  now  the  same 
equation  for  the  structural  component  without  boundary  mass  and  stiffness  : 
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The  basis  of  the  method  consists  of  the  hypothesis  that  the  displacements  of  the  structural  component 
without  boundary  mass  and  stiffness  can  be  represented  as  a  linear  combination  of  the  first  ny  modes 
with  nf«  n,  and  thus  : 


(4) 


The  substitution  of  Eq.  (4)  into  Eq.  (3),  and  the  use  of  Eq.  (2)  yield  : 


Equation  (5)  can  be  solved  for  the  wj  eigenvalues  [co„]  and  eigenvectors  that  are  approximations  of  the 
eigenvalues  and  eigenvectors  of  the  unloaded  structural  component  :  the  natural  modes  can  be  then 
expressed  as : 
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¥„] 


(6) 


and  the  generalized  mass  by  : 


=  [[g%]-[v]^[a^/][<|)>]][v«]  (7) 

The  low  jfrequency  eigenvalues  of  [co„]  and  the  corresponding  eigenvectors  [([)]  are  identical  to  those  of  the 
unloaded  structural  component  :  the  high  frequency  ones  reflect  the  local  structural  behavior  close  to  the 
boundaries,  and  do  not  represent  necessarily  natural  modes  of  the  unloaded  structure.  For  the  sake  of 
simplicity  in  the  following  the  term  Modal  Coupling  will  be  used  to  indicate  the  solution  of  Eqs.(5-6). 

Based  on  the  previous  assumptions,  it's  possible  to  formulate  the  equation  of  motion  of  a  structural 
component  as  a  part  of  free  vibrations  of  a  complex  structure.  The  modal  coupling  of  the  different  structural 
components  can  be  performed  by  imposing  boundary  displacements  and  forces  compatibility. 


3.  Application  to  the  TESS  Structure 

We  would  like  to  recall  here  the  main  results  reported  in  [11],  concerning  the  application  of  the 
Modal  Coupling  to  a  real  test  case,  as  part  of  the  Truss  Experiment  for  Space  Structures  (TESS).  The 
structure  was  a  space-type  truss  20  m  long,  developed  at  the  Dipartimento  di  Ingegneria  Aerospaziale  of 
Politecnico  di  Milano.  This  truss,  loaded  at  one  end  with  sl  105  Kg  cross-shaped  steel  mass  hang  on 
suspension  springs,  was  tested  using  a  standard  modal  survey  equipment.  While  statically  hung  the  truss 
and  the  BM  show  the  same  deflection  so  as  to  avoid  local  loads  when  connected  together.  Because  of  the 
configuration  of  the  diagonal  elements,  the  horizontal  plane  (x-z)  is  plane  of  symmetry.  In  this  way,  the 
lateral  and  axial  natural  modes  are  decoupled  by  the  vertical  and  torsional  ones,  so  we  can  apply  the  Modal 
Coupling  procedure  on  the  lateral  modes  only,  without  any  loss  of  generality. 


Fig.l  -  The  TESS  structure. 
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Fig.2  -  The  modal  testing  setup. 


Fig.3  -  The  mesh  of  the  boundary  mass. 


Twenty  four  natural  modes,  in  the  range  0.3-23  Hzy  were  measured  using  20  piezoelectric  PCB 
accelerometers  (4  located  on  the  BM  and  16  along  the  truss).  Tab.l  shows  a  comparison  between  the  lateral 
flexible  frequencies,  numerically  calculated  by  MSC/NASTRAN,  and  ones  measured  during  the  ground 
vibration  test. 


NASTRAN 
Mode  No. 


7 


10 


11 


14 


15 


16 


20 


23 


Shape 


1st  lat.  bendin 


2nd  lat.  bendin 


3rd  lat.  bendin 


4th  lat.  bendin 


1st  axial 


5th  lat.  bendin 


6th  lat.  bendin 


7th  lat.  bendin 


Error 

[%] 


+2.3 


-2.3 


Tab.l  -  Mass-loaded  truss  lateral  frequencies  :  direct  fern  calculations  vs.  test. 

Because  of  the  good  numerical-experimental  correlation,  with  a  maximum  error  of  3.4%  for  the  3rd 
bending  mode,  any  other  updating  of  the  fern  model  was  considered  unnecessary  at  this  stage.  The  Modal 
Coupling  procedure  has  been  applied  both  to  the  numerical  and  experimental  data,  to  calculate  the 
frequencies  and  the  mode  shapes  of  the  original  structure,  i.e.  the  truss  without  BM.  Tab.2  shows  the  results 
compared  with  the  direct  finite-element  frequencies  of  the  free  truss,  here  considered  as  the  "true"  ones. 


UDII 


7 

1.211 

1.212 

0.04 

10 

3.306 

3.308 

0.03 

11 

6.037 

6.040 

0.04 

14 

9.802 

9.808 

0.06 

13.855 

17.645 

19.593 

24.955 


13.873 

19.280 

19.868 

35.052 


6.3 


9.888 


14.389 

19.303 

19.875 

35.646 


Mode 

test 

MC 

No. 

FHzl 

[Hzl 

7 

1.16 

1.168 

10 

3.21 

3.273 

11 

6.04 

6.315 

14 

9.83  i 

9.888 

Tab.3  -  Free  lateral  frequencies  :  direct  test 
vs.  Modal  Coupling  based  on  test  data. 


Tab.2  -  Free  lateral  frequencies  :  direct  fern  calculations  vs. 

Modal  Coupling. 

The  results,  concerning  the  flexible  modes  only,  are  divided  into  two  groups.  The  first  5  modes,  composing 
the  first  group,  show  extremely  small  errors,  according  to  previous  computational  applications  of  the 
fictitious  mass  method.  As  expected,  the  errors  are  larger  when  the  coupling  is  applied  to  the  experimental 
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inodes,  but  even  in  this  case  they  are  under  5  %.  The  second  group  contains  the  modes  showing  high  errors 
(modes  19  and  23).  It  must  be  emphasized  that  these  high  errors  are  almost  equal  when  the  coupling  is 
applied  to  the  numerical  and  the  experimental  modes.  Thus  these  errors  are  not  simply  related  to  incorrect 
measures.  In  fact  these  errors  mean  that  the  modes  19  and  23  (1st  axial  and  7th  bending  mode,  respectively) 
are  not  natural  modes  of  the  free  truss,  but  represent  the  so  called  "boundary  modes" ,  i.e.  modes  with  large 
deformations  near  the  boundary  point,  as  demonstrated  in  Fig.  4,  where  comparisons  between  the  test 
coupling  and  the  directly  calculated  mode  shapes  are  shown.  The  plots  concern  the  lateral  bending  modes 
only,  and  the  reported  deflections  are  ones  at  the  measurement  points.  The  near~boundary  large  distortion  of 
the  mode  23  is  t^ical  of  boundary  modes  resulting  from  the  mass-loaded  truss.  The  accuracy  of  the 
obtained  results  is  also  demonstrated  in  Tab.3  where  the  coupled  frequencies  are  compared  to  the 
experimentally  measured  ones  (for  the  first  4  bending  modes  only),  obtained  during  a  previous  test  on  the 
original  truss.  It  can  be  observed  that  the  modal  coupling  yielded  frequency  errors  of  less  than  5  %. 


1st  bending  mode  (No.7  Nastran)  1.21  [Hz]  5th  bending  mode  (No.l6  Nastran)  13.86  [Hz] 


2nd  bending  mode  (No.  10  Nastran)  3.3 1  [Hz]  6th  bending  mode  (No.20  Nastran)  19.59  [Hz] 


Fig.4  -  Modes  of  the  free  unloaded  truss  :  nominal  vs.  Modal  Coupling  based  on  test  data. 


4.  The  Model  Updating 

The  presence  of  the  boundary  modes  in  the  modal  basis  is  very  important  during  the  updating  of  the 
finite  element  model  in  order  to  correlate  its  frequencies  to  the  measured  ones,  mainly  in  presence  of 
modeling  errors  close  to  the  near  boundary  zone.  In  order  to  investigate  this  aspect,  as  the  available  mesh 
results  already  well  correlated,  some  modeling  errors  have  been  numerically  simulated,  and  the  model 
updating  has  then  been  performed  using  MSC/NASTRAN  Sol.200,  on  the  basis  of  the  following 
hypotheses : 

•  The  considered  mesh  is  composed  of  ROD  elements  with  the  cross  sectional  area  constitutes  the  design 
variables  during  the  updating  process  ; 

•  Only  the  lateral  modes  have  been  considered  ; 
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•  Only  errors  in  the  stiffness  modeling  have  been  simulated ; 

•  The  modal  basis  is  composed  by  1 1  modes  :  3  rigid,  7  bending  and  1  axial  mode  ; 

•  The  structural  mass  has  been  constrained  to  be  constant  during  the  computation. 


The  updating  problem  has  been  stated  as  a  classical  structural  optimization  problem,  using  the  DEQATN 
cards,  allowing  the  Sol.200  of  MSC/NASTRAN  user-defined  functions  to  be  considered  as  constraint 
and/or  objective  functions  during  the  optimization  [12].  Particularly,  the  normalized  errors  between  the 
eigenvalues  of  a  baseline  structure,  here  considered  the  "real  structure"  to  which  the  modal  testing  has  been 
performed,  and  those  of  an  initial  structure,  on  which  modeling  errors  have  been  introduced,  are  considered 
as  constraint  functions.  The  objective  function  is  constituted  by  a  quadratic  sum  of  these  errors.  Having 
limited  the  problem  to  the  horizontal  plane  only,  seven  constraint  functions  have  been  considered,  as  many 
as  the  identified  bending  modes.  The  axial  mode  was  included  in  the  modal  basis,  but  has  not  been 
explicitly  considered  during  the  updating.  The  model  updating  has  then  been  formulated  as  a  classical 
structural  optimization  problem : 


where : 


Eigrii  =  i  -  th  eigenvalue 

EignP  =  i  -  th  eigenvalue  of  the  baseline  structure 


Since  the  considered  truss  is  composed  of  54  bays,  a  variable  linking  operation  is  necessary,  to  group  many 
structural  elements  in  the  same  design  variable,  so  as  to  avoid  a  highly  over  determined  problem,  requiring 
a  least  square  solution.  Two  configurations  have  been  analyzed,  coming  from  two  different  linking 
operations.  In  the  first  configuration  the  54  bays  are  divided  into  9  modules,  each  one  composed  of  6  bays 
and  related  to  the  same  design  variable,  the  cross  section  area  of  the  ROD  elements  of  the  lateral  longerons 
(Fig.5). 

Modules 

123456789 


1-6  7-12  13-18  19-24  25-30  31-36  37-42  43-48  49-54 

Bays 

Fig.5  -  Configuration  1  :  9  design  variables. 

In  the  second  configuration,  in  order  to  evaluate  the  influence  of  localized  modeling  errors,  the  original 
structure  has  been  divided  into  12  not  uniform  modules,  composed  respectively  by  1-2-3-5-7-9  bays  and  so 
on  symmetrically  along  the  X  axis,  as  shown  in  Figure  6. 


Fig.6  -  Configuration  2  :  12  design  variables. 
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The  optimization  processes  have  been 
performed  on  two  meshes  at  the  same  time, 
with  and  without  Boundary  Mass.  The 
structural  elements  different  from  ones 
composing  the  lateral  longerons  have  been 
constrained  to  be  constant  (Fig.7).  Two 
optimization  cases  will  be  reported, 
concerning  errors  in  the  stiffness  modeling, 
uniformly  and  not  uniformly  distributed 
along  the  truss. 


4.1  The  Sensitivity  Analysis 

Before  discussing  the  optimization  results  it  is  very  interesting  to  analyze  the  constraint  sensitivities 
(DSCM2  matrices),  i.e.  the  derivatives  of  the  eigenvalue  errors  with  respect  to  the  design  variables.  Figures 
8  shows  in  a  3D  block  diagram  format  these  matrices  in  the  case  of  9  design  variables  (configuration  1), 
without  and  with  boundary  mass  :  the  i-ih  row  reports  the  derivatives  of  the  constraint  on  the  i-th 
eigenvalue  and  so  on.  Figure  9  reports  the  same  values,  but  in  a  contour  plot  format. 


Fig.8  -  The  eigenvalues  errors  derivatives  for  the  configuration  1  :  without  vs.  with  BM. 


Fig.9  -  Isosensitivity  curves  without  (a)  and  with  Boundary  Mass  (b). 


The  contour  representation  is  quite  unusual  and  maybe  unrealistic  in  this  case,  since  the  problem  does  not 
involve  continuous  variables.  Nevertheless,  this  kind  of  representation  offers  an  immediate  explanation  of 
what  happens  when  boundary  modes  are  included  in  the  modal  basis  during  the  updating  process.  The  plot 
concerning  the  structure  without  BM  is  obviously  symmetric,  since  the  structure  is  homogeneous  along  the 
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X  axis,  and  shows  a  sensitivity  close  to  zero  at  the  ends  of  the  truss.  On  the  other  hand  the  plot  concerning 
the  structure  with  BM  appears  distorted  :  in  particular  the  modes  6  and  7  show  very  high  sensitivity  values 
close  to  the  left  end  of  the  truss,  one  loaded  by  the  BM.  As  previously  demonstrated  these  are  the  so  called 
boundary  modes  :  when  included  inside  the  modal  basis  they  play  the  role  of  local  sensitivity  amplifier. 

4.2  First  Case  :  Uniform  Truss 

The  first  case  considered  is  very  simple  :  the  main  goal  is  to  optimize  the  finite  element  models  (with  and 
without  BM)  to  match  their  eigenvalues  to  those  of  the  corresponding  baseline  structures  considered  as 
uniform,  i.e.  having  the  stiffness  constant  along  the  X  axis  and  equal  to  the  original  value.  The  hypothesis 
on  the  basis  of  this  test  case  is  that  the  real  structure  has  a  uniformly  distributed  stiffness,  so  that  the 
modeling  errors  are  only  generated  by  an  erroneous  evaluation  of  this  parameter.  Two  initial  designs  are 
then  considered,  dealing  with  a  30%  uniform  under/over  estimation  of  the  stiffness  (identified  in  the  Tables 
as  K  -30%  and  K  +30%).  Tab.4  reports  the  eigenvalue  errors,  normalized  with  respect  to  the  baseline 
structures.  Since  these  errors  are  considered  as  constraint  functions,  it  can  be  seen  that  the  initial  constraint 

violation  in  both  optimizations  are  around  28%. 
Tabs.5  and  6  present  the  normalized  errors  of 
the  design  variables  after  the  optimization. 
Looking  at  the  results  it  appears  that  for 
configuration  1  there  is  not  a  significant 
difference  between  the  final  structures  obtained 
with  and  without  BM,  with  errors  between  the 
final  design  variables  and  the  ones 
corresponding  to  the  baseline  structure  close  to 
zero.  This  is  not  the  case  of  configuration  2, 
where  the  design  variables  1  and  2  are  related 
to  1  and  2  bays  respectively.  In  this  case  the 
local  sensitivity  generated  by  the  BM  is 
fundamental  during  the  updating  process  to 
recover  the  initial  errors.  The  final  design 
without  BM  is  obviously  symmetric,  such  as  the  sensitivity  matrix,  and  shows  big  errors  corresponding  to 
the  design  variables  N.l  and  N.12.  The  final  model  with  BM  has  negligible  errors  in  design  variable  N.l, 
close  to  the  BM,  but  still  large  errors  close  to  the  free  end. 


Without  BM 

With  BM  1 

Initial 

K-30% 

Initial 

K+30% 

Initial 

K-30% 

Initial 

K+30% 

Mode 

%  Err. 

%  Err. 

%Err. 

%Err. 

1°  h.bend. 

-27.93 

h-27.81 

-26.26 

+26.17 

2°  h.bend. 

-29.25 

+28.84 

-29.17 

+28.81 

3°  h.bend. 

-28.89 

+28.06 

-29.01 

+28.29 

4°  h.bend. 

-28.22 

+26.88 

-28.46 

+27.29 

5°  h.bend. 

-27.34 

+25.43 

-27.71 

+26.11 

6°  h.bend. 

-26.31 

+24.02 

-26.98 

+24.96 

7°  h.bend. 

-25.47 

+22.56 

-25.83 

+23.24 

Tab.4  -  Initial  errors  on  the  eigenvalues. 


Without  BM 

With  BM  1 

Final 

K-30% 

Final 

K+30% 

Final 

K-30% 

Final 

K  +30% 

DV 

%  Err. 

%Err. 

%  Err. 

%  Err. 

1 

+0.00 

+0.00 

+0.08 

+0.17 

2 

+0.00 

+0.00 

+0.00 

+0.00 

3 

+0.00 

+0.00 

+0.00 

-0.08 

4 

+0.00 

-0.08 

+0.00 

-0.17 

5 

+0.00 

+0.08 

+0.00 

+0.08 

6 

+0.00 

-0.08 

+0.00 

+0.08 

7 

+0.00 

+0.00 

+0.00 

+0.00 

8 

+0.00 

+0.00 

+0.00 

+0.00 

9 

+0.00 

+0.00 

-0.08 

-0.35 

Tab.5  -  Configuration  1  :  final  errors  on  the 
design  variables  after  the  optimization,  without  vs. 
with  BM. 


Without  BM 

With  BM  1 

Final 

K-30% 

Final 

K+30% 

Final 

K-30% 

Final 

K+30% 

DV 

%  Err. 

%  Err. 

%Err. 

%  Err. 

1 

-34.33 

+30.03 

+0.00 

-0.44 

2 

-0.09 

-1.66 

+0.09 

+0.52 

3 

-0.35 

+0.09 

+0.00 

-0.17 

4 

+0.00 

+0.00 

+0.00 

-0.26 

5 

+0.00 

+0.00 

-0.09 

-0.35 

6 

+0.00 

+0.00 

+0.00 

-0.09 

7 

+0.00 

+0.00 

+0.00 

0.26 

8 

+0.00 

+0.00 

+0.00 

+0.17 

9 

+0.00 

+0.00 

+0.09 

+0.09 

10 

+0.35 

+0.09 

+0.00- 

-0,35 

11 

-0.09 

-1.66 

-0.17 

-1.31 

12 

-34.33 

+30.03 

-34.33 

+22.33 

Tab.6  -  Configuration  2  :  final  errors  on  the 
design  variables  after  the  optimization,  without  vs. 
with  BM. 
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4.3  Second  Case  :  non  Uniform  Truss 

This  second  case  deals  with  the  problem  of  updating  the  model  of  a  supposed  uniform  structure  that  actually 
has  an  unknown  local  change  in  its  stiffness.  The  baseline  structures  are  now  obtained  changing  the 
nominal  value  of  the  design  variable  N.l  by  ±30%.  The  goal  of  the  optimization  is  to  match  the  eigenvalues 
of  the  new  baseline  structures  starting  from  uniform  trusses.  Tabs.  7  and  8  show  the  initial  eigenvalues 
errors  for  both  configurations.  It  must  be  emphasized  that  while  in  the  case  of  the  configuration  1  the  errors, 
though  small,  are  meaningful,  in  the  case  of  the  configuration  2  the  errors  without  BM  are  practically  null. 
It  means  that  even  a  30%  change  of  the  stiffness  of  the  design  variable  N.l,  does  not  affect  the  seven  lowest 
lateral  eigenvalues.  This  can  be  well  understood  remembering  that  the  variable  N.l,  for  the  configuration  2, 
it  related  to  the  first  bay  only,  which  is  not  distorted  significantly  in  the  lowest  natural  modes.  Therefore  its 
influence  on  the  eigenvalues  without  BM  is  negligible.  This  is  not  the  case  of  the  truss  with  BM,  where  the 
eigenvalue  errors,  though  small,  result  still  again  capable  of  driving  the  optimization  process. 


Without  BM 

With  BM  1 

DVN.l 

-30% 

DVN.l 

+30% 

DVN.l 

-30% 

DVN.l 

+30% 

Mode 

%  Err. 

%  Err. 

%  Err. 

%  Err. 

1 

-0.062 

+0.028 

-0.730 

+0.395 

2 

-0.410 

+0.224 

-2.739 

+1.524 

3 

-1.150 

+0.626 

-4.090 

+2.348 

4 

-2.193 

+1.194 

-5.850 

+3.563 

5 

-2.745 

+1.558 

-5.816 

+3.809 

6 

-3,261 

+1.487 

-8.395 

+6.455 

7 

-3.479 

+2.080 

-5.535 

+4.893 

Tab.7  -  Configuration  1  :  initial  errors  on  the 
eigenvalues,  without  vs.  with  BM. 


Without  BM 

With  BM  1 

■ 

DVN.l 

-30% 

DVN.l 

+30% 

DVN.l 

-30% 

DVN.l 

+30% 

1  Mode 

%  Err. 

%  Err. 

%  Err. 

%Err. 

+0.000 

-0.018 

+0.010 

-0.000 

+0.000 

-0.090 

+0.051 

-0.002 

+0.001 

-0.194 

+0.110 

-0.006 

+0.003 

-0.457 

+0.255 

-0.010 

+0.006 

-0.822 

+0.450 

-0.017 

+0.009 

-2.207 

+1.232 

-0.026 

+0.014 

-2.160 

+1.303 

Tab. 8  -  Configuration  2  :  initial  errors  on  the 
eigenvalues,  without  vs.  with  BM. 


Tabs.9-10  report  the  final  errors  of  the  design  variables  after  the  optimizations.  Without  the  BM,  the  errors 
on  the  design  variable  N.l  cannot  be  recovered  for  both  configurations.  They  range  from  a  minimum  value 
of  13%  (configuration  1)  to  a  maximum  of  42%  (configuration  2).  The  same  errors  can  be  recovered  using 
the  BM,  to  a  maximum  value  of  3  %  (configuration  2),  which  is  quite  acceptable. 


Without  BM 

With  BM  1 

DVN.l 

-30% 

DVN.l 

+30% 

DVN.l 

-30% 

DVN.l 

+30% 

DV 

%  Err. 

%  Err. 

%Err. 

%Err. 

1 

+18.0 

-13.0 

+0.12 

-2.36 

2 

-0.09 

+0.00 

-0.09 

+0.61 

3 

+0.09 

+0.00 

-0.52 

+0.09 

4 

-0.09 

+0.00 

-0.17 

+0.70 

5 

+0.09 

+0.00 

+0.26 

-0.61 

6 

-0.09 

+0.00 

+0.44 

-0.52 

7 

+0.09 

+0.00 

-0.09 

+0.35 

8 

-0.09 

+0.00 

+0.00 

-0.61 

9 

-17.4 

+13.1 

-0.17 

+7.71 

Tab.9  -  Configuration  1  :  final  errors  on  the 
design  variables  after  the  optimization,  without  vs. 
with  BM. 


Without  BM 

WUh  BM  1 

DVN.l 

-30% 

DVN.l 

+30% 

DVN.l 

-30% 

DVN.l 

+30% 

DV 

%  Err. 

%  Err. 

%  Err. 

%  Err. 

1 

+42.9 

-23.1 

-0.25 

-3.16 

2 

+0.00 

+0.00 

+0.17 

+0.61 

3 

-0.17 

+0.00 

-0.17 

+0.52 

4 

+0.00 

+0.00 

-0.09 

-0.52 

5 

+0.00 

+0.00 

+0.00 

-0.52 

6 

+0.00 

+0.00 

+0.00 

-0.09 

7 

+0.00 

+0.00 

+0.09 

+0.43 

8 

+0.00 

+0.00 

+0.09 

+0.43 

9 

+0.00 

+0.00 

-0.09. 

-0.43 

10 

-0.17 

+0.00 

-0.17 

+0.61 

11 

+0.00 

+0.00 

-0.52 

+0.61 

12 

+0.00 

+0.00 

-0.17 

+0.17 

Tab.  10  -  Configuration  2  :  final  errors  on  the 
design  variables  after  the  optimization,  without  vs. 
with  BM. 
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It's  important  to  emphasize  that  after  the  optimizations  all  the  constraints  are  satisfied  and  the  value  of  the 
objective  function  is  close  to  zero,  for  both  meshes  with  and  without  BM,  meaning  that  the  final  structures 
show  the  same  eigenvalues  as  the  corresponding  baseline  ones.  Therefore,  there  is  nothing  to  do  to  improve 
the  optimization  process,  since  all  the  convergence  checks  are  already  satisfied.  The  residual  errors,  in  the 
case  without  BM,  are  only  determined  by  a  lack  of  sensitivity  information  about  the  structural  behavior 
close  to  the  end  of  the  truss,  as  shown  in  4.1.  Even  if  both  final  structures,  resulting  from  the  optimizations 
with  and  without  BM  mass,  show  the  same  eigenvalues,  they  will  yield  different  eigenvalues  when  the 
boundary  conditions  are  changed,  for  example  when  they  are  used  to  calculate  the  eigenvalues  of  the 
clamped  structure,^  where  the  residual  errors  assume  great  importance.  This  indicates  an  important 
advantage  of  the  fictitious  mass  method  when  applied  to  the  experimental  modal  analysis.  It  allows  testing  a 
structure  in  more  convenient  boundary  condition  than  those  of  the  operational  configuration. 

5.  Summary  and  Conclusions 

In  this  work  the  applicability  of  the  Dynamic  Coupling  procedure,  based  on  the  use  of  boundary 
masses,  to  the  experimental  modal  analysis  of  a  structural  component,  in  order  to  synthesize  an  accurate 
modal  basis,  has  been  demonstrated.  The  obtained  modal  basis  contains  boundary  modes  able  to  describe 
the  local  behavior  of  the  structure  near  to  its  connections  to  other  components.  This  methodology  allows  one 
to  generate  and  measure  the  boundary  modes  directly  during  the  modal  testing,  so  avoiding  the  need  to 
numerically  add  static  modes  to  the  modal  model.  The  practical  insensitivity  of  the  method  to  the  value  of 
the  mass  makes  its  design  very  simple  and  the  method  itself  applicable  not  only  to  the  dynamic  analyses  of 
structures  by  means  of  substructuring  techniques,  but  also  to  a  variety  of  problems  which  require  the 
performance  of  modal  tests  with  the  boundary  conditions  different  from  those  of  the  real  environment. 

The  advantages  of  the  boundary  masses  during  the  finite  element  model  updating  has  been  pointed 
out.  The  increase  of  the  derivatives  of  the  eigenvalues  with  respect  to  local  structural  changes  close  to  the 
mass-loaded  boundaries,  allows  more  efficient  applications  of  the  standard  tools  used  in  the  model  updating 
phase,  that  are  mainly  gradient-based  methods,  to  recover  even  localized  modeling  errors. 
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A  telescopically  deployable  dumbbell  earth  satellite  undergoing  in-plane 
attitude  hbrations  and  linkage  vibrations  with  and  without  deployment  motions  is 
studied  analytically.  The  equations  of  motion  are  derived  from  application  of 
Hamilton’s  Principle  and  are  used  in  parametric  studies  involving  attitude 
orientation  at  orbit  insertion,  deployment  motions,  and  linkage  flexibility. 

Results  for  the  rigid  dumbbell  previously  reported  are  briefly 
summarized.  Additional  results  when  linkage  flexibility  is  included  are  reported 
in  the  present  paper.  These  show  that  the  orbital  and  attitude  motions  are  not 
significantly  different  from  the  rigid  case.  The  linkage  vibrations  reveal  patterns 
of  both  linear  and  nonlinear  couplings  with  the  orbital  and  attitude  dynamics. 
Linear  coupling  occurs  at  low  amplitude  librations  and  produces  forced  response 
vibrations  of  the  linkage  at  the  orbital  and  attitude  frequencies.  Large  amplitude 
librations  give  rise  to  nonlinear  couplings  resulting  in  linkage  vibrations  at 
frequencies  much  higher  than  those  of  the  attitude  and  orbital  dynamics,  and 
which  exhibit  bifurcation  among  three  attractors. 

Coriolis  forces  generated  by  deployment  motion  deform  the  linkage  into 
a  steady  deflected  configuration  about  which  vibrations  occur.  This  bias 
deflection  feeds  on  itself  through  interaction  with  the  orbital  rate  and  increases  or 
decreases  with  flexibility  changes  due  to  linkage  length  variations  accompanying 
deployment. 


INTRODUCTION 

The  flight  mechanics  of  a  spacecraft  entails  complex  interactions  among  several  types  of  dynamic 
response,  including  orbital,  attitude  or  librational,  and  vibrational  motions  as  well  as  configurational 
evolution  from  appendage  deplo)mient.  For  safe  effective  utilization  of  the  space  environment,  a  good 
understanding  of  these  interactions  is  necessary.  Analytical  simulation  is  the  only  viable  means  towards  this 
goal,  since  the  microgravity  environment  of  space  cannot  be  simulated  on  the  ground  for  meaningful 
experimentation.  Thus  the  last  four  or  five  decades  of  space  exploration  and  utilization  have  been 
accompanied  by  several  efforts  at  analytical  simulation  of  spacecraft  flight  mechanics.  Spacecraft 
configurations  used  in  these  studies  vary  widely  from  a  single  rigid  body  with  or  without  appendages,  to 
multibody  flexible  systems.  One  configuration  that  has  received  considerable  attention  is  the  dumbbell:  two 
mass  points  interconnected  by  a  slender  linkage,  which  may  or  may  not  be  flexible.  It  is  particularly  useful 
for  providing  insight  into  the  dynamics  of  multi-flexible  body  systems  in  microgravity  without  undue 
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complexity  of  the  analytical  modeling.  A  special  version  of  the  dumbbeU,  one  with  a  tether  linkage, 
provided  a  convenient  model  for  early  studies  of  tethered  satellite  operations  in  the  eighties  and  beyond. 
Studies  with  these  models  provide  the  background  and  motivation  for  the  present  investigation. 

Early  dumbbell  model  studies  [1-11]  focussed  on  the  small  amplitude  librations  of  a  rigid  dumbbell 
in  circular  orbits.  Later  tethered  satellite  studies,  introduced  flexibility  and  deployment  dynamics  and  their 
couplings  with  the  orbital  and  attitude  motions.  Liu  and  Bainum[12]  considered  only  the  vibrations  of  the 

tether  while  Martinez-Sanchez  and  Gavit  [13],  Morana  and  QuadreUi  [14],  Stuiver  and  Bainum  [15]  studied 
the  deployment  dynamics  of  the  tether  without  considering  its  flexibility.  Modi  and  Misra  [16,17]  included 
both  flexibility  and  deployment  dynamics  in  their  study  but  ignored  the  coupling  between  the  orbital  and  the 
attitude  dynamics.  Cherchas  and  Gossain  [18]  examined  the  dynamics  of  a  large  flexible  solar  array  as  it 
deploys  from  a  spinning  spacecraft  without  considering  the  orbital  motion.  Equations  considering  orbital, 
attitude,  and  flexibility  couplings  were  derived  by  Amos,  Melton  and  Thompson  [19]  and  extended  in 
subsequent  studies  to  include  orbital  eccentricity  (Cohrac  and  Amos  [20]),  and  linkage  flexibility  effects 
(BeU  and  Amos  [21];  BeU,  [22]).  The  effects  of  deployment  on  the  orbital  and  attitude  dynamics  of  the  rgid 
dumbbell  have  recently  been  reported  (Qu  and  Amos  [23]).  The  present  study  provides  additional 
information  on  deployment  effects  when  flexibility  of  the  telescopic  linkage  is  considered. 

The  model  for  the  present  study  is  a  telescopically  deploying  dumbbell,  illustrated  in  Figure  1.  The 
derivation  of  the  equations  of  motion  for  the  planar  dynamics  of  the  model  and  the  simulation  results  for 
various  initial  attitudes  with  and  without  deployment  are  presented  in  this  paper. 


EQUATIONS  OF  MOTION 

The  equations  of  motion  governing  the  orbital,  attitude,  vibrational,  and  deployment  motions  of  the 
dumbbeU  earth  satellite  are  developed  through  application  of  Hamilton's  principle,  namely 

(dT-dV  =  0  (1) 

where  T,  F,  and  are  respectively  the  kinetic  energy,  potential  energy  and  virtual  work  of  non- 
conservative  external  forces.  The  satellite  model  is  idealized  on  the  basis  of  the  foUowing  assumptions:  (a) 
the  earth  is  sphericaUy  symmetric  and  homogeneous,  (b)  the  perturbations  of  other  celestial  bodies, 
atmospheric  drag,  and  solar  pressure  are  negligible,  (c)  the  two  end  masses  are  point  masses  and  rigidly 
attached  to  the  linkage,  (d)  the  two  tubes  making  up  the  telescopic  linkage  can  slide  freely  with  respect  to 
each  other  without  any  friction,  (e)  the  two  tubes  have  the  same  flexural  rigidity  E/,  cross-section  area  A,  and 
mass  per  unit  length  w,  (f)  the  deployment  speed  is  constant.  The  deployment  process  is  treated  as  the 
motion  of  one  linkage  segment  -  the  sliding  segment  -  relative  to  the  other  -  the  reference  segment.  Figure  1 
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The  position  vectors  of  end  masses  and  are  defined  by  and  respectively.  Angle  0  is  the 
orbital  angular  position  of  nij  with  respect  to  a  reference  datum,  and  angle  defines  the  in-plane  attitude  of 
the  satellite  relative  to  the  local  vertical.  The  vectors  R^  and  R^  locate  the  positions  of  arbitrary  points  P,  and 
P,  on  the  deformed  linkage,  where  subscripts  r  and  s  denote  the  reference  and  the  sliding  segments 


respectively. 

Rjy  8.2^  Rr  Rr  given  by 

^2  =  (^1 + ^  )ej + i  sinip  62  (2) 

Kr  “  (^1  COSOj^)  £2  (3) 

Rs  “  (^1  cosip  “  sinip  )ej  +  {x^.  sinoj)  +  cost}) )  £2  (4) 

where 

I  =  X3+M2:  U2=u^{L^)+f^Vadt~^’^{dwJd\,f<IZs  (5) 

X,  =  X,  +U/.  U,  =  Idlrfi^r  (6) 

Xs=Xs+  u/.  u,  =  «„(xj  +  Vjdt  -  (V 


and  are  the  elastic  axial  and  lateral  deflections  of  and  respectively; 

^2?  are  axial  displacements  of /W2 ,  Pj,  andi^  respectively; 

Iq  is  the  time  at  deployment  initiation;  and  are  dummy  integration  variables; 

Z/Q ,  Z/j ,  Z/2  and  are  lengths  of  linkage  segments,  as  indicated  in  Figure  1,  at 
initial  time. 


From  these  the  kinetic  energy,  potential  energy  and  increment  of  the  virtual  work  of  non¬ 
conservative  forces  are  obtained  as  follows: 


where  \x  is  the  gravitational  parameter  of  the  earth;  and  are  transverse  distributed  contact  forces 

acting  on  the  two  segments  of  the  linkage.  These  are  zero  everywhere  except  in  the  overlap  region  where 
they  are  equal  and  opposite  to  each  other. 


Use  of  these  in  the  Hamilton’s  principle  produces  the  desired  equations  of  motion.  They  are  of 
the  integro-differential  form  because  of  the  mixed  set  of  discrete  and  distributed  state  variables.  They  are 
next  simplified  by  ignoring  all  contributions  due  to  axial  elastic  deformations,  since  these  are  small  and  of 
high  frequency.  The  resulting  equations  representing  the  discrete  orbital  and  attitude  variables 
(i?i,  6  and  ip )  are  given  by: 

[Mo  Ml 
Ml  M2 
Ml  M3 


Ml 

M3 

M^ 


(11) 
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where 


MQ  =  mj=n\  +m2  +m(ii  +L2} 

Ml  =  -(S2  sinii)  +Ii  cosijj) 

M2  =  ttij-Ri  +Ji+ 2S2R1  oosi|)  —  2I1R1  sinij) 
M3  =  Ji  +S2R1  cwsij)  —  I iRi  sinij) 


M,=Ji 


—sin'll 


Mj  =  m  /?j  c»STj)  +X^  Ri  cosijj  +X^ 

Fi  =  —^  rrij- — COST]) -/j sin'll))  +(52Cos'ij) -/isinij))(0 +il))^ 

■^1  L  J 

+m[-R^  ^ +2»^(Mj2H«  +^2  oosii))(8  +1|) ) 

^2  — {^2  sinil)  +  Ii  cosij)  )i?]tj)  ^ + 2(^2  sin-ij)  +  cos'll)  )i?i0i|) 

— 2{ni2-Ri  +S2  cos'll)  —  /j  sini|)  )RP 

-2(SiVj  +  M,2RiVd  -/2^iSin'i|))(e'  +'1]) ) 

u.  (  J.  \ 

F3  =  —j  52 sin'll)  +/j cos'll)  +3— sin'll)  cos'll) 

V  ) 

-(52Sin'i|)  +/icos'i|))j?i0^- 2(52  cos'll)  - /^  sin'll)  )^i0-2SiV^(0+'i|)) 

51  =  +  M^)+i»|(i3  +Udf -{LQ+Udf\ 

52  =  ^2(13 +u^) +^n^{l^+Udf  -  (Lo  +w^)^] 

Ji  =  m2(L3  +Udf+jmI^  +“<i)^-(4  +“<i)^] 

The  equations  governing  the  in-plane  vibrations  are  obtained  separately  for  the  two  segments  as: 

where 

/  X  ] 

F^=m  “Y  sin'll)  +iv'  cos'll)  -3 — ^sin'll)  cos'll)  -(sin'll)  +  w'  cos'll) )/?j0  ^ 

L-^i  I  ^1  j 

— j(0  +t|)  Y  —  2(cos'i|)  -  w'  sim|)  )^j0  ]  -  EIw"  + 
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Fs=m\ 


R 


^  sinip  +H''  cosij)  —3 — cost{)  — (sinij*  +iv'  costj>)l?j6  ■" 


(24) 


~  )(®  f  -  2(«>S'4»  -  sinH))^ie'  -  2v^  (e  +r|i )]  -  EIw"^  +p^ 


SAMPLE  PROBLEM 

The  sample  problem  of  these  studies  is  a  telescopically  deployable  dumbbell  in  earth  orbit.  The 
specific  properties  of  the  vehicle  are:  =  /n2  =  5,000  Ag,  m  =  0.05  kglm^  —  L2^  5  Am,  and 

£7  =  45x10^  Orbit  insertion  occurs  at  6,900  km  radius  of  mass  with  an  angular  velocity 

0(O)  =  0.00110153  rad! s  and  radial  velocity  ^j(o)  =  0  km  Is.  The  radial  direction  at  orbit  insertion  is 
taken  as  the  reference  datum  for  true  anomaly;  i.e.  0  (O)  =  0“ .  The  attitude  of  the  vehicle  at  insertion  is 
parametrically  varied,  but  the  initial  rate  is  fixed  at  (o)  =  0  rad  /  s . 

For  the  rigid  dumbbell  the  applicable  equations  of  motion  are  obtained  from  the  above  by  setting 
the  flexibility  variables  and  their  time  derivatives  to  zero,  leading  to  pure  ordinary  differential  equations  in 
the  time  variable.  They  are  integrated  using  the  Runge-Kutta  fourth  order  algorithm  for  a  given  set  of  initial 
conditions.  Several  sets  of  initial  conditions  are  used  to  generate  the  following  parametric  studies:  (a) 
attitude  positioning,  (b)  attitude  positioning  with  extensional  deployment,  (c)  attitude  positioning  with 
contracting  deployment. 

The  flexible  dumbbell  equations  of  motion  are  first  discretized  in  the  spatial  coordinate  by  means  of 
finite  central  difference  relations.  The  resulting  ordinary  differential  equations  are  then  integrated 
numerically. 


RESULTS  AND  DISCUSSION 
Rigid  Dumbbell: 

Results  for  the  rigid  dumbbell  have  been  reported  in  [23].  The  major  findings  are  briefly 
summarized  here,  and  illustrated  in  figures  2-6. 


Figure  2  is  a  composite  of  the  attitude 
phase  planes  for  various  insertion  orientations  and 
in  the  absence  of  any  deployment  motion.  It  is 
evident  that: 

•  The  local  vertical  orientation  is  the  only 
equilibrium  configuration. 

•  The  local  horizontal  is  unstable  and  produces 
periodic  tumbling. 

•  All  other  orientations  result  in  limit  cycle 
oscillations  about  the  local  vertical. 

The  orbit  corresponding  to  all  orientations  other 
the  local  horizontal  is  elliptical.  It  is  nominally 
circular  for  the  horizontal  orientation.  These  are 
depicted  in  Figure  3. 


Y(rad) 

Figure  2:  Attitude  Phase  Planes  for  Various 
Initial  Orientations 
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Rgure3:  Orbital  Motions 

During  extensional  deployment  for  non-horizontal  orientations,  the  attitude  motion  is  lightly 
damped  by  coriolis  effects  accompanying  the  deployment  motion.  This  effect  is  reversed  (negatively 
damped)  during  retraction  resulting  in  a  gentle  divergence  in  the  amplitude  of  the  librational  motion.  These 
are  depicted  in  Figure  4. 


Time  (secx  lO"®) 
Retraction 


Figure  4:  Librational  Motions  During  Deployment 

The  altitude  of  the  reference  mass  (m,)  is  seen  in  Figure  5  to  drift  with  deployment,  in  order  to 
maintain  the  center  of  mass  at  a  fixed  orbit  in  the  absence  of  external  torques.  The  drift  is  downward  for 
extension  and  upward  for  retraction  deployment. 


Figure  5:  Orbital  Motions  During  Deployment 


For  the  initially  horizontal  attitude  configuration,  extensional  deployment  has  a  stabilizing  effect 
resulting  in  lightly  damped  librational  motion  about  the  local  vertical.  Retraction  deployment  produces 
continuous  tumbling  of  the  vehicle.  Figure  6  shows  these  effects. 
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Results  from  inclusion  of  linkage  flexibility  are  portrayed  in  Figures  7  through  14  In  general  the 
orbital  and  attitude  motions  are  not  significandy  affected  by  the  linkage  flexibility.  However,  the  vibrational 
dynamics  of  the  linkage  are  highly  dependent  on  the  orbital  and  attitude  dynamics.  This  dependence  arises 
from  linear  and  nonlinear  couplings  among  the  system  variables  in  the  linkage  deformation  equations. 

Figure  7  presents  the  attitude  librations  for  a  local  vertical  initial  orientation.  Figure  8  presents  the 
vibrational  response  of  the  linkage  at  a  point  near  its  center,  for  the  same  flight  condition.  The  similarity  in 
the  profiles  of  the  two  clearly  identifies  a  linear  coupling  effect  in  which  the  linkage  vibration  is  a  forced 
response  to  the  attitude  librations:  There  is  a  one-to-one  frequency  correspondence  between  the  linkage 
motions  and  the  attitude  forcing  function.  Nonlinear  coupling  effects  are  negligible  at  the  small  librational 
amphtudes  involved. 


Figure  7:  Attitude  Motion  Figure  8:  Linkage  Vibration 

Vertical  Init.  Orientation  Vertical  Init.  Orientation 


Increasing  the  initial  orientation  to  30“  increases  the  librational  amplitude  as  indicated  by  Figure  9 
Nonhnear  coupling  effects  are  significant  at  these  amplitudes,  as  is  evident  in  Figure  10- representing  the 
vibration^  response  of  the  linkage  for  this  flight  configuration.  The  frequency  of  this  response  is  higher 
thM  the  forcing  function,  and  the  motion  is  periodic  but  clearly  non  harmonic.  The  motion  appears  to 
bifmcate  among  three  attractors  of  the  motion  represented  by  the  undeformed  linkage  configuration,  and  a 
deflected  configuration  to  either  side  of  the  undeformed  (central  and  side  attractors). 
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As  the  amplitude  of  the  librational 
motion  increases  with  increasing  initial  attitude  of 
the  vehicle,  so  does  the  amplitude  of  the  linkage 
vibrations.  The  attractors  do  not  appear  to  change 
much  in  position  but  the  side  ones  seem  to 
weaken  in  strength  so  that  the  vibrations  are 
centered  more  about  the  central  attractor.  Figures 
11  and  12  depict  the  vibrational  motions  for  60“ 
and  90“  initial  orientations.  For  the  horizontal 
orientation  the  side  attractors  do  not  manifest 
themselves.  The  amplitude  of  vibration  remains 
constant  between  the  periodic  tumbling  stages, 
but  varies  significantly  from  one  stage  to  another. 


Time  (secx  10'®) 
Figure  9:  Attitude  Motion 

30“  IniL  Orientation 


Figure  10:  Linkage  Vibrations  -  30“  IniL  Orientation 


_ Time  (secx  10'^) 

Figure  11;  Linkage  Vibrations 
60“  Init.  Orientation 


0  10  20  30  40  50 


_ Time  fsecx  lO'^l 

Figure  12:  Linkage  Vibrations 
90"  Init.  Orientation 


Figures  13  and  14  present  results  from  simulations  that  include  both  flexibility  and  deployment 
The  primary  effect  of  deployment  is  through  the  coriolis  forces  it  produces.  Under  constant  deployment 
speed  the  steady  coriolis  force  distribution  deforms  the  linkage  into  a  steady  deflected  state  about  which  all 
vibrations  occur.  The  amplitude  of  this  bias  deflection  increases  with  extensional  deployment  as  the 
flexibility  of  the  linkage  increases  with  length  growth.  The  opposite  effect  occurs  with  retraction 
deployment.  This  bias  deflection  further  feeds  on  itself  by  interacting  with  the  orbital  rate  to  generate 
additional  linkage  deforming  forces.  The  two  sources  of  deformation  reinforce  each  other  for  extensional 
deploymenL  but  oppose  each  other  for  retraction.  These  effects  are  demonstrated  by  the  results  for  a  vertical 
and  a  30“  initial  orientation  shown  in  Figures  13  and  14. 
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Figure  13:  Linkage  Vibration  During  Extensional  Deployment 


CONCLUDING  REMARKS 

Equations  of  motion  and  numerical  integration  techniques  have  been  developed  for  simulating  the 
dynamics  of  a  flexible  telescopically  deploying  dumbbell  satellite  in  planar  earth  orbit,  with  and  without 
deployment.  They  have  bee  validated  against  other  available  analytical  results.  Parametric  studies  on 
attitude  orientation  at  orbit  insertion,  linkage  flexibility,  and  deployment  motions  have  been  conducted, 
providing  the  following  insights  into  the  dynamics  of  the  coupled  system: 

•  The  orbital  and  attitude  librational  dynamics  are  not  significantly  affected  by  the  linkage  flexibility, 
within  the  range  of  variation  of  the  study.  They  are  accurately  determined  with  a  rigid  dumbbell  model. 

•  The  librational  motions  are  analogous  to  the  large  amplitude  vibrations  of  a  pendulum. 

•  The  vibrations  of  the  linkage  are  in  response  to  the  orbital  and  attitude  dynamics  and  reflect  both  linear 
and  nonlinear  coupling  effects.  They  exhibit  bifurcation  behaviour  among  three  attractors. 

•  Deployment  motions  produce  steady  coriolis  forces  which  initiate  a  steady  deflected  configuration  of  the 
linkage,  about  which  all  vibrations  occur. 
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Abstract 

Most  of  the  many  clever  methods  that  have  been  proposed  in  the  last  two  decades  for  controlling  flexible 
spacecrctft  rely  on  an  accurate  mathematical  model  for  the  structural  dynamics.  This  makes  sense:  the 
better  one  knows  what  one  is  controlling,  the  better  one  can  control  it.  The  assumption  of  accurate  math 
models,  however ,  may  not  always  be  valid  for  certain  kinds  of  complex  structures,  particularly  if  there 
are  significant  nonlinearities,  or  time-variable  parameters,  or  both.  This  paper  examines  an  approach  to 
system  identification  for  a  complex  laboratory  structure  in  which  both  the  mentioned  complexities  exist. 
In  addition,  both  “rigid"  and  “flexible”  degrees  of  freedom  (DOF)  are  present.  A  type  of  “augmented 
nonlinear  feedforward!’  identification  scheme  is  examined,  first  in  simulation  and  then  experimentally. 
Although  the  system  identification  performance  improvement  is  marginal  for  the  rigid  DOF,  it  is  significant 
for  the  flexible  DOF. 


1 .  Introduction 

It  is  generally  ac^ted  that  there  is  a  long-term  trend  to  larger,  and  therefore  more  structurally  flexible, 
spacecraft.  This  is  true  despite  the  current  renewed  emphasis  on  SmallSats,  where  economic  constraints 
have  led  to  doing  more  with  less  whenever  possible.  Looking  a  decade  or  two  into  the  future,  predictions 
of  large  space  structures,  either  deployed  or  possibly  erected,  still  seem  reasonable.  As  an  important 
example.  Space  Station  must  for  many  purposes  be  viewed  as  a  large  flexible  spacecraft. 

One  of  the  challenges  posed  by  large  qiace  structures  is  in  die  area  of  system  idmtifirntinn  (“system 
ID,”  for  brevity).  Many  factors  combine  to  make  system  ED  a  challenge.  There  are  often  a  large  number 
of  significant  modes;  sometimes,  these  modes  are  ‘clustered’  together;  and,  since  large  space  structures 
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electro-opticaIjMSitioning  system  (deops)  rib-tio  accelerometers  (20) 


5m 


Figure  1:  The  Daisy  facility:  Emulating  the  dynamics  of  large  flexible  spacecraft. 


frequently  will  consist  of  periodic  lattices  (cartesian  or  polar),  the  prospect  of  localized  behavior  as  a 
consequence  of  slight  imperfections  is  also  likely. 

Accurate  system  H)  is  often  a  precursor  to  sophisticated  control  algorithms,  which  assume  that  the  ‘plant’ 
to  be  controlled  is  known.  Many  of  the  best  current  system  H)  methods  are  rooted  in  linear  time-invariant 
theory  and  thus  may  stumble  when  used  for  a  structure  that  possesses  either  some  nonlinearities,  or 
some  toe-variable  parameters,  or  both.  The  laboratory  structure  used  in  this  research  has  both  these 
complications  and  thus  provides  a  system  H)  challenge.  How  this  challenge  is  met  is  the  theme  of  this 
paper. 


2.  The  Daisy  Facility 

Over  the  past  decade,  the  Daisy  facility  (Figure  1)  has  bear  developed  at  the  University  of  Toronto’s 
Institute  for  Aerospace  Studies,  as  described  by,  for  example,  Crocker,  Hong  and  Hughes  [1990].  The 
purpose  of  this  facility  is  to  study  system  identification  and  control  of  flexible  space  structures,  and  to 
provide  a  test^  for  sensor  and  actuator  developmait.  Such  ground-test  facilities  are  not  cheap  (compared 
to  paper  studies  and  computer  simulations)  but  they  cost  only  a  fraction  of  the  e3q)ense  of  experiments  in 
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space.  Thus,  although  one  must  in  the  end  conduct  investigations  in  the  environment  and  weightlessness 
of  space,  much  can  be  learned  from  ground  tests  on  a  structure  with  as  many  realistic  features  as  possible. 

2. 1  System  Description 

The  Daisy  structure  consists  of  ten  ribs  forming  a  cone,  each  rib  free  to  rotate  about  its  pivot  in  two 
mutually  perpendicular  directions—  “in  cone”  and  “out  of  cone.”  This  presents  20  degrees  of  freedom 
and  hence  20  modes  of  vibration.  To  emulate  the  dynamics  of  large  space  structures  of  the  future,  these 
modes  have  been  designed  to  have  low  natural  frequencies  (wi  «  0.1  Hz),  light  damping  <  i%),  and 
clustered  modal  frequencies.  The  ribs  are  mounted  on  a  rigid  hub  which  itself  has  three  rigid  rotations 
(pitch,  roll,  yaw)  with  req)ect  to  its  support  pillar. 

For  system  ED  and  control  purposes,  motion  is  sensed  via  attitude  and  attitude-rate  encoders  on  the  hub, 
accelerometer  clusters  on  all  the  ribs,  and  an  optical  deflection  sensing  system  for  measuring  rib  deflections 
relative  to  the  hub.  Called  DEOPS,  the  optical  sensing  system  has  been  described  by  Laurin  et  al.  (1993). 
In  the  present  paper,  only  the  hub  sensors  and  DEOPS  will  be  used;  the  accelerometers  are  not  used. 
Actuation  is  provided  by  three  mutually  orthogonal  reaction  wheels  on  the  hub. 

The  Daisy  structure  (which  control  engineers  would  want  to  call  the  ‘plant’)  consists  of  a  rigid  hub- 
representative  of  the  ‘main  body’  of  a  satellite— which  has  three  rotational  degrees  of  freedom  (roll,  6x\ 
pitch,  e2\  and  yaw,  6z)  aligned  with  the  principal  axes.  Attached  to  the  hub  are  10  slender  rigid  ribs,  each 
attached  at  its  mass  center  to  the  hub  via  universal  joints.  Each  joint,  in  turn,  contain  coil  springs  that 
provide  a  di^t  restoring  force  when  rotated,  and  off-loading  springs  that  are  adjusted  to  bear  the  weight 
of  the  rib  to  reduce  friction  and  lower  damping  in  the  joint.  Coupling  springs  also  connect  each  rib  to  its 
two  neighboring  ribs.  In  total.  Daisy  has  three  rigid  DOF  and  20  nonrigid,  coupled  DOF.  The  fact  that 
the  ribs  have  discrete  elasticity  instead  of  distributed  elasticity  is  important  in  coping  with  gravity  effects, 
and  has  no  drawbacks  since  the  salient  dynamic  characteristics  of  large  flexible  spacecraft  are  successfully 
represaited. 

Daisy’s  sensing  system  currently  comprises  three  hub  angular-position  sensors  to  measure  {^i,  62,  Oz] 
and  three  hub  angular-rate  sensors  to  measure  {Oi,  §2,  O3}.  M  addition,  DEOPS  gives  an  additional 
20  measurements  of  relative  deflection.  Deflection  rates  are  calculated  by  (carefully)  diffftrftntiating  the 
deflection  signals  (Figure  2).  Note  that  all  these  sensors  are  spacecrqft-like — no  chpiiting  by  ‘measuring 
the  distance  from  the  ceiling,’  etc! 

Daisy’s  current  actuator  complement  consists  of  three  mutually  orthogonal  reaction  wheels  on  the  hub 
(with  axes  parallel  to  the  principal  axes)  and  quartets  of  thrusters  on  the  tip  of  each  rib.  The  latter  are  not 
used  in  this  paper.  Note  that,  here  too,  all  these  actuators  are  spacecraft-like— no  chpatiTig  by  ‘pushing 
against  the  waU,’  etc! 

In  summary,  Daisy  possesses  23  degrees  of  freedom,  46  sensors  and  43  actuators.  Some  of  Daisy’s 
computer  control  components  are  been  described  in  more  detail  by  Ciocker,  Hong  &  Hughes  [1990]. 

2.2  Daisy  Dynamics  Model 

The  dynamical  model  of  Daisy  can  be  written  in  the  standard  matrix-second-order  form,  viz., 

A4q(i)  +  (X>  +  g)q(t)+K;q(t)  =Bu(t)  _  (1) 

where  {A4,  T?,  Q,  K}  are  respectively  the  mass  matrix,  the  damping  matrix,  the  gyricity  matrix,  and  the 
stiffliess  matrix.  The  only  source  of  gyricity  is  the  set  of  hub  reaction  wheels;  normally  the  magnitude 
of  this  term  is  relatively  small,  and  its  effects  on  system  ID  are  studied  as  part  of  this  paper.  The 
displacement  vector  (coordinate  vector)  for  the  system  is  designated  q,  which  contains  the  three  hub 

angles  6  =  col{0i ,  02,  ^3}  and  the  two  deflection  angles  for  each  of  the  10  ribs.  Nominally,  the  ribs  lie 
in  a  cone  (Figure  1).  Their  deflection  components  are  called  “in  cone”  and  “out  of  cone”  (by  analogy 
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to  in-plane  and  out-of-plane)  and  are  designated  a_,/  and  ajo,  respectively,  for  j  =  1, . . . ,  10.  Together, 
OLj  =  col{ajO)  0‘ji}-  Then  we  define 

q=  =  col{0,ai,...,aio}  (2) 

Various  math  models  of  Daisy  have  been  developed  (these  will  not  be  reviewed  here)  and  all  are  of  the 
form  (1).  Finite-element-based  models  have  been  developed  and,  because  of  the  nature  of  Daisy,  models 
derived  from  first  principles  have  also  been  successful. 

2.3  Open-Loop  Structural  Characteristics 

The  dynamical  characteristics  of  the  Daisy  structure  are  different  in  significant  ways  from  a  linear  structure 
in  space.  There  are  two  reasons  for  this.  The  first  is  that  the  Daisy  structure  is  not  linear  (but  then  no 
real  structure  is).  The  second  is  that  the  Daisy  structure  is  not  in  space.  Both  these  bothersome  facts  are, 
unfortunately,  intrinsic  to  a  real  ground-test  facility,  and  the  first  of  them  exactly  reflects  the  reason  why 
a  ground-test  facility  is  of  engineering  interest. 

A  certain  degree  of  pendulosity  must  be  tolerated,  especially  if  one  wishes  to  study  hub  and  rib  Hpflffrtinnc 
that  are  nonnegligibly  nonlinear.  The  period  of  this  oscillation  is  Tpen  «  22  sec.  In  addition,  a  slight 
damping  torque  is  provided  by  the  pivot  on  which  Daisy  is  mounted  Thus  the  ‘rigid’  modes  are  almost, 
but  not  quite,  at  the  origin  in  the  complex  plane. 


3.  System  ID  Background 

As  a  precursor  to  many  modem  conttol  system  designs,  it  is  often  necessary  to  have  an  accurate  model 
of  the  plant  dynamics.  As  well,  system  ID  can  be  very  important  in  reconciling  the  difference  between 
experimental  and  theoretical  performance.  Previous  system  ID  efforts  on  Daisy  by  Guccione  [1993]  and 
Boulet  et  al.  [1994]  were  narrowly  focused  and  did  not  attempt  to  produce  a  general  model. 

3. 1  Choice  of  Algorithm 

In  an  attempt  to  remedy  this  and  to  possibly  improve  the  control  performance  of  Daisy,  a  series  of  system 
ID  tests  were  performed  on  Daisy  using  the  OKID  algorithm  [Juang,  1994].  The  OKID  method  is  one  of 
several  schemes  recently  developed  to  perform  input-output  system  ID  in  a  ‘black  box’  mannpr  [Liu  & 
Miller,  1994].  OKID  was  chosen  because  of  its  widespread  use  and  acceptance. 

The  initial  te«  results  were  very  disappointing.  Several  problems  were  identified  in  the  original  test  prece¬ 
des,  including  poor  data  quality  and  nonlinear  and  extraneous  dynamics  due  to  friction  and  mechanical 
interaction  problems.  In  preparation  for  another  round  of  system  identification  tests,  solutions  were  found 
for  most  of  the  original  problems.  The  data  quality  was  improved  and  the  mechanical  interactions  were 
min^^^ed  but  it  was  not  possible  to  eliminate  certain  inherent  nonlinearities  (such  as  hub  friction)  and 
time  dependences  (such  as  wheel  gyricity). 

3.2  Hub  Friction  and  Wheei  Gyricity 

Hub  fiiction  arises  in  the  pitch  and  roll  directions  due  to  rolling  friction  in  the  ball  bearings  that  support 
Daisy  s  weight,  while  allowing  Daisy  to  rotate  about  these  axes.  (Daisy  is  supported  by  a  low-friction 
air  bearing  about  the  yaw  axis.)  The  fiiction  torque  about  each  axis  is  a  nonlinear  function  of  angular 
speed.  Hub  fiiction  must  be  modeled  by  (at  least)  Coulomb  damping  or  some  more  sophisticated  model 
of  static  and  dynamic  friction  effects  [Haessig  &  Riedland,  1991];  it  can  not,  however,  be  modeled  by 
the  exponential  damping  assumed  by  the  all  of  the  more  modem  linear  system  ID  algorithms. 
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Wheel  gyricity  arises  due  to  rotation  of  the  reaction  wheels  relative  to  the  hub.  Accounting  for  gyricity 
requires  adding  three  extra  time  varying  inputs  corresponding  to  the  form  of  the  gyric  torque: 

-gm{t)  =  K{t)eit)  (3) 

where  hTO(i)  is  the  angular  momentum  stored  in  the  reaction  wheels.  Although  gyricity  does  not  make  a 
linear  system  nonlinear,  it  does  make  it  time  varying.  This  is  not  readily  handled  in  system  ID  routines. 

3.3  Level  of  Excitation 

For  a  linear  system,  the  amplitude  of  excitation  does  not  theoretically  matter.  Since  we  are  dealing  with 
an  admittedly  somewhat  nonlinear  system,  the  excitation  level  does  matter.  If  one  tests  with  very  low 
excitation  levels,  one  has  friction  problems  with  the  hub  and  with  the  reaction  wheels.  On  the  other  hand 
if  one  increases  the  excitation  magnirnde,  other  nonlinear  effects  come  into  play — including  restriction  of 
movement  caused  by  the  support  wiring,  the  motion  limits  of  the  hub  bearing,  and  a  more  prominent  role 
for  gyricity. 

By  directly  mstrumenting  and  measuring  the  reaction  wheel  output  and  modeling  hub  friction  in  conjunction 
with  the  linear  system  ID  we  can  account  for  all  the  effects  occurring  in  low-excitation  testing.  Lowering 
the  magnitude  of  the  disturbance  signals  greatly  improved  the  quality  of  the  results.  The  levels  of  excitation 
expected  in  the  target  application  (spacecraft)  are  not  normally  likely  to  be  large. 


4.  Extending  Linear  System  ID 


On  simulations  using  both  linear  and  nonlinear  models  of  the  Daisy  structure  (built  using  MatLab’s 
SimuLink  environment),  the  OKID  identification  algorithm  did  very  well  in  identifying  the  linear  system 
models — ^but  did  not  do  very  well  on  the  nonlinear  system  models.  For  a  given  nonlinear  system  response, 
in  general  no  linear  model  will  produce  the  same  outputs  given  the  same  inputs.  While  the  OKDD 
identification  algorithm  or  any  comparable  method  attempts  to  produce  a  system  model  that  minimizes  the 
error  when  compared  to  the  original  input  and  output  measurements,  the  match  will  never  be  particularly 
good  for  systems  with  significant  nonlinearities. 

4. 1  Incorporating  Nonlinearities 

Needed  is  a  way  to  take  into  accoimt  the  effect  of  simple  nonlinearities  in  tiie  identification  process  while 
allowing  the  linear  system  ID  method  to  operate  exclusively  on  the  linear  components  of  the  test  system. 
Examining  Figure  2,  the  current  Daisy  system  model  consists  of  embedded  linear  and  nr>Tilinp.ar  com¬ 
ponents.  This  model  can  be  separated  into  a  main  linear  component  and  equivalent  nonlinear  feedback 
blocks.  Once  separated  from  the  nonlinear  subsystems,  it  should  be  possible  to  perform  system  ID  on  the 
linear  subsystem  if  the  nonlinearity  is  sufficiently  well  characterized. 

There  is  the  trivial  case  of  a  completely  identified  nonlinearity.  If  one  knows  the  exact  magnituftp  of  the 
nonlinear  disturbances,  and  they  can  be  expressed  as  a  function  of  the  measured  test  inputs  and  outputs, 
then  it  is  possible  to  subtract  this  effect  from  the  original  measurements.  In  effect  it  becomes  a  mndeied 
disturbance  to  the  linear  system. 

A  similar  example  is  time-varying  parameters  associated  with  gyricity.  If  the  commanded  reaction  wheel 
torques  wae  used  as  system  inputs  and  the  reaction  wheel  angular  momentum  and  the  hub  angular  velocity 
were  measured,  then  the  gyric  torque  can  simply  be  subtracted  from  the  commanded  torque. 

In  general,  however,  all  the  above  conditions  cannot  be  met.  In  the  case  of  friction,  the  form  of  the 
nonlinearity  is  known  but  the  magnitude  of  the  dynamic  friction  force  parameter  is  not.  For  the  case  of 
gyncity,  the  system  ID  tests  performed  on  Daisy  used  the  reaction  wheel  ^eeds  as  system  inpntg  rather 
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Figure  2:  MatLab  simulation  environment. 


than  the  input  torques  so  it  was  not  possible  to  directly  remove  the  effects  of  gyricity  from  the  system  K) 
procedure. 

One  alternative  is  to  establish  an  iterative  search  routine  around  the  linear  subsystem  and  identify  the  best 
linear  system  for  each  given  set  of  possible  nonlinear  parameters.  This  would  work  for  cases  where  the 
nonlinear  system  outputs  are  also  inputs  for  the  linear  subsystem  but  it  does  not  work  when  the  subsystems 
do  not  share  measured  inputs  and  outputs. 

4.2  Suggested  Approach 

The  alternative  suggested  here  is  to  make  the  subsystems  share  inputs  and  outputs.  This  approach  taifpc 
full  advantage  of  the  ‘black  box’  approach  to  system  ED  and  makes  use  of  several  key  features  of  such 
methods.  Mediods  such  as  OKID,  Q-Markov  Cover  and  ORSE  attempt  to  find  the  best  fit-linear  dynamic 
relationship  betwemi  a  given  set  of  input  and  output  data  [Liu  &  Miller,  1994].  The  data  need  not  be 
^ectly  measured;  they  may  have  been  derived  from  another  process  model.  All  that  is  really  required 
is  that  the  inputs  and  outputs  to  these  identification  methods  actually  have  some  underlying  linear  time- 
invariant  dynamic  relationship  to  each  other. 

Within  the  identification  process  the  actual  dynamic  relationships  will  ideally  be  found.  The  practical 
implications  of  this  approach  are  that  the  identification  routine  will  correctly  associate  the  data.  Within 
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Figure  3:  Augmented  system  ID  model. 


reason  one  can  add  inputs  and  outputs  that  one  believes  have  real  physical  meaning  The  identification 
routine  will  also  properly  scale  the  inputs.  There  is  no  need  to  iterate  around  the  linear  identification 
procedure  to  determine  unknown  time-invariant  scaling  factors. 

The  procedure  used  thus  consists  of  augmenting  the  identification  of  the  original  linear  system  model  with 
additional  inputs  representing  the  effects  of  nonlinearities  and  letting  the  system  ID  algorithm  (OKID  in 
our  case)  scale  and  associate  input  and  ou^ut  data  (Figure  3)  as  it  sees  fit. 

This  approach  can  be  extended  for  as  many  nonlinear  terms  as  desired  and  is  not  dependent  on  the  method 
of  system  ID  used.  It  can  be  done  either  online  or  (as  here)  offiine.  It  can  also  be  used  to  evaluate 
the  relative  merits  of  various  models  for  nonlineanties.  This  approach  should  have  many  uses  where 
an  identified  linear  model  is  either  not  accurate  enough  or  not  possible  due  to  nonlinear  effects.  Both 
situations  occurred  in  the  original  identification  tests  on  Daisy. 

Possible  disadvantages  of  this  approach  include  increased  complexity  of  the  identified  system.  This  may 
have  numerical  consequences  that  offset  the  advantages  from  providing  more  system  information.  There 
is  also  an  inability  to  determine  whether  the  additional  information  being  provided  for  system  ID  is  being 
used  properly.  (]are  must  be  used  to  not  just  add  more  inputs  of  dubious  or  unknown  physical  tnpanino 
to  the  identification  procedure  to  see  if  they  improve  the  identified  results. 
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- Simulated  Response 

- Linear  Model, 

RMS  Error=0.0007976 

- Friction  Model, 

RMS  E!Tor=0.CX)04869 


- Simulated  Response 

- Linear  Model, 

RMS  Error=0,000151 

- Friction  Model, 

RMS  Enror=7.91e~05 


- Simulated  Response 

- Linear  Model, 

RMS  Error=5.38e-05 

- Friction  Model, 

RMS  Error=0.0004052 


Figure  4:  System  ID  simulations:  performance  comparison,  rigid  DOF. 


5.  Simulation  Results 


To  ^  the  feasibility  of  this  approach,  a  nonlinear  Daisy  simulator  was  built  in  MatLab,  containing  hub 
friction  and  all  the  flexible  degrees  of  freedom.  This  was  used  to  generate  output  Hata  in  response  to 
bandwiM-limited  random  inputs.  These  ou^uts  were  then  fed  into  an  OKID-based  system  ID  program 
along  with  the  original  inputs.  These  results  were  then  compared  the  identification  results  produced  with 
augmented  friction  inputs. 

The  friction  model  used  in  the  simulation  is  the  reset  integrator  model  of  Haessig  and  Friedland  [1991]. 
It  approximates  both  dynamic  and  static  fiiction  tenns,  producing  an  estimate  of  the  friction  force  using 
only  ou^ut  velocity  data.  There  is  one  undetermined  parameter  within  this  model:  the  magnituftp  of  the 
dynamic  fiiction.  This  parameta:  will  be  determined  in  the  system  ID  stq).  For  the  system  simniarinnc 
a  value  for  the  dynamic  fiiction  was  assigned.  For  the  system  ID  tests  the  fiiction  force  inputs  were 
normalized  to  a  value  of  1,  before  being  fed  into  OKID. 

The  system  ID  results  (Figures  4  and  5)  showed  that  the  augmented  friction  terms  greatly  improve  the 
accuracy  of  the  identified  models.  Both  identified  models  have  been  model  order  reduced  to  order  eight, 
the  numbM-  of  modes  actually  generated  by  the  simulator.  The  unaugmented  idftntifir?^tmn  results  are 
quite  good  for  the  rigid  degrees  of  freedom  but  are  not  as  good  for  the  flexible  degrees  of  freedom.  The 
augmented  identification  results  show  much  better  performance  in  recreating  the  motion  of  the  Daisy’s 
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Simulated  Response 
Linear  Model, 

RMS  Error=0.008063 
Friction  Model, 

RMS  Error=0.0006699 


- Simulated  Response 

- Linear  Model, 

RMS  Error=0.008069 

- Friction  Model, 

RMS  Error=0.001777 


Figure  5:  System  ID  simulations:  performance  comparison,  flexible  (rib).  DOF. 


ribs  compared  the  unaugmented  model.  Its  performance  is  almost  ideal. 


6.  Experimental  System  ID  Results:  Rigid  Daisy 


Next,  a  very  simple  e3q)ei:mental  system  ID  test  was  performed  using  just  the  hub  degrees  of  freedom,  the 
ribs  being  locked  down  rigidly  to  the  hub.  Daisy  was  excited  using  its  reaction  wheels  with  magnirnde- 
and  bandwidth-limited  random  signals.  For  the  two  slightly  pendulous  degrees  of  freedom  (roU  and  pitch) 
the  magmtude  of  the  signal  had  to  be  limited  to  prevent  the  hub  motion  from  encountering  the  limits  of 
the  supporte.  For  the  yaw  direction,  for  which  the  air  bearing  permitted  a  much  larger  degree  of  travel, 
the  excitation  magnitude  was  increased  and  the  bandwidth  decreased  (to  prevent  the  reaction  wheel  from 
saturating). 

The  measmed  hub  positions  serve  as  the  system  outputs  while  the  measured  reaction  wheel  rates  serve 
as  ^aem  inputs.  The  system  outputs  and  inputs  were  also  processed  to  produce  normalized  friction  and 
gyricity  estimat^.  The  reset  integrator  model  was  used  for  the  friction  estimates.  For  one  id>»ntifiration 
test,  the  system  inputs  consisted  of  the  reaction  wheel  rates.  Two  other  identification  tests  were  performed 
with  the  system  inputs  augm^ted  first  by  the  friction  vector  from  the  reset  integrator  Tnrvi(»i  (for  a  total  of  6 
mputs  and  3  outputs)  then  by  both  the  friction  and  gyricity  model  outputs  (for  a  total  of  9  inputs,  3  outputs). 
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- Actual  Response 

- Linear  Model, 

RMS  Error=0.003363 

- Friction  Model, 

RMS  Error=0.003368 

- Friction  &  Gyricity  Model, 

RMS  Error=0.004463 


- Actual  Response 

- Linear  Model, 

RMS  EiTor=0.001785 

- Friction  Model, 

RMS  Error=0.00173 

- Friction  &  Gyricity  Model, 

RMS  Error=0.003385 


- Actual  Response 

- Linear  Model, 

RMS  Enor=0.1092 

- Friction  Model, 

RMS  Error=0.05075 

- Friction  &  Gyricity  Model, 

RMS  Error=0.02219 


Figure  6:  Daisy  rigid  system  ID:  performance  comparison. 


M  the  experimental  system  E)  used  OKID  as  the  identification  algorithm.  As  with  the  rinniiatinn  for  the 
rigid  test  the  number  of  modes  expected  fi:om  the  system  ED  is  known.  All  the  experimentally  identified 
models  were  reduced  reduced  in  order  down  to  the  three  modes  expected  before  being  compared. 

Ihe  results  are  surprisingly  very  good  for  all  three  cases  (Figure  6).  CJuantitatively,  the  best  results  are 
given  by  the  augmented  friction  model  but  the  results  are  not  too  much  different  from  the  results  of  the 
unaugmented  model.  The  augmented  friction  and  gyricity  model  produces  results  that  are  actually  poorer 
than  &e  other  two.  It  is  possible  that  the  gyricity  term  is  not  a  major  effect,  or  that  the  system  is  so  gmall 
and  simple  wifii  such  small  nonlinearities  that  the  inclusion  of  extra  terms  is  not  numerically  justified.  We 
note  that  for  the  simulations,  the  true  test  of  the  value  of  augmenting  the  system  ID  inputs  was  displayed 
in  the  modeling  of  the  ribs  not  the  hub.  This  was  also  true  eiqierimentally. 


7.  Experimental  System  ID  Results:  Flexible  Daisy 

pie  same  eiqierimental  procedure  was  used  for  the  flexible  Daisy  test  as  for  the  rigid  Daisy  test  This 
included  using  exactly  the  same  set  of  reaction  wheel  excitations  and  then  model  order  reducing  the 
resultant  identified  systems  to  the  same  size  (in  this  case,  order  46).  The  big  difference  between  these 
two  tests  is  the  size  of  the  two  systems  involved.  The  unaugmented  system  idfintifiratipn  problem  has 
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